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Abstract 
The duplicate form of the generalized Gould-Hsu inversions has been ob-
tained by Shi and Zhang. In this paper, we present a simple proof of this dup-
licate form. With the same method, we construct the duplicate form of the 
generalized Carlitz inversions. Using this duplicate form, we obtain several 
terminating basic hypergeometric identities and some limiting cases. 
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1. Notation and Introduction 

All the notation and terminology is adopted from [1]. Given a complex number 
q with 1q < , the q-shifted factorial is defined for any complex parameter a by 

( ) ( ) ( )( ) ( )1
0; 1, ; 1 1 1 ;n

na q a q a aq aq −= = − − −  

For notational brevity, we write 

( ) ( ) ( ) ( ), , , ; ; ; ; ,n n n na b c q a q b q c q=   
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The basic hypergeometric series is defined by 
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( ) ( ) ( )
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, , ;, ,
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, , , , ; ;

s rkk
krr k

r s
ks s kk
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φ

− +
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    = −      
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


 

Furthermore, Gaussian binomial coefficient is defined by 
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In 1973, Gould and Hsu [2] found their well-known inverse relations. At the 
same time, Carlitz [3] found the q-analogue of Gould-Hsu inversions. Chu [4] 
extended Gould-Hsu inversions to evaluate the terminating hypergeometric 
series identities, which can equivalently be reproduced as follows. Let { } 0k k

a
≥

 
and { } 0k k

b
≥

 be any two complex sequences such that τ-polynomials defined by 

( ) ( ) ( )
1

0
;0 1, ; , 1, 2,

n

k k
k

x x n a xb nτ τ
−

=

≡ = + =∏            (1.1) 

where x is an indeterminate and n is a non-negative integer. Let λ  be a 
complex number. Then the following inverse relations are equivalent: 

( ) ( ) ( ) ( ) ( ) ( )
0 1

21 ; ; ,
n k

k k

n kF n k n k n G k
k n

λτ λ τ
λ= +

  +
= − + −  + 
∑       (1.2) 

( ) ( ) ( )
( ) ( ) ( ) ( )

0
1 ,

; 1 ; 1

n k k k k k
n

k

a k bn a kb
G n k F k

k n k n k
λ

λ
τ λ τ=

+ + − 
= − +  + + − + 
∑      (1.3) 

provided that the sequence-transforms involved are non-singular; i.e. 
( ); 1n mτ λ + + , ( ); 1n mτ − + , ( ) 1mnλ

+
+  do not vanish for non-negative 

integers m n≤ , where the shifted-factorial is defined for any complex 
parameter a by  

( ) ( ) ( ) ( )0 1, 1 1 .na a a a a n= = + + −  

Chu [5] also extended Carlitz inverse relations to demonstrate numerous 
strange q-hypergeometric identities, which can be reproduced as follows.  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

2
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2

0
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;

1 ; ,
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k
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k q q

n a q b a q b
G n q q q F k
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λ
λ

τ λ τ

−

=
+

−  − 
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−
=

  −
= −  

 

+ + 
= −   + + 

∑

∑
 (1.4) 

provided that the sequence-transforms involved are non-singular; i.e.  
( ); 1nq mτ λ + , ( ); 1nq mτ − + , ( )

1
;n

m
q qλ

+
 do not vanish for non-negative 

integers m n≤ , where τ-polynomials are defined by (1.1). To evaluate a class of 
terminating balanced 5 4F -series, the duplicate form of Gould-Hsu inversions 
has been devised by Chu [6], where the multiplicate form is also constructed. 
Later, the duplicated form of Carlitz inversions, which has been obtained by Wei 
et al. [7], is utilized to evaluate three special cases of q-Saalschütz theorem. 
Recently, the triplicate form of Gould-Hsu inversions is used to investigate the 
dual relations of the Pfaff-Saalschütz summation theorem by Chen and Chu [8] 
and Wei et al. [9]. 

In the next section, we use another method to prove the duplicate form of the 
generalized Gould-Hsu inversions, which have been obtained by Shi and Zhang 
in [10], and construct the duplicate form of the generalized Carlitz inversions. 
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Applying the duplicate inversions to the specialized q-Dougall theorem ([5], 
Equation (4.3a)) 
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 
− 

 
 
 −  

   
        = −          
    

         (1.5) 

we derive several terminating basic hypergeometric identities in Section 3. 

2. Inverse Relations 

Let { } 0
, , ,k k k k k

A B C D
≥

 be any four complex sequences such that the 
φ-polynomial and ψ-polynomial defined by 

( ) ( ) ( )
1

0
;0 1, ; , 1, 2,

n

k k
k

x x n A xB nϕ ϕ
−

=

≡ = + =∏           (2.1) 

( ) ( ) ( )
1

0
;0 1, ; , 1, 2,

n

k k
k

x x n C xD nψ ψ
−

=

≡ = + =∏           (2.2) 

where x is an indeterminate and n is a non-negative integer. 
Motivated by the proof of Theorem 2.1 in [11], we give a simple proof of 

duplicate form of generalized Gould-Hsu inversions.  
Theorem 2.1. ([10], Theorem 1) (Duplicate form of the generalized 

Gould-Hsu inversions) With φ and ψ-polynomials defined respectively by (2.1) 
and (2.2), the equation 

( )
( )( )( )( )

( ) ( ) ( ) ( ) ( )

( )( ) ( )( )( )
( ) ( ) ( ) ( ) ( )

0

0

2 2 2
2 ; ; ; 1 ; 1

2 1 2 1 2 1
2 1 ; 1 ; 1 ; 1 ; 1

k k k k n

k

k k k k n

k

C k D C kD kn
n f k

k n k n k n k n k

A k B A k B kn
g k

k n k n k n k n k

λ λ
ϕ ϕ λ ψ ψ λ

λ λ
ϕ ϕ λ ψ ψ λ

≥

≥

+ + − + 
Ω =   − + − + + + 

+ + + − + + + 
−  + − + + + − + + + 

∑

∑
 (2.3) 

is equivalent to the system of equations  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

2

0

1

2
1 ; ; ; ;

2 ,
2

n k

k

k

n
f n k n k n k n k n

k
k k

n

ϕ ϕ λ ψ ψ λ

λ
λ

=

+

 
= − − + − + 

 
+

× Ω
+

∑
    (2.4) 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

2 1

0

1

2 1
1 ; ; ; 1 ; 1

2 ,
2 1

n k

k

k

n
g n k n k n k n k n

k
k k

n

ϕ ϕ λ ψ ψ λ

λ
λ

+

=

+

+ 
= − − + − + + + 

 
+

× Ω
+ +

∑
 (2.5) 

provided that the sequence-transforms involved are non-singular, i.e.  
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( ); 1n mϕ λ + + , ( ); 1n mϕ − + , ( );n mϕ λ + , ( );n mϕ − , ( ); 1n mψ λ + + , 
( ); 1n mψ − + , ( ) 12 1 mnλ

+
+ +  and ( ) 12 mnλ

+
+  do not vanish for non-negative 

integers m n≤ . 
Proof. Now substituting (1.1) into (1.2) and (1.3) respectively, we get that  

( ) ( ) ( )( )( ) ( ) ( )
1

0 0 1

21
nn k

i i i i
k i k

n kF n a k b a kb G k
k n

λλ
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−

= = +

  +
= − + + −  + 
∑ ∏   (2.6) 

if and only if 

( ) ( )
( )( )( )

( )( )( )
( ) ( )

0

0

1 .
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k

i i i i
i

a k b a kbn
G n k F k

k a n b a nb

λ
λ

λ=

=

+ + − 
= − + 

  + + −
∑

∏
   (2.7) 

Now we split (2.7) into two sums  

( )
( )( )( )( ) ( )

( )( )( )

( )( ) ( )( )( ) ( )

( )( )( )

( )( )( )( ) ( )

2 2 2 2
2

0

0

2 1 2 1 2 1 2 1
2 1

0

0

2 2 2 2
1

0
2 1

0

2 2 2 2
2

2 1 2 1 2 1 2 1
2 1

2 2 2 2
2

k k k k n
k

k
i i i i

i

k k k k n
k

k
i i i i

i

k k k k n
k

k
i

i

a k b a kb k F kn
G n

k a n b a nb

a k b a k b k F kn
k a n b a nb

a k b a kb k F kn
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λ λ

λ

λ λ

λ

λ λ

≥

=

+ + + +
+

≥

=

−
≥

+
=

+ + − + 
=  

  + + −

+ + + − + + + + 
−  +  + + −

+ + − + 
=  

 

∑
∏

∑
∏

∑
∏ ( )( )( ) ( )( )( )

( )( ) ( )( )( ) ( )

( )( )( ) ( )( )( )

2 1 2 1 2 1 2 2 2 2
0

2 1 2 1 2 1 2 1

0
2 1 2 1 2 1 2 1 2 2 2 2

0

2 1 2 1 2 1 2 1
.

2 1

k

i i i i i i i
i

k k k k n
k

k
i i i i i i i i

i

n b a nb a n b a nb

a k b a k b k F kn
k a n b a nb a n b a nb

λ λ

λ λ

λ λ

+ + +
=

+ + + +

≥
+ + + +

=

+ + − + + −

+ + + − + + + + 
−  +  + + − + + −

∏

∑
∏

 

Then setting  

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 1 2 1, , , ,

, 2 , 2 1
k k k k k k k ka C b D a A b B

G n n F k f k F k g k
+ += = = =

= Ω = + =
          (2.8) 

in the last equation, we obtain  

( )
( )( )( )( )

( ) ( ) ( ) ( ) ( )

( )( ) ( )( )( )
( ) ( ) ( ) ( ) ( )

0

0

2 2 2
2 ; ; ; 1 ; 1

2 1 2 1 2 1
,

2 1 ; 1 ; 1 ; 1 ; 1

k k k k n

k

k k k k n

k

C k D C kD kn
n f k

k n k n k n k n k

A k B A k B kn
g k

k n k n k n k n k

λ λ
ϕ ϕ λ ψ ψ λ

λ λ
ϕ ϕ λ ψ ψ λ

≥

≥

+ + − + 
Ω =   − + − + + + 

+ + + − + + + 
−  + − + + + − + + + 

∑

∑
 

which is (2.3). 
On the other hand, we rewrite (2.6) as  

( ) ( ) ( )( )( ) ( ) ( )

( ) ( )( )( )

( )( )( ) ( ) ( )

2 12

0 0 1

12

2 1 2 1 2 1 2 1
0 0

2 2 2 2
1

2 22 1
2

2
1

2 ,
2

nn k
i i i i

k i k

nn k
i i i i

k i

i i i i
k

n kF n a k b a kb G k
k n

n
a k b a kb

k
ka k b a kb G k

n

λλ
λ

λ

λλ
λ

−

= = +

−

+ + + +
= =

+

  +
= − + + −  + 

 
= − + + − 

 
+

× + + −
+

∑ ∏

∑ ∏  

and 
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( ) ( ) ( )( )( ) ( ) ( )

( ) ( )( )( )

( )( )( ) ( ) ( )

22 1

0 0 1
12 1
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2 2 2 2
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2 1 22 1 1
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1
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i i i i

k i k
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i i i i
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n
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k
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n
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λ

λ
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λ

+

= = +
−+

+ + + +
= =
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+  +
+ = − + + −  + + 

+ 
= − + + − 

 
+

× + + −
+ +

∑ ∏

∑ ∏

∏

 

Using (2.8), we can easily derive (2.4) and (2.5). 
Starting with ( )G n  in (1.4) and carrying out the analogous calculations as in 

Theorem 2.1, we get the following theorem.  
Theorem 2.2. (Duplicate form of the generalized Carlitz inversions) With φ 

and ψ-polynomials defined respectively by (2.1) and (2.2), the equation  

( )
( )( )( )

( ) ( ) ( ) ( ) ( )

( )( )( )
( ) ( ) ( ) ( ) ( )

2 2 22
2

0

2 1 2 1 2 12 1
2

0

;

2 ; ; ; 1 ; 1

;

2 1 ; 1 ; 1 ; 1 ; 1

k k kn k
k k k k n

n n n n
k

k k kn k
k k k k n

n n n n
k

C q D C q D q qn
n q f k

k q k q k q k q k

A q B A q B q qn
q g k

k q k q k q k q k

λ λ

ϕ ϕ λ ψ ψ λ

λ λ

ϕ ϕ λ ψ ψ λ

−− 
 
 

− −
≥

+ − − +− − 
 
 

− −
≥

+ + 
Ω =   + + 

+ + 
−  + + + + + 

∑

∑
 (2.9) 

is equivalent to the system of equations  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
22

2
0

1

2 11 ; ; ; ; ,
;

kn k k k k k
n

k
k

n qf n q n q n q n q n k
k q q

λϕ ϕ λ ψ ψ λ
λ

− −

=
+

  −
= − × Ω 

 
∑  (2.10) 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

2 1

0

2

2 1

1

2 1
1 ; ; ; 1 ; 1

1 ,
;

n k k k k k

k

k

n

k

n
g n q n q n q n q n

k

q k
q q

ϕ ϕ λ ψ ψ λ

λ
λ

+
− −

=

+

+

+ 
= − + + 

 
−

× Ω

∑
 (2.11) 

provided that the sequence-transforms involved are non-singular, i.e. 

( );nq mϕ λ , ( );nq mϕ − , ( ); 1nq mϕ λ + , ( ); 1nq mϕ − + , ( ); 1nq mψ λ + , 

( ); 1nq mψ − + , ( )2 ; 1nq mλ +  and ( )2 1; 1nq mλ + +  do not vanish for 

non-negative integers m n≤ .  

3. Applications 

Using Theorem 2.2, we derive several terminating basic hypergeometric 
identities and some limiting cases.  

Theorem 3.1. 

2
2

2
1 2

0 1

2
2
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2
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, , ,
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, , ,
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k
k
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aq aq b b q bqbqb q qa abq b q aq bq bq
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abq bq q
b q n m

a aq b qaq
b b a

n m

−

−
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         −          

 
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  ==  
  
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∑
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Proof. By the replacement 2q q→ , (1.5) can be rewritten as  
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1 1 2
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        (3.1) 
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Let us multiply both sides of (3.1) by 
( ) ( )
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1 1

n

n

n
n
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b
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−
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we have 
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2

2
1
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1
1

2
2

22
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2
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2
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;
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n
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k
k

k
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b

b q q
a
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+
+

 − −    Θ =       
   
   

 
 
 ×

 
 
 

∑

 (3.2) 

It is not difficult to see that (2.9) specified with 

( ) ( )2 2, ; ; and ; ;
n n

aqx axb x n q x n q
b b

λ ϕ ψ   = = =   
   

 

matches exactly (3.2) under the following settings 

( ) ( ) ( )
( )

( )

2
2

22

2 2
2

; , , ;
, and 0.

;

n
n

n

ab q a q q
b

n n f n g n
b q q

a

 
 
 Ω = Θ = =

 
 
 
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The dual relations corresponding to (2.10) and (2.11) result respectively in the 
following two formulae 

( ) ( ) ( )

( ) ( ) ( )

12
2 1 2 2 2

0

2

2

1

2
1 ; ; ; ;

1 ,
;

k kn k k k

n nk n n
k

n

k

n aq aqq aq q q aq q
k b b

bq k f n
bq q

− −
+

=

+

    
−     

     

−
× Ω =

∑
 

( ) ( ) ( )

( ) ( )

12 1
2 1 2 2 2

10 1
2

2 1

1

2 1
1 ; ; ; ;

1 0.
;

k kn k k k

n nk n n
k

n

k

n aq aqq aq q q aq q
k b b

bq k
bq q

− −+
+

+
= +

+

+

+     
−     

     

−
× Ω =

∑
 

Notice that  

( )
( )

( ) ( )

( ) ( )( )
( )

2 12 2 122 2 ;;2 2 1
1 , 1 ,

; ;

kk n knk nn
k kk k

k k

q q qq q qn n
k kq q q q

   + −−    − +−    +   
− = − =   

   
 

( ) ( ) ( )
( ) ( )

( )

2
21 2 2

2

; ;
; ; ; ,

;

n
nk k k k

n n n
k

a q aq q
aq q aq q aq q

a q
+ = =  

2
1

22 2 2
2 1 2

2

; ; ; ;
; ; ; .

; ;

k
nk

k k k
nk k n

n k n
n n n

k k

aq a bq aq q q q qb b a baq aq aqq q q
b b b aq bqq q

b a

−
−

− − −

− −

                          = = =     
        
   
   

 

After some simplification, we obtain Theorem 3.1. 
Remark 1. Theorem 3.1 is not only a result which Chu obtained in [5], it is 

actually already a special case of an identity due to Jain and Verma, listed in [1]  

as (2.16) (where a, b, c, and λ , are specialized to naq , nq− , qb
a

− , and b, 

respectively). 
Theorem 3.2. 

( )

( ) ( )

( ) ( )

1 2
22

2
2 2

0 1

2
2

22

2 2
4 1 2

2 1
2

2
2 2 1

22 1

, , ,
,; ;
,, , ,

; , , ;
, 2 ;

1 ; ; ;

; , , ; 1

n n
kn

n
k n

k
k

m
m

m
m

mm

m
m

m

aq aq b b q bqbqb q qa abq b q aq bq bq
a a

abq q a q q
b

n m
b q aaq q q a q

a bq

a abq q a q q q
b

− −

−
= +

−
−

+
+

         −         

 
 
  =

   
−    

  
=

  −
− 

 

∑

( ) ( )
2 2

4 1 2
2

2 1

, 2 1.
1 ; ; ;m

m
mm

bq
n m

b q aaq q q a q
a bq

+

+









 
    = +

    
−    

  
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Proof Multiplying both sides of (3.2) by 

( )
1

1

1

1 1
n

naq aq
b

− −
− 

− − 
 

, then 

applying the relation  

( ) ( ) ( )( )
2

4 2 1 2 2 21 1 1 1 1 1 ,
n k

k n k k n k n n ka aq aaq aq q bq q
b b bq

− +
+ + − + −   − − − = − − − − −    

    
 

we may restate the resulting identity as 

( )

( ) ( )

( ) ( )

( )

1
2 2

2
21

1

4 1 2
2

2
1

0 2 2 2 1 2

1
1

, ,
; ;

,1 1

1 1 ;

2
; ; ; ;

;

nn

n
n

n
n

k k
n k

n

n n
k n n

k k
k k

ab a bq b q
a b q qa

b q bqaq aqaq
a ab

aaq bq q
n bq

q
k aq aqq aq q q aq q

b b

b q

+ 
 
 

− −
−

−
− 

 
 

− − −
≥ −

+
+

  −              − −        
 

− −    =       
   
   

×

∑

( )

( ) ( )

( ) ( )

( )

2
2

22

2 2
4 1 2

4 1 2 1
2 1
2

1
0 2 2 2 1 2

1 1
1 1

2
2 2

22 1

, , ;

1 1 ;

1 1 ;

2 1
; ; ; ;

; , , ; 1

k
k

k

k

k k
n k

n

n n
k n n

k k
k k

k
k

k

aa q q
b

a b qaq q
bq a

aaq bq q
n bq

q
k aq aqq aq q q aq q

b b

ab q a q q q
b

−

+ +
− − 

 
 

− − −
≥ −

+ +
+ +

+
+

 
 
 

  
− −   

  

 
− −    −  +     

   
   

 
− 

 ×

∑

( )

( )

1

2 2
4 1 2

.
1 1 ;k

k

a
bq

a b qaq q
bq a

−

 −
 
 

  
− −   

    
(3.3) 

It is not difficult to see that (2.9) specified with 

( ) ( )
1

2 2, ; ; and ; ;
n n

ax aq xb x n q x n q
b b

λ ϕ ψ
−  = = =   

   
 

matches exactly (3.3) under the following settings 

( )
( )

1
2 2

2
21

1

, ,
; ; ,

,1 1

nn

n
n

n
n

ab a bq b q
a bn q qa

b q bqaq aqaq
a ab

+ 
 
 

− −
−

  −         Ω =     − −        

 

( )
( )

( )

2
2

22

2 2
4 1 2

; , , ;
,

1 1 ;

n
n

n

n

ab q a q q
b

f n
a b qaq q

bq a
−

 
 
 =

  
− −   

  
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( )
( ) ( )

( )

2
2 2 1

22 1

2 2
4 1 2

; , , ; 1
.

1 1 ;

n
n

n

n

n

a ab q a q q q
bqb

g n
a b qaq q

bq a

+
+

+

   −
−   

  =
  

− −   
  

 

The dual relations corresponding to (2.10) and (2.11) result respectively in the 
following two formulae  

( ) ( ) ( )

( ) ( ) ( )

12
2 2 2 1 2

0

2

2

1

2
1 ; ; ; ;

1 ,
;

k kn k k k

n nk n n
k

n

k

n aq aqq aq q q aq q
k b b

bq k f n
bq q

− − −
− +

=

+

    
−     

     

−
× Ω =

∑
    (3.4) 

( ) ( ) ( )

( ) ( ) ( )

12 1
2 2 2 1 2

10 1
2

2 1

1

2 1
1 ; ; ; ;

1 .
;

k kn k k k

n nk n n
k

n

k

n aq aqq aq q q aq q
k b b

bq k g n
bq q

− − −+
− +

+
= +

+

+

+     
−     

     

−
× Ω =

∑
 

Carrying out the straightforward calculations, we get the desired result. 
Theorem 3.3. 

( )( ) ( )

( )

1 2
2 1 2 1 2 1 2

222 1
2

2 2 2 2
0 2 2 2

2 1 2
2 1 2 1 2

22 1

4 1

, , , , ,
,; ;
,, , , , ,

1 1 1 ; , , ;

1 1

n
n n n kn

n n
k n n

k
k

n
n n

n
n

n

bq aq aq aq b b q bqbqa b q qa abq bq b q aq bq bq aq
a a a

aq aq aq bq q a q q
b b

aaq
bq

−
− − + −

+

− −
= +

−
+ −

+

−

 
       −         

   
− − −   

   =


− −


∑

( )
2 2 2

2
2 1

2

.
1 ; ; ;n

n n

bq aq b qq a q q
a b a+

     −     
    

 

Proof. (3.2) can be rewritten as follows 

( ) ( ) ( )

( ) ( )

( )

21
2 2

2

4 4 1 2
2

2
1

0 2 1 2 2 2

1
1

2

2

, ,
; ;

,

1 1 1 1 ;

2
; ; ; ;

; ,

nn

n
n

k k k
n k

n

n n
k n n

k k
k k

k

aa b b qb bq q qaa b q bq aq
a a

a aaq aq bq q
n b bq

q
k aq aqq aq q q aq q

b b

ab q a
b

+ 
 
 

−
− 

 
 

− −
≥ +

+
+

        −           

  − − − −        =       
   
   

×

∑

( )

2
2

2 2
4 1 2

, ;
.

1 1 ;

k

k

k

q q

a b qaq q
bq a

−

 
 
 

  
− −   

  

  (3.5) 

Multiplying both sides of (3.5) by 

( )
1

1

1

1 1
n

naq aq
b

− −
− 

− − 
 

, then applying the 
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relation  

( )

( ) ( )( )

4 1

1 2
2 1 1 2 2 2

2

1 1

1 1 1 1 ,

k

n k
n k k n k n n k

aaq
bq

aq aaq q bq q
b bq

−

− − +
+ − + − + −

 
− − 

 
   −

= − − − − −   
  

 

we have 

( )

( ) ( )

( ) ( )

( )

1
2 2

2
21

1

4 2
2

2
1

0 2 1 2 2 2

1
1

2

, ,
; ;

,1 1

1 1 ;

2
; ; ; ;

;

nn

n
n

n
n

k k
n k

n

n n
k n n

k k
k k

k

ab a bq b q
a b q qa

b q bqaq aqaq
a ab

aaq bq qn bq
k aq aqq aq q q aq q

b b

b q a

+ 
 
 

− −
−

− 
 
 

− − −
≥ −

+
+

  −              − −        

 − −    =       
   
   

×

∑

( )

( ) ( )

( ) ( )

( ) ( )

2
2

2

2 2
4 1 2

4 2 1
2 1 2
2

1
0 2 1 2 2 2

1 1
1 1

2
2 2 1 2

22

, , ;

1 1 ;

1 1 ;

2 1
; ; ; ;

; , , ; 1 1

k

k

k

k k
n k

n

n n
k n n

k k
k k

k
k

k

a q q
b

a b qaq q
bq a

aaq bq q
n bq

q
k aq aqq aq q q aq q

b b

ab q a q q q bq
b

−

+
− − 

 
 

− − −
≥ −

+ +
+ +

+

 
 
 

  
− −   

  

 
− −    −  +     

   
   

 
− − 

 ×

∑

( )

( )

2

2 2
4 1 2

2

1
.

1 1 1 ;

k

k

k

a a
b bq

a a b qaq q
bq abq

−

 − −   
  

   
− − −    

   

 (3.6) 

It is easy to see that (2.9) specified with 

( ) ( )
1

2 2, ; ; and ; ;
nn

aq x axb x n q x n q
b b

λ ϕ ψ
−   = = =   

  
 

matches exactly (3.6) under the following settings  

( )
( )

1
2 2

2
21

1

, ,
; ; ,

,1 1

nn

n
n

n
n

ab a bq b q
a bn q qa

b q bqaq aqaq
a ab

+ 
 
 

− −
−

  −         Ω =     − −        

 

( )
( )

( )

2
2

22

2 2
4 1 2

; , , ;
,

1 1 ;

n
n

n

n

ab q a q q
b

f n
a b qaq q

bq a
−

 
 
 =

  
− −   

  
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( )
( ) ( )

( )

2
2 1 2

2 22 1

2 2
4 1 2

2

1 1 ; , , ;
.

1 1 1 ;

n
n

n

n

n

a a aq b q a q q
b bq b

g n
a a b qaq q

bq abq

+
+

−

  − − −    
    =

   
− − −    

   

 

The dual relation corresponding to (2.10) is (3.4), and the dual relation 
corresponding to (2.11) is  

( ) ( ) ( )

( ) ( ) ( )

12 1
2 1 2 2 2

10 1
2

2 1

1

2 1
1 ; ; ; ;

1 .
;

k kn k k k

n nk n n
k

n

k

n aq aqq aq q q aq q
k b b

bq k g n
bq q

− − −+
−

+
= +

+

+

+     
−     

     

−
× Ω =

∑
 

Carrying out the straightforward calculations, we get the desired result.  
Taking some special limits, we have the following cases. 
Case 1 b →∞  in Theorem 3.2:  
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Case 2 b →∞ , a →∞  in Theorem 3.2:  
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Case 3 2a bq=  in Theorem 3.2:  
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Case 4 0b →  in Theorem 3.2:  
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Case 5 0b → , 0a =  in Theorem 3.2:  
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