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In this paper, we consider the following of nonlinear strongly damped stochastic

Kirchhoff equations with additive white noise:
u, +M (”D"’u"2 )(—A)m u+B(—A)"u, +g(x,u)=q(x)W, (1)

with the Dirichlet boundary condition
o'u .
u(x,t):O, on, i=12,---,m—1, xe0Q, t>0, 2)
\
and the initial value conditions
u(x,O)zuO(x), u, (x,O):ul(x), xeQcR". (3)

where m>1 is a positive integer, £ is a normal number, Q is a bounded
region with smooth boundary in R", M is a general real-valued function,

g(x,u,) is a nonlinear nonlocal source term, and ¢(x)z(6,®) is a random
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term. The assumptions about A/and g will be given later.
Xintao Li and Lu Xu [1] have studied the following stochastic delay discrete

wave equation

wy + Au; +u, — f (u,) = ady (t), (4)

itt
u, =u(s+7), se[-,0], r>0. (5)

The existence of random attractors for this equation is proved by means of
tail-cutting technique and energy estimation under appropriate dissipative con-
ditions.

Ailing Ban [2] have considered the following of stochastic wave equations
du, +(—aAu, + Bu, —KAu+f(u))dt:g(x)dW(t), (6)
with the Dirichlet boundary condition

u(x,t)

=0, (7)

xedU
and the initial value conditions
u(x,0)=u, (x),u,(x,0)=u,(x). (8)

where u=u(x,t) is the real function on Ux[0,+x), @ >0 is the strong
damping coefficient, >0 is the damping coefficient, and K >0 is the dis-
sipation coefficient. In this paper, they mainly discuss the asymptotic behavior of
strongly damped stochastic wave equation with critical growth index. By using
the weighted norm, they prove that for any positive strong damping coefficient
and dissipation coefficient, there is a compact attractor for the stochastic dy-
namical system determined by the solution of the equation.

Caidi Zhao, Shengfan Zhou [3] studied the sufficient conditions for the exis-
tence of global random attractors for a class of binary systems and their applica-

tions

i, +u, +(Au)m +A,u, +psinu, = f +a,w,, meZ,t>0, 9)
l:lm (0) = ulm,ﬂ’ um (0) = um,O' (10)

They first give some sufficient conditions for the existence of global random
attractor for general stochastic dynamical systems, and then use these sufficient
conditions to give a simple method for finding the global random attractors of
the upper bound of Kolmogorov &-entropy. Finally, these results are applied to
stochastic Sin-Gordon equation.

Guoguang Lin, Ling Chen and Wei Wang [4] have studied the existence of
random attractors for higher-order nonlinear strongly damped Kirchhoff equa-

tions

du, +[(—A)m u, +¢(||D’"u||2)(—A)m u +g(u)} dr

(11)
= f(x)dt+q(x)dW(t), xeQ,m>1,
o'u .
u(x,t)zO, on,lzlﬂ,m,m—l, xedQ,t>0, (12)
v
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u(x,O):uo(x), u, ()C,O):u1 (x), xeQcR". (13)

They mainly use the Ornstein-Uhlenbech process to deal with the stochastic
term of Equation (11), thus obtain the global well-posedness of the solution, and
then prove the existence of the global random attractor.

As we all know, attractors have absorptivity and invariance, and have a clear
description of the long-term behavior and the asymptotic stability of the solution
of the equation. Because the long-term behavior of the system develops within
the overall attractor, and then on this compact set, through the study of the over-
all behavior characteristics of the system, we can find the most common rules of
the system and the basic information of future development. In real life, the evo-
lution of many problems will be disturbed by some uncertain factors. At this
time, the deterministic dynamic system can no longer describe these problems.
Therefore, it is necessary to study the attractors of stochastic equations with ad-
ditive noise terms.

In recent years, stochastic attractors for stochastic nonlinear equations with
white noise have been favored by many scholars, and many scholars have done a
lot of research on these problems and obtained good results. Xiaoming Fan,
Donghong Cai and Jianjun Ye [5] studied stochastic attractors for dissipative
KdV equations with multiplicative noise; Fuqi Yin, Shengfan Zhou, Hongyan Li
and Hongjuan Hao [6] [7] by introducing weighted norm and orthogonal de-
composition of linear operators corresponding to the first-order evolution equa-
tion with respect to time, the existence of stochastic attractors for stochastic
Sine-Gordon equation with strong damping is proved. More research on stochas-
tic Kirchhoff equation with white noise is detailed in reference [8] [9] [10] [11]
[12].

The structure of this paper is as follows: in Section 2, some basic assumptions
and knowledge of dynamical system required in this paper are introduced; in
Section 3, the existence of random attractor family subfamilies is proved by using

the isomorphism mapping method.

2. Basic Hypothesis and Elementary Knowledge

In this section, some symbols, definitions and assumptions about Kirchhoff type
stress term M (s) and nonlinear nonlocal source term g (x,u,) are given. In

addition, some basic definitions of stochastic dynamical systems are also intro-
duced.

For narrative convenience, we introduce the following symbols:
V=D, H=0[(Q), H (Q)=H"(Q)NH)(Q),
Hy™ (Q) = H" Q)N Hy (Q), E, = Hy™ (Q)x H; (Q),(k=0,1,2,---,m).
And definition
(102 = (0" D) (D320, =)<, 1212

It is assumed that the Kirchhoff type stress term M (s) and the nonlinear
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non-local source term g (x,u,) satisfy the following conditions, respectively:
Al) M eC*(Q);and 1+&<6, <M(s)<6,,where &,,5, isa constant;
A2) g(x,-)eC'(Q) is Lipschitz continuous and satisfies
i) g(x,0)=0 forany xeR;
ii) There exists a constant L, >0, such that for any xeR, have

“Dk (g(x,u, )-g(xv, ))” <L, "Dk (u, v, )"

The following will introduce some basic knowledge about random attractor.
Let (B(R+ ) xFxB(X),B,(0)c D(a))) be a probabilistic space and define
a family of transformations of the sum and ergodic of a family of measures pre-

serving {6,,reR}
Go()=w(-+t)-o(t),

Then (Q, F,P,(6, )lgR) is an orbiting metric dynamical system.

Let (X JH X) be a complete separable metric space and B(X) be a Borel
o -algebra on.

Definition 1 (Following as [12]) Let (Q,F,P,(Ht )téR) be a metric dynamical

system, suppose that the mapping
S:R*"xQxX— X, (t,w,x)— S(t,w,x),

is (B (R*)x Fx B(X ),B (X )) -measurable mapping and satisfies the following
properties:
1) The mapping S(t,w):=S(t,w,") satisfies
S(0,0)=id, S(t+s,0)=S(1,0,0)°S(s,0);

forany s,6>20,0€Q.
2) (t,w,x) S(t,w,x) is continuous, for any weQ.
Then § isa continuous stochastic dynamical system on (Q, F, P,(Hl )tek ) .
Definition 2 (Following as [12]) It is said that random set B(w)c X is
tempered, for v Q, 20, we have

lim inf ¢”d(B(0.,0))=0,
where d(B)= sup||x||X ,forany xe X .

Definition 3 Xflgollowing as [12]) Let D(w) be the set of all random sets on
X, and random set B, (@) is called the suction collection on D(w), if for any
B, (w)c D(w) and P-aeweQ,thereexists T;(w)>0 such that

S(1,0.,0)(B(0.,0))c B, (o).

Definition 4 (Following as [12]) Random set A(w) is called the random at-
tractor of continuous stochastic dynamical system S(¢) on X, if random set
A(w) satisfies the following conditions:

1) A(w) isarandom compact set;

2) A(w) is the invariant set D(w), that is, for any >0, we have
S(t,w)A(w)=A(60);

3) A(w) attracts all sets on D(®), that is, for any B(w)e D(®w) and
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P—a.ew e ), with the following limit:

limd (S(2,0,0)B(6.,0),4(®))=0,

>

where d(A,B)=sup ing ||x - y|| ., is Hausdorff half distance. (There 4,B< H ).
xed V€

Definition 5 (Following as [12]) Let random set B, (@)c D(w) be a ran-
dom suction set for stochastic dynamical system (S(t,a)))tzo, and random set
B, (w) satisfies the following conditions:

1) Random set B, (@) is a closed set on Hilbert space X ;

2) For P-aeweQ , random set B (w) satisfies for any sequence
x, €8 (tn,ﬁftna))Bo (94,, a)), there is a convergence subsequence in space X,

when 7, — +c0. Then stochastic dynamical system (S(z,)) ~ has a unique

120

global attractor

4 (0)= N US(t,0,0)B,(6. )

2y (o) 27
The Ornstein-Uhlenbeck process [12] is given as follows:
0 ar
Let z(@tw)z—a_f_we Gw(r)dr, where teR. It can be seen that for any

t >0, the stochastic process z(@,a)) satisfies the Ito equation
dz +azdt = dW (1).

According to the nature of the O-U process, there exists a probability measure

P, 6, -invariant set, and the above stochastic process
0
z(0w)= —aj_ e“f(r)dr

satisfies the following properties:
1) The mapping S — z(6,) is a continuous mapping, for any given @ €€ ;
2) The random variable |
3) There exist a tempered set (@) > 0, such that

z(a))” is tempered;

||z(0ta))||+||z(t9,a))||2 <r(6w)<r(o) 2! ;

4) }ijg%jﬂz(ﬁta))rdr = i;
1

5) limlj;|z(9,a))|dr =

tow f

Nk

3. Existence of Random Attractor Family

In this section, we mainly consider the existence of random attractor family of
problem (1)-(3). At first, Young inequality and Holder inequality are used to
prove the positive definiteness of operator L ; and then the weak solution of the
equation is established by Ornstein-Uhlenbeck process to deal with the random
term, thus a bounded random absorption collection is obtained. Finally, the ex-
istence of random attractor family of this problem is proved by isomorphism
mapping method.
The problem (1)-(3) can be rewritten to
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du =u,dt,

(S

A%u

du, + M{

]Amu + A u, + g (x,u, )]dt =q(x)dW (t),t€[0,+x), (14)

u(x,O)zuO (x),ul (x,O):u, (x),er.

where 4=-A.
Let o= (u,v)T ,v=u, +cu , then the question (14) can be simplified to

dp+Lpdt = F (6,0,9),
T (15)
@0 (@) = (ug,u, + £uy )
where

el -1
2 0
J—ﬂg}Ammz]l (Bam—e)1 | F('g’w’(p):(—g(x,u,)w(x)dw(t)j'

Let y=v—g(x)z(6,®), Then the question (14) may read as follows:
v, +Ly =F(6o.v),
W, (@) = (g1, + 1y — q(x)é‘(@ta)))T .

m

A?u

4

(16)

where y =(u,z)",
el -1 ) ( )
5 _ q(x)z(00
]—ﬂg}m+g2][ (ﬂA’”—g)I ’ F(H’w’l//):[—g(x,ut)+(g+l—ﬂA’”)q(x)z(@,a))}

m
A%u

4

Lemma 1 Let E, = Hy"" (Q)x H; (Q),(k=0,1,2,---,m), for any

T . 2
=(y, €E, ,if 0<e<————— wehave
y (Y1 Y2) k ,B—l-‘rﬂ(m

(Lyy),, 2k "y"ZEk +k, ||D’"*ky2||2 2k "y"zEk +hy "Dkyz "2 ’

. p-1, & . LA &2 L+1 m
where &k =min{e— er—=—A1", —— gtk =— k= kA"
1 { 2 2 ﬂ'l 4 2 2 2 3 Zﬂ'l

Proof: For any y=(y,,y, )T , we have

el -1
Ly= m |P N
M| |A%u| |-Be A"+ |1 (BA"—&)I |y,
(17)
EV1 =V
- [{M{A’;u ]—p’g A’”+52Jyl+(ﬁA”’—£)y2 '

(Ly.y),,

= (Dm% (€Y1 _yz)aDnHkYI)
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+{D{{{M[ u J—ﬂe}A’”+£2 yl+(,6‘A”’5)y2J,Dky2J
mu J—ﬂEJ(A”’yl,Akyz) (18)

_g||Dm+kyl|| Dm ky2 D kyl) {M{ A2
+27 (0'. 0w )+ A" [ e[

m

A2

From hypothesis (A1), we have

it s
o

> (Dm*"yl,D"”kJ’z ) _%52 "D’My1 "2 _%"Dmkyz "2 '

m

A2

2
J_gj(Dm+kyl’Dm+ky2)+(8_ﬁg)(Dm+kylaDm+kyz) (19)

So
(Ly.y),,

R R T e

L i B |

Z‘E‘"Derky1

R I ]

o - o el

2
p-1 & ek 2L BA -
[e Bt S ol B el
Elotyf
where 0<¢g< 2 .
B-1+4"
Choose klzmin{g_u ? - a ﬂq_m 13,11’" %—8},/(2:%,1{3:1@1;" >
then we have
(L9.7),, 2k +h D™ 5[ = kb +k D45 - 21)

Therefore, Lemma 1 is proved.
Lemma 2 Let ¢ is a solution of the problem (15), then there is a bounded
random compact set By, (@) e D(E, ), such that for any random set

B, (w) e D(E,), existence a random variable 7, , >0, so that
o(1,6,0)B, (0,0)c B (o), Vt= Ty () @€Q.

Proof: Let y is a solution of the problem (16), taking inner product of two
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sides of the Equation (15) is obtained by using y = (u, y)T €E, in E,,wehave

EEIIV/II Ly.y),, =(F(0ov).v), (22)

where
(FGay). )
=(D""q ), D" u) (23)
(Dk(—g< Y <s+1—w>q<x>z<aw>),m).
From Lemma 1, we have

(L), 2k Il k[0 (24)

According to Holder inequality, Young inequality and Poincare inequality, we

have

(D q(x)2(60).07u) < Sl + 2D a0 (00 . (29)

(eD*q(x)z(00),D"y) < 3||Dky|| ||Dkq(x)||2|z(e,w)|2, (26)

((1-B4")D*q(x)z(6,0), D" y)

|
o+ L] oo+ | oo,
from assumption (A2), we have
(-D'g(x.u,),D"y)
<o (g (xm) =g (0N [0*s] < £, [P u 5]
L | (- 4 (5) (@) 0] 29)

R e LR gl
(v Jloraf + S o
3

Combining (22)-(28) yields, we have

I
L "Dkq(x)”2 |Z(¢9ta))|2 .
ky

d
vl + 26w,

< {M"mqwuz e + 2L

k
A"
3 3 q(x)

g .- 2 g oo 22 o
we have 3
Sl + 2k E, <6+l (0)
From Gronwal inequality P €Q,then
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"(// (1, w)"2 <e?M "1// (o, w)"; + L: g 2hl) (C1 +N, |z (st)r )ds. (31)

Ey

And because z(6w) istempered, and z(6,®) is continuous about 4 so ac-
cording to reference [3], we can get a temper random variable 7:Q — R", so

that for any /e R, <), we have
2(60) <n(60) <" (o). (32)
Replace @ in Equation (30) with €., , we can obtain that
v (0.0 <cy©0,0) « ™ (c+N|z(0 o) a5 (3
Available from (32)

[le (q +N,|2(6,0) )ds

(34)
= fo e?r (C1 +N, |z(6’ra))|2 )dr < &+LNlrI (o).
~ 2k 3k
Therefore
C 1
"w(t, Qta))"; < 2—]{11+£N|r, (). (35)

Because ¢(6,w)e B (6 ,») is tempered, and |z(97,a))| is also tempered,

so we can let

C, 1
Ré(w)=2—k‘1+§1vm (). (36)

then R; (@) is also tempered, put B, = {f € Ek|||l//||Ek <R, (a))} is a random
absorb set, and because of

S (1,6.,0)y (0,0 ,0)

:(p(t,ﬁ_,a))(l//(O,H_la))+(O,q(x)z(ﬁ_,a)))T)—(O,q(x)z(ﬁ_,a)))T, 47

So let

By (0)={peElol, <R (0)+|Da(x)s(0)|=Ri(@)}, @8
then B, (@) isarandom absorb setof ¢(f,w),and B, (w)eD(E,).

Thus, the whole proof is complete.

It is shown below that there exists a compact suction collection for stochastic
dynamical system S(t,w).

Lemma 3 When k =m, forany B, (w)eD(E,),let ¢(t) isa solution of
the Equation (15) with the initial value ¢, = (u,,u, +¢u,) € B, , and it can de-

compose @ =@, +@,,where @@, satisfy

de, + Lo dt =0,
T (39)
P (@) = (g, uy +£uy) .
{dgoz +Lp,dt = F (0,9), (40)
Py (@) =0.
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then "go1 (t,é[ta))uz —0,(t > ), for any ¢,(0_,»)e B, (6.,0), there exists a

temper random radius R, (@), such that

"goz (t,Qta))”Em <R (w), forany weQ.

Proof: When k=m, let
v =y, +y, =(u,u, +eu, )T +(u2,u2t +éu, —q(x)z(ﬁ,a)))T is a solution of Eq-
uation (16), then according to Equation (39) and Equation (40), we know ,,y,

meet separately

!//Zt +Ll//1 = 0: (41)
Wy = (uo,u1 +&u, —q(x)z(&,a)))T .
{Wz; + Ly, zf(gta)ﬂl//Z)’ (42)
Wi = 0.

m?

Taking inner product Equation (41) with y, = (u,,u,, + &, )T in E,,wehave
1d 2
Sl + (L), =0, (43)

From Lemma 1 and Gronwall inequality, we have

2kt

(o, <e* @, . (44)

substituting @ by 6, in (43), and because z(6 ,w)e B, istempered, then

"t//1 (1,0,0)

2

e[y (0.0), >0.(>). Yy (0.0)<8, (9

Ep

Taking inner product (42) with v, =(u2,u2,+8u2—q(x)z(6’ta)))T in E,_,

and from Lemma 1 and Lemma 2, we have

d
5”'/’2 "; +2k; v, "2 <G +N, |Z(€t“’)|2 ; (46)

2

2(L +&” +1) A%’*q(x) '

where N, = P
3

2
ool +fpa(ef +22-

Substituting @ by 6 ,® in (46) and from Gronwall’s Inequality and (32),

we have

2

(o0l <l (0.0.0)f [ (C N |6 o) Jas

47)
c, 1 (
<y Ly ()
2k, 3k,
So there exists a temper random radius
C 1
R (w)=—=2+—N,r (w), 48
(@) 2k 3k, 4 (@) (48)
such that
"(02 (1, 6[,60)"E <R (@), for any weQ. (49)
This completes the Proof of Lemma 3.
Lemma 4 The stochastic dynamical system {S (t,w),t> O} , while
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t=0,P, €Q determined by Equation (15) has a compact attracting set
K(w)c E,.

Proof: Let K(®) be a closed sphere in space E, with a radius of R ().
According to embedding relation E, c E,, then K (@) is a compact set in
E, , for any temper random set B, (w)eE,, for Vy (¢,0 )€ B, according

to Lemma 3, y, =y —y, € K(w), so forany V> Ty, () > 0, we have
dy, (S(1,0,0)B, (0 ,0).K(v))

= ot Ny (0.0.,0) =9, <[w (10,0, (50)

-2k 2
< g2kt "l//lo (t,Hfta))"Ek — 0,(! - oo).

So, the whole proof is complete.

According to Lemma 1 to Lemma 4, there are the following theorems

Theorem 1 The stochastic dynamical system {S(z,),/>0} has a random
attractor family A4, (w) < K(w)c E,, for any @ €Q, and there exists a temper
random set K (@), such that

4, (0)= () US(t.0.,0.K(0_0)),

120,72t

and

S(t,0) 4, (o) =4, (60).

4. Conclusion

In this paper, starting from the positive definiteness of the operator, the weak
solution of the equation established by O-U process is used to deal with the sto-
chastic term, and a bounded stochastic absorption set is obtained, thus tempered
random set is obtained. Then, the isomorphic mapping method is used to prove that

the stochastic dynamical system S (z,@) has a attractor family A4, (k =1,2,---,m).
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