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Abstract

Propagation of Love waves in a transversely isotropic poroelastic layer bounded
between two compressible viscous liquids is presented. The equations of mo-
tion in a transversely isotropic poroelastic solid are formulated in the frame-
work of Biot’s theory. A closed-form solution for the propagation of Love
waves is obtained in a transversely isotropic poroelastic layer. The complex
frequency equation for phase velocity and attenuation of Love waves is de-
rived for a transversely isotropic poroelastic layer when it is bounded between
two viscous liquids and the results are compared with that of the poroelastic
layer. The effect of viscous liquids on the propagation of Love waves is dis-
cussed. It is observed that the presence of viscous liquids decreases phase ve-
locity in both transversely isotropic poroelastic layer and poroelastic layer.
Results related to the case without viscous liquids have been compared with
some of the earlier results and comparison shows good agreement.

Keywords

Viscosity, Love Waves, Wave Number, Dissipation Coefficient,
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1. Introduction

Deresiewicz [1] [2] discussed propagation of elastic waves in non-dissipative
porous solid. A study on propagation of Love waves in a compressible viscous

liquid layer bounded between an elastic layer and homogeneous isotropic elastic
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half-space was done by Bhangar [3]. Phase velocity, group velocity, quality factor
(Q) and displacement in the elastic layer and half space have been computed as a
function of the frequency for various values of the ratio of thickness to coeffi-
cient of viscosity. It is shown that Love waves are not attenuated when the ratio
takes the values zero and infinity. Also, the quality factor attains minimum value
as a function of dimensionless angular frequency that the ratio is not equal to
zero or infinity. Two dimensional wave propagation in a viscous liquid layer
bounded between two poroelastic half-spaces was investigated by Nageswara
Nath et al [4]. Three types of bonding, ie. welded interface, smooth interface
and loosely bonded interface, are considered. The frequency equation of the in-
terfacial waves for each of the above three types of bonding for infinite wave-
length is obtained and it is observed that the frequency equation is independent
of the nature of bonding. Love wave propagation in the elastic layered waveguide
loaded with a viscous Newtonian liquid on the surface is investigated by
Kielczynski et.al [5]. Love wave amplitude distribution as a function of depth
has been determined. It was observed that for a viscous liquid loading, the am-
plitude of the wave changed with depth in an oscillatory way, and decayed to
zero. The effect of gravity on propagation of Love waves in a fluid-saturated
porous layer bounded above by a rigid boundary and below by an elastic
half-space under gravity has been discussed by Anjana et al [6]. It is observed
that there is a significant effect of gravity, porosity and anisotropy simulta-
neously in the propagation of Love waves. The phase velocity of Love wave is less
in the gravitating medium in comparison to that of non-gravitating medium.
Wang and Zhang [7] studied Love wave propagation transversely isotropic po-
roelastic layered half-space. The frequency equation for the phase velocity and
attenuation is solved using an iterative method. It is shown that the solution de-
pends upon a parameter involving the critical frequency and the thickness of the
layer. The attenuation vanishes at extreme values of frequency ie. at zero fre-
quency or infinite frequency. The effect of viscosity on propagation of Love
waves in a fluid loaded transversely isotropic poroelastic layered half-space was
studied by Nageswarnath et al [8]. Phase velocity of Love waves is more for
higher values of coefficients of viscosity in case of fluid loaded transversely iso-
tropic poroelastic layered half-space. Attenuation is more for lower values of
frequency and it is steady with an increase in viscosity. Also, the phase velocity is
highest when two solids are transversely poroelastic and it is lowest when two
solids are just poroelastic. Nageswaranath et al [9] discussed propagation of
Love waves in viscous liquid layer bounded between poroelastic layer and
half-space which was transversely isotropic. It is observed that there is no influ-
ence of coefficient of viscosity of liquid layer on phase velocity when the liquid
layer is bounded between poroelastic layer and half-space. Kundu ef al [10] in-
vestigated the effect of initial stress on Love waves propagating in a homogene-
ous layer over a porous half-space with irregular boundary. It is observed that

propagation of Love wave is influenced by initial stress parameters, corrugation
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parameter and porosity of half-space. Particularly, it is found that the phase ve-
locity of waves decreases with increase in non-dimensional wave number, initial
stress parameters and porosity of half-space.

In the present analysis, propagation of Love waves in a transversely isotropic
poroelastic layer bounded between two viscous liquids is discussed in the frame
of work—Biot’s theory. The governing equations of motion in a transversely
isotropic poroelastic layer are derived. The frequency equation for Love waves in
a transversely isotropic poroelastic layer bounded between two viscous liquids is
obtained and the results are compared with that of poroelastic layer. Phase ve-
locity has been computed and analyzed against non-dimensional wavenumber.
The effect of presence of viscous liquids is studied and it is observed that pres-
ence of viscous liquids decreases phase velocity of Love waves in transversely
isotropic poroelastic layer and in poroelastic layer. Also, it is observed that phase
velocity for transversely isotropic poroelastic layer is more compared to poroe-

lastic layer. In general, phase velocity decreases as wave number increases.

2. Basic Equations, Formulation and Solution of the Problem

Consider a rectangular co-ordinate system (x; y; z) with x and y axes taken as
horizontal and z-axis as positive downwards normal to the plane. Propagation of
waves is taken as two-dimensional (i.e. propagation in xzplane) along the x di-
rection. A transversely isotropic poroelastic layer of thickness ‘4’ bounded be-
tween two compressible viscous liquids is considered. The boundaries of the
poroelastic layer are taken as z=0 and z=h. At z=0 the poroelastic layer
is interacting with upper viscous liquid, whereas at z =/ it is interacting with
lower viscous liquid. The physical parameters of two viscous liquids are denoted
by a superscript 7 (1, 2) enclosed in parentheses. The parameters with superscript
(1) & (2) refer to upper viscous liquid and lower viscous liquid, respectively. The
parameters of poroelastic layer are without any superscript. The geometry of the
problem is shown in Figure 1.

The equations of motion of a homogeneous, transversely isotropic poroelastic

solid in the presence of dissipation b are
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Figure 1. Geometry of the problem.
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where (ux,uy,uz) and (Ux,Uy,UZ) are displacements of the solid and liquid
media, respectively, while e and € are dilatations of the solid and liquid respec-
tively; A,N,Q,RELM and C are all poroelastic constants and p,,, p,,,0,, are
the mass coefficients following Biot [11]. The stresses o, and the liquid pressure
s of the transversely isotropic poroelastic solid given by Biot [12] are

o,=Pe, +4de, +Fe_+M e,

o,=4de +Pe, +Fe_+Me,

o, =Fe_ +Feyy +Ce_+Q0e€,

o, =Ne,,
o,=Le,,

(2)
O-zx = Lezx 2

s=Me, +Me, +Qe_ +Re,

The physical meaning of other parameters A, N, Q, R, F, L, M and Care given
by Biot [3] as

E
E(l—v’zj
’ ’ E' 1_
P= . kL T E;E > O (ZEV) ’
(1+v)(1—v— ’V,Zj (l—v— ,Vlzj (l—v— ,v’zj
E E E
L=G', N:L and Mziz.
2(1+v) f

where Pis a poroelastic constant given by P = 442N, the two constants A, N

correspond to familiar Lame constants in purely elastic solid, which are positive
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in sign. The coefficient N represents the shear modulus of the solid. The coeffi-
cient R is a measure of the pressure required on the liquid to force a certain
amount of the liquid into the aggregate while total volume remains constant.
The coefficient Q represents the coupling between the volume change of the
solid to that of liquid. £are E' Young’s moduli in the plane of transverse iso-
tropy and in a direction normal to it, respectively. v and v' are Poisson’s ra-
tios characterizing the lateral strain response in the plane of transverse isotropy
to a stress acting parallel or normal to it, respectively. G’ is the shear modulus
in planes normal to the plane of transverse isotropy.

For Love waves, the displacement is only along y direction thus the non-zero
displacement component of the solid and liquid media are (0,v,0) and
(0,77,0) respectively. These displacements are functions of x, zand time & Then
the equations of motion of transversely isotropic poroelastic solid by Biot [11]
that is Equation (1) reduces to

N
ox’ oz* ot
2

0
0= y(plzv+ IDZQV)—bE(V—V).

(pllv+ ple)+b§(V_ V),
' 3)

We assume the propagation mode shapes of solid and liquid u, and U,

are
y= ¢(Z)ei(kx+wt)’ V= w(z)ei(kxwut)’ (4)
where ¢ is time, w is circular frequency, & is wave number and 7is the complex

unity.

Substitution of Equation (4) into Equation (3) yields
L¢"~ k2N¢ =- (K11¢+ K12¢))’

i (5)
0=-w (K12¢ + Kzzﬁ”)’
where
ib ib ib
Ky=p——K,=pp+— Ky =pp —. (6)
w w w
From the second equation of (5), we get
K12
p=——=¢. (7)
K22
Substitution of Equation (7) into the first equation of (5) we obtain,
¢"+7'¢=0, (8
where
KN o’N NK
7’ :(— + ZJ and V32 =(—22 5 J 9)
L L V3 Kl 1Mz2 - KIZ
In Equation (9), V; is shear wave velocity as in Biot [11].
On simplification, Equation (8) gives
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#(z)=Ce" +Ce ™, (10)

where C and C, are constants.

From Equation (7), ¢(z) can be obtained as

M . )
g(z)=——2(Ce” +Ce™).
M22 ( 1 2 )
Substituting 1 (z) from Equation (10) into the first equation of (4), the dis-

placement u, is
v = (Cleiyz + C2e—iyz )ei(loc+wt). (1 1)

Following Equations (2) and (11), the only non-zero stress can be obtained as

o, = (Cl [%j e’ +C, [%J e 7 Je“maﬁ), (12)

From Equation (4), it can be shown that the normal strains of solid and liquid
are zero, hence the dilatations of solid and liquid media vanish. Since the dilata-
tions of solid and liquid are zero, the liquid pressure s developed in the sol-
id-liquid aggregate following Equation (2) is zero. Thus, no distinction is made
between a pervious and an impervious surface of the solid in case of Love waves.

In the absence of body forces, the equations of motion [1] for viscous com-
pressible liquid are

2, (a—Vj = Vp+ Ly (V¥ )V, (13)
ot 3
where V (u;,v,,w,) is the velocity vector, p, is density of liquid, 7, is coeffi-
cient of viscosity, pis over pressure.

For Love waves, ¥ =(0,v,,0) and V-V =0. Hence, Equation (13) reduces

o
(a—;j =q, Vv, (14)

where a, =17,/p, is the kinematic viscosity.

to

Solution of Equation (14) can be written as
V] — Deﬁzei(kr+wt) (15)
2 ) o .
where f° =k”—— and Dis a constant.
a,
Following (15), stresses in compressible viscous liquid layer can be shown as

T, = D, pe’>e ). (16)

3. Frequency Equation

For contact between the poroelastic layer and the viscous liquids, we assume that
the stresses and displacement components are continuous at the interfaces z= 0
and z= A.

Thus, the boundary conditions are given by
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at z=0; ri,lz) :sz,vl(l) =iwv

(2) (2)

at z=h; o, =1, iov=v". (17)

Equation (17) results in a system of four homogeneous algebraic equations in
four constants.

For a nontrivial solution, the determinant of the coefficients must vanish. By
eliminating these constants the frequency equation of wave propagation in an

isotropic poroelastic layer bounded by viscous liquid layers is

wgny Lo _iyL 0
B 5 5
1 io io 0
. . =0. (18)
0 hgm _ILowm o gl
2 2
0 iwe”" iwe™ " e

On simplification Equation (18) reduces to
[;/ZLZ + 4a)277‘(f1),8(1)77}2)ﬂ(2) } tan(yh) = 2iwyL [77}1),8(1) + n}z)ﬂ(z) } . (19

Equation (19) represents frequency equation of Love waves in a transversely
isotropic poroelastic layer bounded between two viscous liquids.
If the upper liquid is inviscid Ze. 771(1) =0, then the above frequency Equation

(19) reduces to
yL tan(yh)—Zia)n_(fz)ﬂ(z) =0. (20)

Equation (20) represents frequency equation of Love waves in a transversely
isotropic poroelastic layer in contact with a viscous liquid.
If both upper and lower liquids are inviscid then the frequency Equation (19)
reduces to
sin(yh)=0. (21)

On simplification of Equation (21), we obtain the frequency @ as

Pr® L

0=V, > —+k*,where [=1,2,3,--
h- N

Here o represents frequency of Love waves in a transversely isotropic po-

roelastic layer when it is free from two viscous liquids.

4. Numerical Work

Frequency Equations (19)-(21) are investigated numerically by considering two
distinct poroelastic materials with parameters N = 0.234, L = 0.8. The physical
parameters of two viscous liquids are takenas p, =0.L,77, =0.5 and

p, =1,17, =2.5. Poroelastic medium is dissipative in nature and thus the wave
number & is complex. The waves generated obey diffusion type process and
therefore get attenuated. Let k= &, + ik, where £, is real and %; is the imaginary
part of the wave number & The real and imaginary part of the wave number

corresponds to propagation and attenuation of waves. Hence, the phase velocity
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C, and attenuation coefficient o are, respectively

p

C =2 and 5= ﬂ
k, k,

The effect of presence of viscous liquids on phase velocity against wave num-
ber (k.A) in transversely isotropic poroelastic isotropic layer is depicted in Fig-
ure 2. Phase velocity is less when the solid layer is bounded between viscous liq-
uids than it is free from the liquids. Thus, presence of viscous liquids reduces the
phase velocity of Love waves in transversely isotropic poroelastic layer. Also,
phase velocity decreases as wave number increases. A sudden decrease observed
in phase velocity when kA increases from 0.2 to 0.4 then onwards it decreases
gradually. From Figure 3, a similar observation is found in case of poroelastic
layer. In Figure 4, phase velocity against wavenumber is depicted for both trans-
versely isotropic poroelastic layer and poroelastic layer when each is bounded be-

tween viscous liquids. It is observed that phase velocity for transversely isotropic

180
160
140
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80
60
40
20

Two liquids

No liquid

Phase velocity

0.2 0.4 0.6 0.8 1
krh

Figure 2. Phase velocity as a function of non-dimensional wave number—transversely
isotropic poroelastic solid layer.
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50 -
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Figure 3. Phase velocity as a function of non-dimensional wave number—poroelastic
solid layer.
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poroelastic layer is more compared to poroelastic layer. Phase velocity decreases
as wave number increases and a sudden decrease observed in phase velocity
when kA increases from 0.2 to 0.4 then onwards it decreases gradually. Phase
velocity at the interface of solid layer and lower viscous liquid is plotted in Fig-
ure 5 for both transversely isotropic poroelastic layer and poroelastic layer.
Phase velocity for transversely isotropic poroelastic layer is very much higher
than that of poroelastic layer. A sudden decrease observed in phase velocity
when kA increases from 0.2 to 0.4 and then from 0.6 to 1 and phase velocity in-
creases when k4 increases from 0.4 to 0.6. Phase velocity against wave number
in the absence of liquids is presented in Figure 6. A sudden decrease is observed
in phase velocity when 4,4 increases from 0.2 to 0.4 then onwards it decreases
gradually. Attenuation as a function of non-dimensional wave number is depicted
in Figure 7 for transversely isotropic poroelastic layer bounded by viscous liquids

for different values of phase velocity ie. m = 3, 5, 10 and 15. It is ob served

90
80 —=Transversely poroelastic plate
70
60
50
40
30
20
10
0
0.2 0.4 0.6 0.8 1

krh

Poroelastic plate

Phase velocity

Figure 4. Phase velocity as a function of non-dimensional wave number—solid layer
bounded between two viscous liquids.

= Transversely poroelastic plate
4000 == Poroelastic plate

3500
3000
2500
2000
1500
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500

Phase velocity

—_— —_—

0.2 0.4 0.6 0.8 1
krh

Figure 5. Phase velocity as a function of non-dimensional wave number—solid layer in

contact with viscous liquid.
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Figure 6. Phase velocity as a function of non-dimensional wave number—solid layer.
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Figure 7. Attenuation as a function of non-dimensional wave number—transversely iso-
tropic solid layer bounded between two viscous liquids.

that attenuation increases for higher values of phase velocity. A similar pheno-
menon is noticed in the case of poroelastic layer bounded by viscous liquids
from Figure 8. But the attenuation for poroelastic layer is less when compared to

transversely poroelastic layer.

5. Conclusions

A study of propagation of Love waves in an infinite poroelastic layer bounded by
viscous liquids leads to the following conclusions:

1) Presence of upper and lower viscous liquids decreases phase velocity of
Love waves for both transversely isotropic poroelastic layer and poroelastic layer.

2) Phase velocity of Love waves is more in transversely isotropic poroelastic
layer than in poroelastic layer when they are bounded between viscous liquids as
well as when they are free from viscous liquids. In both cases phase velocity de-
creases gradually.

3) Phase velocity of Love waves in transversely isotropic poroelastic layer is
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Figure 8. Attenuation as a function of non-dimensional wave number—poroelastic solid
layer bounded between two viscous liquids.

very much higher than that of poroelastic layer when they are in contact with
lower viscous liquid.

4) Attenuation in transversely isotropic poroelastic layer when it is bounded
by viscous liquids is more when compared to the case of poroelastic layer bounded
by viscous liquids. In both the cases, attenuation increases as phase velocity and

wave number increase.
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