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Abstract

In this paper, as a new contribution to the tensor-centric warfare (TCW) se-
ries [1] [2] [3] [4], we extend the kinetic TCW-framework to include
non-kinetic effects, by addressing a general systems confrontation [5], which
is waged not only in the traditional physical Air-Land-Sea domains, but also
simultaneously across multiple non-physical domains, including cyberspace
and social networks. Upon this basis, this paper attempts to address a more
general analytical scenario using rigorous topological methods to introduce a
two-level topological representation of modern armed conflict; in doing so, it
extends from the traditional red-blue model of conflict to a red-blue-green
model, where green represents various neutral elements as active factions;
indeed, green can effectively decide the outcomes from red-blue conflict. Sys-
tem confrontations at various stages of the scenario will be defined by the
non-equilibrium phase transitions which are superficially characterized by
sudden entropy growth. These will be shown to have the underlying topology
changes of the systems-battlespace. The two-level topological analysis of the
systems-battlespace is utilized to address the question of topology changes in
the combined battlespace. Once an intuitive analysis of the combined bat-
tlespace topology is performed, a rigorous topological analysis follows using
(co)homological invariants of the combined systems-battlespace manifold.

Keywords

Tensor-Centric Warfare, Systems Confrontation, Systems-Battlespace
Topology, Cobordisms and Morse Functions, Morse-Smale Homology,
Morse-Witten Cohomology, Hodge-De Rham Theory

1. Introduction

The principal objective of the Modeling Complex Warfighting (MCW) Strategic
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Research Investment (SRI) is to better enable dealing with uncertainty, meaning
achieving reliable decision-making in environments that are non-ergodic. Such
systems are incomprehensible, in a sense, through observation of past data,
because they lack stability and manifest unique transient states. Phenomena
associated with war and battle are inherently non-ergodic, a fact that has been
observed at least since the birth of modern military thinking (see, for instance, [6]
and references therein'). This paper attempts to approach the MCW problem
from the multilayered nature of warfare and look at Blue, Red and Green entities.
The aim is to undertake analysis which closely represents the realities of modern
warfare. When modeling complex modern combined battlefields it is therefore
important to consider neutral forces—which we label “Green”—since they are
much more now than in the past even the central feature of the strategic
situation. Indeed, in modern asymmetric confrontations neutral or non-engaging
groups have been known to side with one side or the other or even to engage
actively in conflict, which rapidly changes the dynamics of the situation. Hence,
social and psychological domains play an increasingly significant role in
understanding the dynamics of modern armed conflict.

The dynamics of the combined effects of these and other factors mean that the
statistical properties of such problem environments are non-stationary. As a
result, the outcomes of battles are not predictable, since the battle is inherently
non-ergodic; yet, it is possible to deal with such systems nonetheless by
establishing conditions that are weaker than ergodicity, which have essentially
topology-changing nature.

The tensor-centric warfare (TCW) series of papers (see [1] [2] [3] [4]) have
established a basis for MCW to investigate uncertainty in modern war and
battle, using entropic dynamical properties in place of statistical predictions
about future outcomes. More specifically, the TCW framework has proposed the
following pair of Red-vs-Blue tensorial combat models (formally, the pair of
Red-Blue vectorfields; their solution for some initial conditions gives the pair of
Red-Blue flows):

Red-vecfield  Red JinLanchaster  Red quad.Lanchaster
Red: O,R* = kA'B* + k,E“R°B’
Red.Lie.dragging ~ Red.war.symmetry  Reod delta strikes

+ RPLNY + [R",B"] +SR*(H-L),

1
Blue.vecfield  Blye.lin.Lanchaster ~ Red.quad.Lanchaster ( )
2 pa " apb " abpepd
c
Blue: 0,B* = «C/R° + x,F/RB
i i Blue.war s try strikes
Blue.Lie.dragging ue.war.symmetry Blue.delta.strikes

+ B'LM + [B”,R“] +8B“(H-L),

where 0,=0/dt and the Red and Blue forces are defined as vectors
R =R"(x,t)e My, and B®=B"(q,t)e My, , defined on their respective

'This reference was chosen from the many that pepper the military theory literature because it high-
lights the underlying reason for non-ergodic nature of war and battle: such systems contain
self-reference and hence are populated by formal paradoxes that yield inherent limits to knowledge
within the situation, particularly around unpredictability of future outcomes.
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configuration n-manifolds M, (with local coordinates {x“} ,for a=1,---,n)

and My, (with local coordinates {q”} ). The Red and Blue vectorfields,

0,R* and 0,B“, include the following terms (placed on the right-hand side of

Equation (1)):

* Linear Lanchester-type terms, kA'B" e M,, and xCIR" e My, , with
combat tensors 4, and C, defined via bipartite and tripartite adjacency
matrices, respectively defining Red and Blue aircraft formations (according
to the aircraft-combat scenario from [1] [12]);

* Quadratic Lanchester-type terms, k,E“’B‘R’ € M,,, and
k,F2B°R* € My, , with the 4th-order tensors E% and F% representing
strategic, tactical and operational capabilities of the Red and Blue forces (see
[1])s

* Entropic Lie-dragging of the opposite side terms, R"L, M e M, and
B'S N eM,,, where ! =C +F* and N =A'+E". In case of

>0 and |€,N}|>0, s0
that the non-equilibrium battlefield entropy grows, 0,5>0; in case of
non-resistance, the Lie derivatives vanish, |£R‘ﬁ,‘f =0 and |£BN N
that the battlefield entropy is conserved, 0,S=0 (see [2]);

¢ Entropic Red-Blue commutators, |[R” ,B* ]| >0eM,, and
|[ B, Ra:|

entropy grows in the asymmetric case (>0) and stays conserved in the

resistance, the Lie derivatives are positive, |L‘ L

=0, so

>0e My, > for modeling warfare symmetry (see [2]), in which the

symmetric case (=0);

* Hamilton-Langevin delta strikes, §R‘(H-L) and §B“(H-L), including
(on both sides) discrete striking spectra (slow-fire missiles) and continuous
striking spectra (rapid-fire missiles), as well as bidirectional random strikes,
Hamiltonian vectorfields, self-dissipation, opponent-caused dissipation and
non-delta random forces (see [3] for the full explanation of all included
temporally-confined kinetic strike/missile terms).

In the present paper, we extend the above kinetic Red-Blue framework to
include non-kinetic effects, by addressing the general systems-confrontation [5],
which is waged not only in the traditional physical Air-Land-Sea domains, but
also in modern non-physical environments, such as cyberspace, electromagnetic
spectrum, psychological and social network domains. This paper attempts to
address this complex contemporary warfare situation using rigorous methods
and techniques from modern algebraic topology; specifically, by extending the
kinetic Red-Blue scenario (Figure 1) into more general and more representative
kinetic + non-kinetic Red-Blue-Green scenarios (Figure 2).

Dynamically speaking, the basic Red-Blue pair of vectorfields (1) is extended
with the following Green vectorfield:

Green.vecfield Green.lin.Lanchaster Green.quad .Lanchaster

Green: 0,G° = y(4+C) (R +B")+y, (ES +Fe )G (R +B)

)

Green.Lie.dragging Green.war.symmetry
e ——

FGLo (N 45 )+[ G, (R"+ B") ],
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Blue tripartite N-manifold
Red bipartite N-manifold

Battle phase-space

(N+1)-manifold

W

C Obf (MR MBluc)

cd’

Figure 1. Sketch of the Red-Blue battlespace cobordism: the combined Red-Blue
battlespace (N +1) -manifold W has the N-dimensional boundary OW that is defined

as the disjoint union of the Red and Blue configuration N-manifolds, A, , and As

Red Blue *

formally given by: ow = M, w M, . The combined battlespace manifold W defines

the equivalence class of cobordisms, Cob,(M,,,My, ), between the Red and Blue

Red ?

manifolds. See section 2 for technical details.

Figure 2. Sketch of the Red-Blue-Green systems-battlespace cobordism

W (M gegs M gue» M oo ) » 2ddressing a general systems-confrontation scenario, in which the

non-kinetic effects are embedded in the Green manifold. The combined battlespace

manifold W now defines the equivalence class of cobordisms, Cob, (M, My,..M,..)>

between the Red, Blue and Green manifolds. See Section 2 for technical details.

where G°(x,t)e Mg, is the Green flow on the Green manifold M,..; 7
and y, represent non-kinetic effects in scalar and vector form, respectively,
and all the other terms are the same as in Equation (1). Notice that on the
right-hand side of Equation (2) al the tensors are the sums of the corresponding
Red and Blue tensors. This insures the fact that the Green force includes both
Red and Blue forces and the covariance is preserved. Also, the kinetic delta
strikes are missing, which gives the highest importance to entropic Lie-dragging
(L; (N X +‘ﬂ,‘j), with or without resistance) of the Red-and-Blue cyberspace,

electromagnetic, psychological and social-network domains (encaptured in the
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tensors Ny, =C, +F,* and N, =4, +E;").

Topological motivation for the present paper is inherited from the influence
on modern physics by John Wheeler from Princeton®. Although we might have
some well-defined and (numerically) solvable Joca/ TCW Equations (1)-(2), we
lack a picture of the globaltopology of the systems-battlespace-the environmental
configuration manifold in which the combat happens-with its dramatic spacial
(eliptic/hyperbolic) changes. In (1) both the Red and Blue vectorfields,
R*=0,R"(x,t) and B =0,B"(x,t),and their corresponding flows,

R =R“(x,t) and B‘=B(x,t), which consist of the integral lines of the
vectorfields R and B“ obtained by their numerical integration starting from
the chosen initial conditions, R, and B, respectively-are defined on their
respective configuration n-manifolds’, M, , and My . To give the global
picture of the battlefields governed by local Equation (1)-(2) we need to perform
the topological analysis of the joint manifold including all three submanifolds:
Myey> My, and M

Global topological analysis is an extension of local geometric analysis. To

Green *

utilize the geometric framework most suitable for the present topological
analysis®, we will assume that Red and Blue (as well as Green) configuration
manifolds, M, , My, and M

pseudo-Riemannian geometry, which is both elliptic (positive metric) and

Geen > are endowed with the
hyperbolic (negative metric; see, e.g. [7] [8]), defined by their corresponding
quadratic forms, 4,R‘R", C,B“B’ and ;/(Aub+Cah)(R”Rb+B“Bb). These
three quadratic forms are not necessarily positive-definite, which would be the
necessary condition for the strict Riemannian geometry, but only non-degenerate,

which is a weaker condition. Since we are working in the more general

*Recall that John A. Wheeler was initially an assistant of Albert Einstein and later a supervisor of two
future Nobel Laureates, Richard Feynman and Kip Thorne (even later, he became the “Godfather of
Mathematica”, as called by Stephen Wolfram). Einstein introduced local Riemannian geometry into
physics, under his famous dictum: “Physics is simple only locally”. Wheeler was not satisfied with
this local view of physics—he felt that even when differential equations of all fields and motions are
precisely defined—something important is still left missing—the global topology of the environ-
mental configuration manifold in which these equations evolve (e.g., Einstein’s gravitational equa-
tions are the same for elliptic surface of the Earth as for elliptic/hyperbolic surface of an ap-
ple—which is clearly not quite right, notwithstanding the magnificence of Einstein gravity theory).
So, using his famous slogan: “the boundary of a boundary is zero” (BBZ), Wheeler introduced global
topological analysis into physical sciences, which goes hand-in-hand with local Riemannian geome-
try used by Einstein. Similarly, in our TCW systems-battle space, even when the local Red-Blue ten-
sor equations are precisely defined, we are still missing the global topology of the systems-battle
space with its dramatic changes. Redressing this is the objective of the present paper.

*More correctly, according to the existence and uniqueness theorems for the sets of ODEs, the Red
and Blue flows uniquely exist on the A7, , and A7, manifolds, while their corresponding vector

fields are defined on their respective tangent bundles 7As,, and 7M. However, for the present

topological considerations, this subtle geometric difference can be neglected, or rather unified within
the notion of pseudo-Riemannian geometry (see, e.g. [7] [8] and the references therein).

“In this paper we present continuous, analytical approach to topological analysis of systems con-
frontation. Alternatively, a discrete, computational framework with networks of up to millions of
nodes, based on persistent homology algorithms on directed simplices [9] has been developed as a
Matlab toolbox supporting the cutting-edge topological research of brain cliques and cavities from
computational neuroscience (the Blue Brain project [10] [11]).
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pseudo-Riemannian geometry framework, the three quadratic forms, 4,R‘R’,
C,B'B" and y(4, +Cab)(RaRb +B”Bb), can be either positive or negative,
depending on their respective combat tensors, 4,, C, and y(4,+C,),
which have initially been defined as combinations of kink (Tanh) and bell (Sech)
functions applied to the bipartite-Red and tripartite-Blue adjacency matrices
from the initial scenario® from [1] [12] (as depicted in Figure 1). This gives us
the level of generality needed for a reasonable representation of the
systems-battlespace, but can be easily generalized further to the system
confrontation level by adding non-kinetic terms, mostly present within the
combined Green tensor: G, = (4, +C,).

The non-equilibrium phase transitions occurring at the battlefield at various
stages of warfare, can be superficially characterized by sudden entropy growth.
However, these rapid changes of the systems-battlespace always have underlying
structural topology changes (see [13] and the references therein). In this paper,
we give a two-level topological analysis of the systems-battlespace. We start
visually by giving a largely intuitive analysis of the systems-battlespace topology
using Thom’s cobordisms and Morse functions. Then we move into a rigorous
topological analysis of the systems-battlespace by deriving its (co)homological
invariants, which can be summarized by the famous dictum of John Wheeler:
“The boundary of a boundary is zero (BBZ)”. Specifically, we derive the Morse-Smale
homology and the Morse-Witten cohomology of the systems-battlespace
manifold. All the necessary geometrical and topological background is given in
the self-content and comprehensive Appendix, which provides the Hodge-de
Rham theory based on the Stokes theorem. Then we perform a rigorous analysis
of the systems-battlespace topology with its dramatic spatial changes by deriving

its (co)homological invariants®.

2. Components of the Systems-Battlespace Topology:
Cobordisms and Morse Functions

In this section we develop the basic differential topology of the systems-battlespace,

mainly following the work of the Fields medalist John Milnor [15] [16] [17].

2.1. Systems-Battlespace Cobordisms: Red-Blue versus
Red-Blue-Green

To start with the systems-battlespace topology, we introduce an important

concept from differential topology (and its gravitational-physics applications):

SRecall that in our initial kinetic scenario (see [1] [12]) we have » =30 aircraft on each side. In case
of the Red force, they enter into the combat in the bipartite (15 + 15)-formation, while in the case of
the Blue force, they enter into the combat in the tripartite (10 + 10 + 10)-formation.

®The importance of the homological invariants here relates directly to the previously identified ap-
proach for dealing with uncertainty in non-ergodic problem environments by establishing weaker
invariant conditions than ergodicity as the basis for reliable decision-making, within known limita-
tions [14]. The context of this previous work was primarily autonomous systems development;
however, the homological invariants derived here shows that the approach is applicable to modeling
systems manifesting uncertainty more generally.

DOI: 10.4236/ica.2019.101002

18 Intelligent Control and Automation


https://doi.org/10.4236/ica.2019.101002

V. lvancevic et al.

the so-called cobordism’. Briefly, the cobordism relation, denoted Cob, ,
between two compact (ie., closed and bounded) n-manifolds, M, and M,,
means that their disjoint union M, UM, is the boundary OW of a compact
(n+1) -manifold W. In other words, cobordism Cob, between two compact
n-manifolds M, and M, is the compact (n+1) -manifold W whose
boundary oW =M, UM, is the disjoint union of M, and M,. This is an
equivalence relation and the equivalence class of cobordisms is denoted by
W(Ml,Mz)e Cob, (MI,M2)8 (for technical details, see e.g. [7] [8] [17] [18]). In
our case, the Red-Blue systems-battlespace (n+1)-manifold W has the 1D
boundary oW =M, UM, (see Figure 1), and the equivalence class of

systems-battlespace cobordisms given by:

w (MRed My, ) € Cob, (MRed My, )

The two-party battlespace cobordism from Figure 1 can be extended into a
three-party systems-battlespace manifold W (M, My, M., ), depicted in
Figure 2, as follows. We introduce the composition of cobordisms,
c(M;,M,,M,) , which can be defined in case of a triple manifold,
W(Ml,Mz,M3), so that the glued cobordism, ¢:Cob, ©Cob, — Cob, , where
© represents the gluing operation, is defined by the following (semigroup-like

operation) map’:

¢(M,M,,M):Cob,(M,,M,)® Cob, (M,,M,)—— Cob, (M,,M,),

which in our case of an extended three-party systems-battlespace manifold,
w (MRed 5 MBlue ’MGreen ) 5 reads:
c(jMRe:d ’MBlue DMGreen ) : COb/’ (MRed ’MBlue ) @ CObg (MBlue ’MGreen )
- CObh (MRed > MGreen )

In the language of abstract algebra, we say that the following diagram

commutes:
ob ¢
MRed MBiye
Coby, CObg
MGrccn

"The concept of cobordism of smooth manifolds was discovered by the Fields medalist René Thom,
the father of Catastrophe Theory (or, theory of sudden changes in arbitrary bio-socio-physical sys-
tems).

8In topology (and gravitational physics), cobordisms are used to define the so-called surgery theory
on smooth manifolds, which is a collection of techniques used to produce one manifold from anoth-
er in a “controlled” way, that is, by cutting out parts of the initial manifold and replacing it with a
part of the second manifold, matching up along the boundary.

*We remark that the (2 + 1)D glued cobordism operation © , as well as the surgery on manifolds,
can be defined in terms of another topological (1D operation on manifolds. It is the connected sum
of two n-manifolds, usually denoted by #, which produces a new n-manifold formed by deleting a
ball inside each of the old manifolds and gluing together the resulting boundary spheres (see, e.g. [7]
[8] and the references therein).
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In plain English, this commutative diagram reads: if we have a cobordism
between the Red and Blue manifolds, and a cobordism between the Blue and
Green manifolds, then we also have a cobordism between the (initial) Red and
(final) Green manifolds. That is, Cob, = Cob, ®Cob, (see Figure 2).

Clearly, this operation can be extended to any number of parties, producing
the so-called chain cobordism, between the first and the last manifold; e.g., in
case of four parties/manifolds (Red, Blue, Green, Yellow), we have the following

commutative chain cobordism:

CObf

MRed

MBlue

CObk CObg

MYellow CObh MGreen

Thatis, Cob, =Cob, ®Cob, ® Cob, , etc.

2.2. Morse Functions of the Systems-Battlespace: Red-Blue versus
Red-Blue-Green

Closely-related to the systems-battlespace cobordisms are the Morse functions of
the systems-battlespace. Namely, on the Red-Blue systems-battlespace (Figure

1), which is a pseudo-Riemannian #-manifold:

W(MRed’MBlue ) € COb (MRed ’MBlue)

we can define the real-valued Red-Blue Morse function, fyz:W — R (see [15]

[16] [17]), as a sum of the two pseudo-Riemannian quadratic forms:
frn =A,RR"+C,,B"B’,
which can be seen as the Red-Blue landscape. Its gradient vectorfield:
Vfis =VA,R‘R"+VC,B*B’,

according to the Morse lemma, defines the Red-Blue level set'® of equipotential
contour lines (of equal altitude) at the critical points p of f,, where the
gradient vanishes: Vfy,(p)=0. The finite set {pl,pz,--',pm} eW of m
critical points of f,, is denoted by Crit( frs ).

In addition, we need to consider only nondegenerate critical points of f;,
that is, only those critical points p of the vanishing gradient, Vf,, =0, which

. 2 . . .
have the nondegenerate Hessian V- f;, or, non-singular Hessian matrix:

aszB | aszB | .
= , with det(Hy, ) #0.
* aR“aRb|p+aB”aBb|p with det (Hy ) #

“More precisely, the c-level set of the Red-Blue Morse function £, :W —R is the set of all the

points pel suchthat f (p)=c, e, f;{;(l’):{l’EW(M.<edaMmue)3ﬂw(P)=C}-
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By definition, the function fi; :W — R is Morse if all critical points are
nondegenerate. All nondegenerate critical points in Crit( f, ) are isolated in the
Red-Blue systems-battlespace W.

The index A of each critical point p is the number of negative eigenvalues of
the Hessian matrix H,,. In other words, each critical point p of the Red-Blue
Morse function f., hasits own index A, which is the number of independent
directions around p in which f;, decreases. Therefore, we have natural indices
of =0 for the minima of f,,, A=1 for the saddles of f,,, and A=2
for the maxima of f;.

Topology change of the Red-Blue systems-battlespace W, happens as an
abrupt change of the shape of the level sets of the Morse function f,
whenever it passes through the critical values [y, (p) € Wy, where Vi, (p)=0,
otherwise the topology of W does not change. The mechanism of topology
change is attaching a A -cell (the so-called “handlebody”) to W, completely
determined by the index A, at the critical points pof f, . Therefore, the index
A determines the topology changes of the Red-Blue systems-battlespace W
(from Figure 1)".

According to the Morse-cobordism theorem (see [15] [16] [17]), the Red-Blue
Morse function f,, has a finite number of critical points C* of index A,
and every cobordism W (M., My, ) has its Morse function, characterized by
the Morse number of a cobordism', (W)= ,u[W(MRed M. )] )

The fundamental topological invariant of the Red-Blue systems-battlespace
W(Mgyy.My,.) is its Euler characteristic, y(W)= ;([W(MRed,MBlue )} ,
defined as the alternating sum of the critical points C”:

2(W)=2(-1) ¢,

A=1
which is equivalent to the alternating sum of the Betti numbers” b, (W) of the
systems-battlespace W:

2(W)=2(=1)" b, (W).

A=1

Based on the sign of the quadratic forms 4,R‘R” and C,B‘B’, we can
distinguish the following four principal cases of the Red-Blue landscape

topology, or four critical points, of the Morse function fy, ", with its

""We remark that the special Aandle body calculus has been developed to address the spatial topology
changes (with applications in quantum gravity; see [19] and the references therein). However, this
approach represents a further extension of Morse topology, too technical for the scope of the present
paper-it might be addressed in our future research.

"In general, the Morse number (W) of a cobordism Wis the minimum (over all the Morse func-

tions fdefined on W) of the number of its critical points C”* (e.g., the sphere S° has ,u(Sz ) =2,
the cylinder S'x/ has 4(S'x/)=0 andthetorus T° has u(7°)=4).

“The nth Betti number represents the rank/dimension of the nth homology and nth cohomology
groups, derived in the next section.

“We can plot this landscape topology in a symmetric fashion, because any smooth (diffeomorphic)
local perturbation will leave these principal characteristics invariant.
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corresponding indices":

Case 1 (depicted in Figure 3): both the Red and Blue quadratic forms are
positive, A,R‘R" >0,C,,B*B" >0, which gives the global Jandscape minimum,
or the global minimum of the Morse function f;, with index 0. Its vanishing
gradient vectorfield, Vf,, =0, defines the level set composed of concentric
contour lines.

Case 2 (depicted in Figure 4): the Red quadratic form is positive,
A,R‘R" >0, and the Blue quadratic form is negative, C,B‘B" <0, which
gives the left landscape saddle (or, mountain passage) in the Red direction, or
the saddle-point of the Morse function f;, with index 1. Its vanishing gradient
vectorfield, Vf,, =0, defines the Red-saddle level set of contour lines.

Figure 3. Case 1 of the Red-Blue landscape topology: the 3D-plot of the Morse function
fus (eft, showing the global surface minimum) and the contour plot of its gradient
vectorfield vf,, (right, showing the level set). In this case, both the Red and Blue
quadratic forms are positive: 4,R‘R">0,C,B‘B" >0, the Morse function f,, has
index 0, and the vanishing gradient vectorfield, Vf,, =0, defines the level set composed

of concentric contour lines.

Figure 4. Case 2 of the Red-Blue landscape topology: the 3D-plot of the Morse function
fus (eft, showing the Red-saddle) and the contour plot of its gradient vectorfield vz,

(right, showing the level set). In this case, the Red quadratic form is positive,
A,R‘R" >0, and the Blue quadratic form is negative, C,B‘B" <0, the Morse function
fus has index 1, and the vanishing gradient vectorfield, Vf,, =0, defines the

Red-saddle level set of contour lines.

“Intuitively speaking, the index of a critical point p of the battle landscape is the number of inde-
pendent directions around p in which the landscape height decreases. Therefore, we have natural in-
dices of 0 for the landscape basins/minima, 1 for the landscape passes/saddles, and 2 for the land-
scape peaks/maxima.
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Case 3 (depicted in Figure 5): the Red quadratic form is negative, 4,R‘R" <0,
and the Blue quadratic form is positive, C,B‘B” >0, which gives the right
landscape saddle (or, mountain passage) in the Blue direction, or the
saddle-point of the Morse function f;,, with index 1. Its vanishing gradient
vectorfield, Vf,, =0, defines the Blue-saddle level set of contour lines.

Case 4 (depicted in Figure 6): both the Red and Blue quadratic forms are
negative, A,R°R’ <0,C,B°B" <0 , which gives the global landscape
maximum, or the global maximum of the Morse function f;, with index 2. Its
vanishing gradient vectorfield, Vf,, =0, defines the level set composed of
concentric contour lines.

Now, we can introduce the third player into our wargame, the Green force

G =G“(x,t), represented by its own pseudo-Riemannian quadratic form:

D,G'G" =y(4,+C,)(R'R +BB"),

Figure 5. Case 3 of the Red-Blue landscape topology: the 3D-plot of the Morse function
fus (eft, showing the Blue-saddle) and the contour plot of its gradient vectorfield v,
(right, showing the level set). In this case, the Red quadratic form is negative,
A,R‘R" <0, and the Blue quadratic form is positive, C,B‘B" >0, the Morse function
fis has index 1, and the vanishing gradient vectorfield, Vf,, =0, defines the
Blue-saddle level set of contour lines.

Figure 6. Case 4 of the Red-Blue landscape topology: the 3D-plot of the Morse function
fus (eft, showing the global surface maximum) and the contour plot of its gradient

vectorfield vf,, (right, showing the level set). In this case, both the Red and Blue
quadratic forms are negative, 4,R‘R"<0,C,B‘B" <0, the Morse function f,, has

index 2, and the vanishing gradient vectorfield, Vf,, =0, defines the level set composed
of concentric contour lines.
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where the social-network type, system-confrontation tensor D, is defined as
combinations of kink (Tanh) and bell (Sech) functions applied to Green force
adjacency matrix. In this way, we obtain the Red-Blue-Green systems-battlespace
W (Myes Mg M

On the triple configuration manifold W (M, My,.,M..,), depicted in

Green ) » Which is also a pseudo-Riemannian (7+1) -manifold.

Figure 2, we can define the Red-Blue-Green Morse function fi,; :W —>R,asa

sum of all three pseudo-Riemannian quadratic forms:
fro = AuR‘R" +C,,B°B" +D,,G'G",
which represents the Red-Blue-Green landscape. Its gradient vectorfield:
Ve = VA,R‘R" +VC,B'B"+VD,GG",

according to the Morse lemma, defines the Red-Blue-Green level set'® of
equipotential contour lines (see Figure 7) passing through the critical points p of
frng Where the gradient vanishes: Vfy,, =0. The finite set {p,,p,, -, p, } €W
of m critical points of f;,, is denoted by Crit( f; )

In addition, we need to consider only nondegenerate critical points of f;, ,
that is, only those critical points p of the vanishing gradient, Vfi,, =0, which

. 2 . . .
have the nondegenerate Hessian V- fg5, or, non-singular Hessian matrix:

82fRBG | a2fRBG | aszBG | .
Hiygg =  with det(Hyy) % 0.
wo ”\ arear’| Tapren’| T acred| | (Frac) *

By definition, the function f,,; :W — R is Morse if its a// critical points are
nondegenerate. All nondegenerate critical points in Crit( f,,; ) are isolated in

the Red-Blue systems-battlespace W.

Figure 7. The Red-Blue-Green landscape topology depicted as the 3D contour plots of
the Morse function £, passing though the critical points p in which the gradient
vanishes: Vf,,, =0: (a) all three quadratic forms have the same sign (either positive or
negative)-resulting in elliptic geometry of the Red-Blue-Green landscape; (b) Red and
Green forms are positive and Blue is negative, giving hyperbolic geometry of the
Red-Blue-Green landscape; (c) Red and Blue are positive and Green is negative, giving
hyperbolic geometry of the Red-Blue-Green landscape; (d) Blue and Green are positive
and Red is negative, giving hyperbolic geometry of the Red-Blue-Green landscape; all
other combinations reduce to these four cases.

"“The c-level set of the Red-Blue-Green Morse function f,  :Ww — R is the set of all the points
peW suchthat f,(p)=csies fu(P)={PeW (M My M)  fro (P)=cf.
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As before, the index A of each critical point p of the Morse function f;,
is the number of negative eigenvalues of the Hessian matrix H,; . Topology
change of the Red-Blue-Green systems-battlespace W,,, happens as an abrupt
change of the shape of the level sets of the Morse function f,; whenever it
passes through the critical values fry;(p)€Wyg Where Vi (p)=0,
otherwise the topology of W,,, does not change. The mechanism of topology
change is attaching a A -cell/handlebody, completely determined by the index
A, at the critical points p of fyzs. Therefore, the index A determines the
topology changes of the Red-Blue-Green systems-battlespace W, (from
Figure 2).

As in the case of cobordisms, this 3-party Morse function can be extended to
address more players (e.g., various groups within Green, various coalition
partners within Blue and Red, or even a third conflicting Yellow force) in the

wargame.

3. Morse (Co)homology of the Systems-Battlespace

In this section, we move to the realm of (co)homology, which can be
summarized by Wheeler’s BBZ dictum: “the boundary of a boundary is zero’.
We explore the systems-battlespace topology changes, using Morse (co)homology
techniques. We will apply Morse (co)homology to the

systems-battlespace-cobordism n-manifold W using two approaches, classical
approach of Morse homology and modern approach of Morse cohomology (see
the Appendix for the basic (co)homology definitions, all rooted in the BBZ

dictum).

3.1. Morse-Smale Homology of the Systems-Battlespace

The basic Morse theory was further developed into the Morse homology'” by
three Fields Medalists: R. Thom, S. Smale and ]. Milnor. In this section we give a
brief overview of of Morse homology, applied to the systems-battlespace-cobordism
manifold W, using the abbreviated Morse-Smale approach (for a detailed
technical review of Morse homology, see [20]).

As a background, we summarize and make the qualitative concepts from the
previous section more precise and, for simplicity, restricted to the Red-Blue
systems-battlespace. Let f,, : W — R represent a C” -smooth Morse function
on the systems-battlespace-cobordism n-manifold W, equipped with the

"Recall that the concept of Aomology as a rigorous mathematical method for defining and catego-
rizing holes in a manifold was pioneered by Henri Poincaré in his seminal 1895-paper “Analysis si-
tus” [21] (which introduced homology classes and relations; the possible configurations of orientable
cycles are classified by the Betti numbers, which are refinement of the Euler characteristic of the ma-
nifold). Homology theory was developed as a way to analyze and classify manifolds according to
their cycles. Informally, a cycle is a closed submanifold, a boundary is a cycle which is also the
boundary of a submanifold and a homology class (which represents a hole) is an equivalence class ot
cycles modulo boundaries. A non-trivial equivalence class is thus represented by a cycle which is not
the boundary of any submanifold. A hypothetical manifold whose boundary would be that particular
cycle is “not there” which is why that cycle is indicative of the presence of a hole.
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pseudo-Riemannian metric tensor: g, =4, +C, € W . The point
x,=(R,B)eW is the critical point of fiy if Vfzs(%.)=V/is [(R,B)] =0.

In local coordinates in a neighborhood of x, on W,

(xlg...,x”)c:(R‘,---,R",Bl,-u,B") this means 6fRB(R,B):0 for

c x”
a=1,---,n. The (finite) set of critical points of f,, is denoted by Crit( f; ).
The Hessian of the Morse function f,, at a critical point x, defines a

symmetric bilinear form:

2
V? frp (X): TWTW — R, such that:V? fp, (x,) = (;a%j
x“ Ox

on the tangent space TW to the systems-battlespace-cobordism manifold at
the point x_, which is in local coordinates x = (xi) represented by the matrix
& fra
ox“ox”

of second partial derivatives, [ J Index A and nullity of the matrix

V? fes (x,) are called the index and nullity of the critical point x, of the
Morse function f,;. Since Wis a compact n-manifold, it is always possible to
alter a given Morse function f,, into a self-indexing Morse function, which
has: index(xc ) =f (xc ) , for every critical point x_ (for the proof, see [17]).

We develop the Morse homology of the systems-battlespace-cobordism
n-manifold Win the following three steps:

1) On the systems-battlespace manifold W we define the negative gradient
flow, (—Vfys),asamap ¢: W xR — W such that:

0,(x.t) =V [d(x.1)], 8(-0)=1,,

ab ab -1 (3)
where: Vfyy = €70, frp0, fra> (g ):(gab)

From the work of Smale [22] [23], it follows that for a generic metric gew,
the corresponding Hessian V? f,,, (x) has only nondegenerate eigenvalues.

2) Using the negative gradient flow (3), we can decompose the systems-battlespace
manifold W into a disjoint union of unstable submanifolds,"” W"(x), (or
equivalently, a disjoint union of stable submanifolds, W*(x) ), using the
prescription due to R. Thom. Let xbe a critical point of the Morse function f.
We define the unstable submanifold, " (x), of the point x under the negative
gradient flow (—Vf"), to be the set of all points flowing from the critical point x,

formally:
W (x)={pew| lim g(p.c)=x].

so W!(x) isan embedded open disk in Wwith dimension equal to index (x).
Similarly, we define the stable submanifold, W (x), of the point x under the
negative gradient flow (—Vf), to be the set of all points flowing into the critical

point x, formally:

8A disjoint decomposition of the systems-battlespace manifold W by unstable submanifolds
w*(x) formallyreads: w = | J w"(x).

xeCrit(f)
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W (x)={p e llimp(p.0) =],

so W;(x) anembedded open disk in Wwith dimension equal to
n—2A=n-index(x).

A function is said to be Morse-Smale if the unstable and stable submanifolds
intersect transversely for any two critical points, xand yof f;,. Here comes the
Morse--Smale condition: for a generic metric ge W the intersection:

W, e (x,y)=W,(x)NW, (y) istransverse®.
1) We can now define the boundary operator 0 (see Appendix A.2), as:

0:C,(fro) > C, (frs)s suchthat:ox= > n(x,y)y,

yeCrity 1 (frB)

where n (x, y) is the number of points in the quotient manifold: W, . (x,y)/R.
The proof of the BBZ-condition: 9*=000=0 is based on gluing and

cobordism arguments (see [20]). The corresponding Morse homology group:
H"™ ( frs ) =Ker(8)/Im(9),

states that, for two generic Morse functions ( fe il ) , their homology groups
HY™ ( fR“B) and H)"™ ( fRﬂB) are isomorphic®. Furthermore, for a generic
frs they are isomorphic [17] to the singular homology group (see Appendix
A.2) of the systems-battlespace manifold W: H)"*™ ( fo,) = H;"™ (W).

3.2. Morse-Witten Cohomology of the Systems-Battlespace

Apart from the “classical” Thom-Smale-Milnor approach to Morse homology, in
1980s Ed Witten from Princeton (the only physicist who become the Fields
Medalist) rediscovered in [24] the way of computing the cohomology group
H” (M) of an oriented compact Riemannian n-manifold A4 in terms of the
critical points, Crit(#), of a Morse function f:M — R, applying the Hodge-de
Rham theory (presented in Appendix ).

Witten’s approach (see [24] [25] [26]) is based on the set/group H” (M) of
all harmonic p-forms on A, defined via the Hodge Laplacian A as:

H (M) ={0eQ? (M)|Aw=0}.

Two curves in a topological space are described as “transverse” if they cross without tangency.
Since this can be almost always achieved by small perturbations of the metric ge W , this means
that almost all functions on a pseudo-Riemannian manifold W are Morse--Smale. In our case of the
systems-battlespace manifold W, the requirement on the pair (f,,,g) is called Morse--Smale con-

dition: f_ = is a Morse function and for every pair of critical points x and x, , the unstable mani-
fold W, is transverse to the stable manifold #; . This implies that we can define a fow-/ine from
x, to x, tobeamap y:R—>W such that:

7(6)=-Vf [ y(t)] with lim 7(f)=x and lim 7(t)=x,. For technical details on structurally sta-
ble Morse-Smale dynamical systems, see [27] and the references therein.

The construction of the homology isomorphism: h,, CH ( fR“B) — H™ ( f,{;) for two generic
Morse functions (£, /) uses the “connecting trajectories” which are solutions of the paramete-
rized gradient equation: 8¢ (x,t)=-Vfy, where fo is the homotopy connecting f: and

RBr >

S (see [28] for technical details).
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Since every harmonic p-form is closed (Aw=0= dw=0), we have a linear
map: ‘H”(M)— HJ(M) , by taking the de Rham cohomology class
[w]e H (M). The de Rham theorem states that the de Rham cohomology
H} (M) is isomorphic to the singular homology H¢ (M), as well as to any
other cohomology with real coefficients, H#”(M,R). In addition, the Hodge
theorem states that an arbitrary de Rham cohomology class [w]e H} (M) of
an oriented compact Riemannian manifold M can be represented by a unique
harmonic form @, which means that the natural map: H”(M)— H} (M) is
actually an isomorphism: H” (M)~ HZ (M).

We derive the Morse-Witten cohomology for the Red-Blue systems-battlespace
cobordism n-manifold Win the following four steps:

1) To start with, we take the Red-Blue Morse function fy, € W along with
the pseudo-Riemannian metric g < W , and consider the long de Rham complex
on W (ie, the long exact sequence of exterior vector-spaces Q” (W); see
Appendix A.2):

Q0> (W)—5Q' (W)—Ls —15Q" (W) —> 0.
The complex Q" can be decomposed into the direct sum of
finite-dimensional eigenspaces A of the Hodge Laplacian A as:

Q"(W):EPQf(W), whereQﬁ(W):{a)eQ"(W)|Aa):/1a)}.

The Hodge-de Rham theory (see Appendix A.3) implies the following

isomorphisms:
QP(W)~H(W)~H, (W)~H"(W,R).
2) Next, the very definition of the Hodge Laplacian, A =d&+8d , implies

that its product Ad with the exterior de Rham differential d (as well as with the

codifferential & ) is commutative:
Ad =d&d +6d* =déd +d*S = dA.

Therefore, we can restrict the de Rham differential dto d, by acting on the
subcomplex: QO (W)= @';ZIQZ (W), and obtain the A -restricted de Rham

complex:
Q;:0 Q) (W)—25Q, (W)—L——L5Q (W) 0.

To prove that the restricted de Rham complex Q) is exact, we note that if
any p-form weQf (W) is in the kernel of d,, Ker(d,), then d,w=0;
therefore we have:

a):lia):lAa):l(d6+é‘d)w:ld5a):d(lé‘a)j.
A A A A A

Since A commutes with both d and o, we see that d(%&ojeﬂﬁ w),

which means that the complex Q) is exact. From the exactness of the restricted

de Rham complex Q) it follows that the a-parameterized curve of complexes:
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Q,(W)=@., 2 (W) has as its cohomology the set/group H” (W) of all
harmonic p-forms on W, for any real a>0.

3) We can now introduce Witten’s main idea from [24]: conjugating the de
Rham differential, d:Q” (W)— Q"' (W), by multiplication/composition with
e’®® (for the Morse function f,, and some real parameter ¢>0), gives a
deformed closed coboundary operator, d, : Q" (W) — Q"' (W), defined by:

d[ —e B o J oplRB , dt2 —e B 5 g2 0B = ()

(compare with Equations (11)-(12) in Appendix A.3). The deformed
differential d, yields the deformed de Rham cohomology, also called the
Witten cohomology:

H” (W) =Ker(d / )/Im(d

which is also isomorphic to H? (W) HP (W) ~ H” (W) ~HZ (W), because
we are only conjugating the de Rham differential dwith e’r

4) The deformed cohomology, H” (W)=XKer(d / )/Im(d,) , is computed
using the Hodge theory, by considering the I/Vltten Lap]aaan. A, =d,0,+6,d,
and the decomposition: Q"(:,W)=@, Q% (1,W), where Q) (s,W) is the
eigenspace of A,, along with the ~parameterized curve of the chain complexes:

Q(.W)=@,. Q5 (1,W), spanned by all eigenforms of A, with eigenvalues

A <a.The t-parameterized curve of the chain complexes: Q; (z,/W), generated

by the Witten Laplacian A, gives both the Morse-Witten cohomology

HP (W) and its dual, the deformed homology 'H, (W) of the Red-Blue

systems-battlespace cobordism n-manifold W, as follows. Namely, Witten stated

in [24] that if the parameter ¢is large enough (ie, ¢ — ), the dimension of
these chain complexes will be independent of # and can be denoted by

Q) (oo,W). This independence implies the following two properties of the set

Crit( f4p ) of critical points of the Red-Blue Morse function f;;:

* The dimension, dim[Qg (oo,W)] = number of critical points of f;, of
index p, ie, the subset of Crit( f; ) of index p*';

* Any deformed boundary operator 0, induced as a dual by d, on
Q7 (o0,W) is carried by the connecting orbits of the negative gradient flow
—Vfws (see previous subsection) from the critical points of f,, of index p
down to those of index ( p+1).

In this way, Witten’s deformed cohomology, (W), generated by the
deformed Laplacian, A, =d,J, +9,d,, induces its dual, the deformed homology

H, (W) of the Red-Blue systems-battlespace cobordism n-manifold W.

4. Conclusions

Modern warfare, compared with its historical precedents, is marked by a shift

from large-scale annihilation along defined fronts, and relatively little regard for

Z'Note that in the previous subsection, the points on the manifold W were labeled by p and their
Morse index by 1. However, in this subsection, the symbol 1 is reserved for the eigenvalues of
the Laplacian A, , while pis reserved for the rank of the (co)homology groups.
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neutral parties caught in the situation, to aims of causing system failure that
undercuts an opposition’s ability or willingness to fight, simultaneous conflict
occurring across multiple domains without definable lines, and foundational
international and national legal and social expectations about human,
environmental and social consequences of armed conflict. Indeed, in contemporary
conflict, social and humanitarian concerns can often both motivate confrontation
and decide operational success. Arguably, this shift has been driven by a complex
interwoven web of technological developments, social change, and legal, moral
and ethical constraints, which first came to the fore in the modern sense during
the soul-searching in post-Napoleonic Europe that simultaneously yielded the
basis for both the modern professional military force and international
humanitarian law. The combined effect of these factors is extreme nonlinearity,
which makes approaches to modeling war and battle that represent simple
attrition largely obsolete.

In this paper, we have extended the previously developed kinetic
TCW-framework, to include non-kinetic effects, by addressing the general
systems-confrontation, which means that our modeling of armed conflict
includes interaction not only in the traditional physical Air-Land-Sea domains,
but also in non-physical cyberspace, electromagnetic, psychological and
social-network domains. In addition, we extend the TCW framework with the
ability to represent “Green” neutral parties as richly as the main “Blue” and “Red”
adversaries, and extend this to many factions, including coalition partners in
Blue and Red and factions within Green, or even to situations with three or more
main adversaries. In our formulation, Green may hold the ability to decide
operational success from conflict between Blue and Red. This paper attempts to
address this generic scenario representative of modern war and battle conditoins
using rigorous methods and techniques from modern topology, specifically, by
extending the kinetic Red-Blue scenario into this more general kinetic +
non-kinetic Red-Blue-Green scenario. In particular, we have focussed here on
the question of dramatic changes in the topology of the systems-battlespace,
which appears as non-equilibrium phase transitions occurring at the battlefield
at various stages of warfare, and is usually superficially characterized by sudden
entropy growth. Such sudden changes have been long recognised as central
features of war and battle; we thus have new modeling machinery with which to
study their occurrence and effects.

We have performed a two-level topological analysis of the systems-battlespace.
We have started gently with a largely intuitive analysis of the systems-battlespace
topology using visual cobordisms and Morse functions. Then, we performed a
rigorous topological analysis of the systems-battlespace by deriving its
(co)homological invariants. Specifically, we derived the Morse-Smale homology
and the Morse-Witten cohomology of the systems-battlespace manifold. All the
necessary geometrical and topological background is given in the self-content
and comprehensive Appendix, which provides the Hodge-de Rham theory
based on the Stokes theorem.
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Appendix: From Stokes-De Rham to Hodge Theory

Here we give a brief introduction to the Stokes-de Rham theory on arbitrary
smooth manifolds, followed by its extension, the Hodge theory on Riemannian
manifolds, all three standing at the crossroads of differential geometry, algebraic

topology and modern physics, thus enriching all three disciplines (see [29]).

A.1. Stokes Theorem and Differential Forms

At the core of differential geometry (and its application to algebraic topology)

lies the celebrated Stokes theorem. This fundamental result of modern

mathematics (see, e.g. [30]) can be “softly” introduced in the following way.

Recall from multivariable calculus [31] that two differential forms (integrands in

multiple integrals called the cochains in topology), A and dA *, defined in

the Euclidean (x, y) -plane R* (via two smooth functions P,Q € R?) as:
1-form: A = Pdx+Qdy,and

2-form: dA = 0 _op dxdy
ox Oy

are related by the Green theorem in the closed region CeR’ with the
boundary 0C *:
0Q oP
¢ _Pdx+0dy = [ (E - 5) dxdy,

which can be rewritten as the Stokes theorem:
foA=Laa @

—uvalid for any exterior differential p-form A in R" (as well as for all

oriented* smooth n-manifolds).

2The linear exterior derivative/differential operator d (also called the coboundary operator, or de
Rham differential/homomorphism) represents a generalization of ordinary vector differential oper-
ators (grad, div and curl; see [32] [33]) that transforms p-forms w into (p + 1)-forms dw, with
the fundamental closure property: the boundary of a boundary is zero (BBZ; see [34] [35]); formally,
the exterior differential d is nilpotent. ded=d’ =0 . For example, in R’ we have: 1) any scalar
function f = f(x,y,z) isa O-form; 2) the gradient df =w of any smooth function fis a 1-form

w=d/’:gdx+g y+gdz; 3) the curl a=dw of any smooth 1l-form w is a 2-form
T Ox oy oz
a=dw= 9R_20 dydz+(a—P—a—R)dzdx+ 20 _op dxdy; if w=df =a=ddf =0.; 4) the
dy Oz 0z Ox Ox 0Oy

divergence b=da ofanysmooth2-form a isa 3-form

b=da= ai+ 9B +6£ dxdydz; ifa=dw=b=ddw=0. For any two smooth functions
ox 0Oy Oz

f=/(x».z) and g=g(x,»,z), the exterior derivative d (see, e.g. [7] and the references

therein) obeys Leibniz rule. d(feg)=gdf + fdg > and chain rule: d(g(f)) = g’(f)df .

»The integration domain Cis in topology called a chain, and 4C is a 1D boundary of a 2D chain

C. In general, 6C is a (p — 1)-boundary of a p-chain C governed by the BBZ property:

8(aC)=0, or formally 9od=0"=0. Because of the common BBZ property, chains are dual to

differential forms.
**An orientation on an n-manifold is given by a nowhere vanishing exterior n-form.
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The integrands A and dA in the Stokes theorem (4) are the special 1D
and 2D cases of general exterior differential p-forms, which are completely
antisymmetric covariant tensors of rank pin R” (for p<n). Their “exterior
calculus” can be introduced in the following “way of physics” where the most
frequently used Euclidean R” space is R*. Here in R*, given the frame:
{6[} * and its dual coframe: {dxi} , we can define the vector space of all p-forms,
denoted Q7 (R4) for p <4, using the exterior derivative operator,
d=0dx :Q” (R4) — Q! (R4 ) , which is governed by the BBZ closure-property:
dod=d*=0; so that we have the following four p-forms (defined using
Einstein’s summation convention over repeated indices i, j,---,n=4):

1-form-generalizing Green’s 1-form Pdx+ Qdy :
A=4dx eQ'(RY).

For example, in 4D electrodynamics, A represents the electromagnetic
(co)vector potential.
2-form-generalizing Green’s 2-form (axQ - GyP)dxdy :

B=dAecQ’(RY),
with components:
B=1B dy Adx’,
2 b
or
B=0,4dx' Adx',

so that
B, =-20,4, =0,4,-0,4 =—B,.

where A represents the exterior product®.

3-form
C=dB(=ddA =0)e Q' (R'),
with components:
C =%c dx' Adx/ Adx®,

ijk

or

*In a smooth n-manifold M with local coordinates {x',i=1,--,n} and the tangent and cotangent

bundles, TM and 7°M , respectively, we can define the orthonormal basis of vectorfields called
the frame: {6[ =9/ 6x’} eTM , and its dual, the orthonormal basis of covector fields (or 1-forms)

called the coffame: {dx'}eT"M .

*In general, given a p-form aeQ’(R") anda g-form beQ’(R"), their anticommutative exte-
rior (or wedge, or Grassman) productis a (p + g)-form asb=(-1)"bracQ’ (R‘) ; e.g., if we
have two 1-forms, a=qadx', and b=hdx', their wedge product aAb is a 2-form a given by:
a=anb=ab dx' Adx’ =-badx’ ndx' =—bra. The exterior product anb of two p-forms is

related to the exterior derivative d=o0,dx',by d(aab)=darb+(-1)"ardb.
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C=0,B.dx* ndx' Adx’,
ki)

so that
C, =-60,B

ij [i]°

where B, is the skew-symmetric part of B, .

For example, in the 4D electrodynamics, B represents the field strength
2-form Faraday (usually denoted by F ), which satisfys the sourceless magnetic
Maxwell’s equation,

Bianchi identity: dB =0, in components:

0B, =0,

where the square bracket [lj] denotes the antisymmetric part of the covariant

tensor Bij :

4-form
D =dC(=ddB=0)eQ*(R'),
with components:

D:%Dijk,dx'xdxmdx’mdx’,

or
D =0,Cdx' Adx' Adx’ Adx’,

so that
D, = —2406,C

il [ijk]*

These are all possible p-forms in R* and D is called the top-ranked form.
Generalization to higher-dimensions is straightforward: for n=5, we have

the Kaluza-Klein-type Euclidean space R’, in which the top-ranked form is:
E=dD(=ddC=0)eQ’(R’)

with components:

1 . .
E :;E[jk,mdx’ Adx’ Adx* Adx! Adx”,
or
E= 8mD[U.kl]dxm Adx' Adx Adxt Adx',
so that
Eyy =—1200,Dy 5
etc.

In such a way introduced exterior calculus of p-forms enables generalization

of the Green theorem (and all other integral theorems from vector calculus) to
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the general Stokes theorem for any p-form w, defined in an oriented domain C
in the Euclidean space R” as:
.[acw = chw. ®)

Furthermore, a nonlinear generalization of the Stokes theorem (5) to any
oriented smooth manifold provides the general machinery for integration on
smooth manifolds. It is based on the fundamental de Rham’s duality between
p-forms and p-chains, described in the dual language of (co)cycles and
(co)boundaries, as follows.

Notation change: to improve the flow of the paper, we drop boldface letters
from now on.

On a smooth n-manifold M, a cycle is a finite p-chain” CeC, (M) such
that 0C =0 and a boundary is a p-chain B such that B=0C for some (p +
1)-chain CeC,,, (M). Its dual, a cocycle (ie, a closed form) is a p-cochain
weQ’ (M) such that dwo=0 and a coboundary” (ie, an exact form) is a
p-cochain @ such that @ =d6, for some (p — 1)-cochain Q"' (M). All
exact forms are closed, ‘e, all coboundaries are cocyles (@ =d0 = dw=dd0=0)
and all boundaries are cycles (B =0C = 0B =00C =0). Converse is true only
locally (by the Poincaré lemma®); it holds globally only for contractible
manifolds (including R” and star-shaped spaces).

Integration on a smooth manifold A/ should be thought of as a nondegenerate
bilinear pairing (,) between p-forms and p-chains (spanning a finite domain
on M). The duality of p-forms and p-chains on A is based on the de Rham
period, the (cycle,cocycle) -pairing:

Period = ch = <C, w),

where Cis a cycle, o is a cocycle, and (C, a)> =w(C) is their inner product
(C.w): Q" (M)xC,(M)—>R (see [30] [32]). From the Poincaré lemma it
follows that a closed p-form o is exact iff (C , a)> =0.

Naturally, this fundamental topological duality is rooted in the Stokes

theorem (5), as:

YA p-chain Cis a formal sum of the form: C = Z’c‘.Ni , where N are smooth oriented pD sub-
manifolds of Mand ¢ are coefficients (which can be either integers, real or complex numbers). Its
boundary oC isa (p - 1)-chain, formally defined as: 6C = Z;ﬁN[ . The chains and their bounda-
ries are rigorously defined in simplicial and singular homology theories (see [36] [37]).

*For this reason, the exterior differential dis also called the coboundary operator.

#In general, a p-form f is called closed if its exterior derivative 4 = 8,dx' is equal to zero,
df =0. From this closure-condition one can see that the closed form, which is the kerne/ of the ex-
terior derivative operator d, is a conserved quantity. Therefore, closed p-forms possess certain inva-
riant properties, corresponding to the conservation laws in physics (see e.g., [38]). Also, a p-form
B that is an exterior derivative of some (p — 1)-form ¢, thatis, f=da , is called exact, which is
the image of the exterior derivative operator d. By the Poincaré lemma, exact forms prove to be
closed automatically: df=dda=0. Since d’ =0, every exact form is closed. The converse is only
partially true by the Poincaré lemma: every closed form is Jocally exact. In particular, there is a
Poincaré lemma for contractible manifolds: any closed form on a smooth contractible manifold is
exact. The Poincaré lemma is a generalization and unification of two well-known facts in vector cal-
culus: 1) If curlF =0, then locally F =gradf ; 2) If divF =0, then locally F =curlg, for some
scalar field fand some vector field g
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Iacw = J-Cda) , symbolically written as: <6C , a)> = <C,d a)> (6)

where OC is the boundary of the p-chain C oriented on M coherently with C.
While the boundary operator 0 is a global operator, the coboundary operator d

is local, and thus more suitable for applications. The dual BBZ-closure property:
dod=d*=0 < 000=0"=0,

is proved using the Stokes’ theorem (6), in period notation as:
=L =0 =
0={0C,w :<6 ,da)>: C,d*w)=0,

or, in integral notation as:

0=[, 0= do=[ dw=0.

A.2. De Rham'’s (Co)chain Complex and (Co)homology

In the Euclidean 3D space R® we have the following short exact sequence®,
called short de Rham cochain complex:

0-Q"(R’)—Lo 0! (R')—4o0Q (R*)—>0Q'(R*) > 0.

grad curl

Using the BBZ-closure property: dod =0€R’, we obtain the standard

identities from vector calculus:

curl(grad)=0 and div(curl)=0.

As a duality in R’, we also have another short exact sequence, called short

chain complex:

0 C,(R')¢—C (R’ )=, (R*) =0, (R*) - 0.

Its own BBZ-closure property: dod=0ecR’ implies the following three

boundaries:
€€, =0(C). CisC=0(C,). CrsC,=0(C,),

where C, €C, is a 0-boundary (or, a point), C, €( is a 1-boundary (or, a
line), C, €C, isa2-boundary (or, a surface), and C, € C, isa 3-boundary (or,
a hypersurface). Similarly, the de Rham complex implies the following three

coboundaries:
CO»ic‘:d(cO), C'|i>C2:d<C'), cz»i>c3=d(cz),

where C° € QP is 0-form (or, a function), C' € Q' isa l-form, C* € Q? isa

2-form,and C° € Q® isa3-form.

A short exact sequence of three vector spaces, or groups (4,B,C), is governed by two linear
maps, or homomorphisms, f:4— B (which is injective, or “one-to-one” map) and g:B—>C

(which is surjective, or “onto” map), and is written: 0> A4——>B—=—>C—0, so that
B=Im(f)=Ker(g), that s, the middle space/group is both the image of the previous map and the

kernel of the subsequent map. In general, a (long) exact sequence is a sequence of maps/homomor-
phisms: 1 :4 — 4, between a sequence of spaces/groups (4,) that satisfies the exactness con-

dition: Im(f)=Ker(f,)-
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These two short (co)homological constructions are, according to de Rham
[32], generalized to any smooth n-manifold A4 as the following two (mutually
dual) long complexes:
¢ The de Rham cochain complex 4° given by (see [29]):

A 050" (M)—50 (M)—>Q* (M)—>Q* (M)

—s 50" (M) >0,
satisfying the closure property on M: dod=d’> =0, where 4" =Q"(M)e 4’
is the vector space over R of all finite cochains @ on the manifold M and
d"=d:Q"(M)—> Q" (M).
* The chain complex A4, given by (see [36] [37]):
4.:0C (M) ° G (M) : CZ(M)<8—C3(M)

et C (M) <0,

satisfying the closure property on M: 009=0" =0, where 4, =C,(M)e 4, is
the vector space over R of all finite chains C on the manifold M and
0,-0:C,., (M), (M).

The de Rham cochain complex A4° generates the de Rham cohomology, the
functional space of closed p-forms modulo exact (p-1)-forms on a smooth
manifold. More precisely, the subspace of all closed p-forms (or, cocycles) on a
smooth manifold A4 denoted by Z? (M)c Q” (M), is the kernel, Ker(d), of
the exterior derivative d-operator (also called the de Rham d-homomorphism?');
the sub-subspace of all exact p-forms (or, coboundaries) on A/ is the image,
Im(d) , denoted by BJ(M)cZzy(M) . The quotient vector space”
Ker(d)/Im(d), defined as®:

_Zj(M)_ {pocycles} Ker[d:Q" (M) —> Q" (M)] -
BY (M) {(p —1)—cob0undaries} Im[d QN (M) > Q° (M):I ’

HY (M):

'Given two groups (G.*) and (H,-), a group homomorphism from (G,) to (H,) isa func-
tion h:G— H suchthatforall x,yeG we have the identity: 7(x*y)=h(x)-2(y).. Therefore,
/£ maps the identity element ¢, of G to the identity element ¢, of A (and it also maps inverses to
inverses in the sense that A(x"')=h (x)"). Hence, we say that & is compatible with the group
structure. The kernel, Ker(h), of a group homomorphism /:G — H consists of all those ele-
ments of Gwhich are sent by /to the identity element e, of A thatis: Ker(h)={xeG:h(x)=e,}.The
image, m(h), of a group homomorphism /%:G — H consists of all elements of G which are sent
by Ato H thatis: Im(k)={r(x):xeG}.

32A quotient space in topology is obtained by identifying (or, “gluing”) certain points (specified by a
certain equivalence relation) of a given manifold. In our case, the equivalence relation is
“(co)homologous”, which means belonging to the same (co)homology class.

¥Cohomology classifies topological spaces by comparing two subspaces of Q7: 1) the space of p-
cocycles, z’(M)=Kerd,, and 2) the space of p-coboundaries, B’ (M)=Imd,, so that every

od,=d’=0 = 1Im(d, )=B"(M)cZ’(M)=Ker(d,).;

1 P P

p-coboundary is a p-cocycle: d,

Whether the converse of this statement is true, according to Poincaré lemma, depends on the partic-
ular topology of the manifold. If every p-cocycle is a p-coboundary, so that B” and Z” are equal,
then the cochain complex is exact at ” (7). Otherwise, the pth cohomology group

H"(M)=2Z"(M)/B”(M) measure the failure of exactness (see, e.g. [39] and the references

therein).
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is called the pth de Rham cohomology group of a manifold A, which is a
topological invariant of M. Two p-cocycles «, € Q” (M) are cohomologous,
or belong to the same cohomology class, [a]e HY (M), if they differ by a (p -
1)-coboundary, a—-fB=d0eQ”"'(M). The dimension b, = dim[Hj (M)]
of the de Rham cohomology group H7 (M) of the manifold A is called the
Betti number 5, .

Its dual, the chain complex 4, generates the chain homology, the functional
space of p-cycles modulo (p + 1)-boundaries on a smooth manifold. The
subspace of all p-cycles on a smooth manifold A is the kernel, Ker(@), of the
0 -operator, denoted by Zj(M)c=C,(M), and the sub-subspace of all
p-boundaries on A is the image, Im(d), of the 0 -operator (also called the 0
-homomorphism), denoted by B;(M)cC,(M). Two p-cycles C,,C,eC,
are homologous, if they differ by a (p + 1)-boundary C,-C,=0BeC,, (M).
Then C, and C, belong to the same homology class, [C]e H, (M), where
Hﬁ (M) is the homology group of the manifold A4 the quotient vector space
Ker(é‘)/lm(@) , defined as:

o _ Z (M) - { p-cycles} ~ Ker[@ :C,(M)—>C,, (M)]
H,(M):= B (M) - {(p+1)-boundaries} N Im[@:Cp+1 (M)—>c, (Mﬂ

b

where 7 is the vector space of cycles and B, — Z, is the vector space of
boundaries on M. The dimension b, =dim[Hj (M)] of the dual homology
group H? (M) is, by the de Rham theorem™, the same Betti number 5, .

If we know the Betti numbers for all (co)homology groups of the manifold A4,

then we can calculate the Euler-Poincaré characteristic of M as:

p=0

The de Rham cohomology (7) serves as the “model” for all other
cohomologies (see [29]). For example, the complexification of HY (M) on a
complex manifold K, based on the decomposition of the exterior derivative in
terms of Dolbeault’s operators: d =6+0 >, (see Appendix in [4]), is the
Dolbeault cohomology group, HZ?(K) , the quotient vector space
Ker (5) / Im (5) , defined as:

{(p.q)-cocycles} _ Ker[5 L Q7 (K) = QP (IC)]

HE(K) = {(p’q —1)-Cob0undaries} Im[5 HQPH(K) > QM (’C)] |

A.3. Hodge Theory Basics

Specialization of the exterior Stokes-de Rham theory, from arbitrary smooth

*The de Rham theorem states that the period map: H;xH; —»R given by ([C].[@])—>(C.®)
for cez’ and wez! is a bilinear nondegenerate map which establishes the duality of the
(co)homology groups H° and A’ and the equality of the Betti numbers: 5 =4".

*The closure relation between these three derivative operators reads:
d(i0d)=i(6+8)06=i(6°0-80")=0.

DOI: 10.4236/ica.2019.101002

40 Intelligent Control and Automation


https://doi.org/10.4236/ica.2019.101002

V. lvancevic et al.

manifolds to a compact (ie, closed and bounded), oriented Riemannian

n-manifold A with the metric tensor g, *

, enables definition of the Hodge
operators (star, inner product, codifferential, Laplacian and adjoints) and the
subsequent formulation of the Hodge decomposition theorem, as follows.

Hodge star «. The Hodge star operator :Q” (M )— Q"7 (M) maps any
pform a into its dual (n—p)-form *a on an n-manifold M. It is the
linear operator defined locally in the coframe {el.dxi} eM as:

*(el. /\ej) =e, (*)2 =1.

The star » commutes with the exterior product A and depends on the
Riemannian metric g=g, on A, as well as on the orientation (reversing
orientation would change the sign). For any two p-forms «,feQ” (M), the
star « is defined by the following four properties [32] [40]:

s xxa =(—1)p("7p) as;

* arxa=0=>a=0;

o Hqa+c,B)=c (*a)+c,(xf);and

*  aAxf = A*a,which can be written as a pairing: (a,ﬂ),u .

Here, u is the volume form, defined in local coordinates {xi} on an

,uszet(gij)dx'/\---/\dx":*(1), (8)

so that the total volume, vol(M) on 24 is given by:
vol(M) = .[M *(1).

For example, in Euclidean R® space with global Cartesian (x, y,z)

n-manifold M as:

coordinates, we have:

*dx=dyndz, *dy=dzndx, xdz=dxndy,

so that the Hodge dual here corresponds to the standard cross-productin R®.

Also, in 4D electrodynamics (expanded below), the 2-form Faraday F has the
dual 2-form Maxwell xF (see [34]), which satisfies the electric Maxwell
equation:

dual Bianchi identity: dx F =xJ,

where «J is the 3-form dual of the current 1-form /.

Hodge inner product. For any two p-forms «,feQ” (M) with compact
support on an n-manifold A4 the bilinear, positive-definite and symmetric
Hodge 1?-inner product (a,f) is defined as:

(a,ﬂ):J.Ma/\*ﬂ:J.M@,ﬂ)*(l):.[Mﬂ/\*a:(ﬂ,a), )
(,a)20 and (a,a)=0 iff a=0; (xa,xB)=(a,p).

Thus, operation (9) turns the space Q7 (M) into an infinite-dimensional

*On a Riemannian n-manifold 44 the metric g=g is defined in any local frame {5}eM by

(i,j=l-n): g =g(0,.0,)=46,

ij

o.g,=0.
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inner-product space. From (9) it follows that for every p-form o eQ” (M) we

can define the norm functional:
||0:||2 = (a,a) = IMa AxQ = IM <a,a> * (1),

for which the Euler-Lagrange equation becomes the Laplace equation: Aa=0.

For example, the free Maxwell electromagnetic field, F=dA4 (where
A= Adx" is the electromagnetic potential 1-form) has the standard Lagrangian
(see, e.g. [7] [8] [41]):

L£(4)= %(F A%F), with the corresponding action: §(4)= %J‘F AxF,

which can be rewritten, using the Hodge 77 -inner product (9), as:

S(4) :%(F,F) .

Hodge codifferential o .

The Hodge dual (or, formal adjoint) to the exterior derivative
d:Q"(M)—>Q"' (M) on a Riemannian n-manifold M is the linear
codifferential operator §:Q7(M)—Q""'(M) , a generalization of the
standard divergence, defined by [32] [40]:

§=(-1y""""" xdx, sothatd =(~1)" x5 +.

That is, if the dimension n of the manifold Mis even, then & =—xdx*.

Applied to any p-form e Q" (M), the codifferential & gives:
so=(-1)" vdxw, Sdo=(-1)""xdxdo.

If w=f isa0-form (ie, a scalar function) then 6f =0.Ifa p-form «a is
a codifferential of a (p + 1)-form g, that is =68, then g is called the
coexact form. A p-form « is called coclosed if S =0;then xa isclosed (ie,
d x o =0) and conversely.

The Hodge codifferential & satisfies the following three rules:
* 505=00=06"=0,thesameas: dod=dd=d" =0;
o Sx=(-1)"xd; x5=(-1)"xd;
* dSx=%x0d; *xdo=05d x.

In addition, if o isa p-form (ie, aeQ’(M))and g isa (p + 1)-form
(ie, peQP'(M)) then the following identity holds for the Hodge I’-inner
product:

(da,B)=(a,58).

The standard application of (co)differentials is classical electrodynamics, in
which the gauge field is an electromagnetic potential 1-form (which is a

connectionona U (1) -bundle):

A=A,dx" = A,dxc" +df , (fis an arbitrary scalar field);

with the corresponding electromagnetic field 2-form (the curvature of the

connection A) F =dA, in components given by (see Appendix A.1)
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1 .
F:EFde” ndx", withF, =0,4,-0,4,.

Electrodynamics is governed by the Maxwell equations®’, which in exterior

formulation read:

dFF =0 and OF =—4nJ

which in tensor components reads:

F, =0 and F H=-4rnJ,,

uv?>

where the comma-subscript denotes the partial derivative and the electric

current 1-form J =J dx* is conserved, by the electric continuity equation:

8J =0, in components: Jﬁ,” =0.

Hodge Laplacian A.
The codifferential 5§ can be coupled with the exterior derivative d to
construct the Hodge Laplacian operator A:Q’(M)—Q’ (M), which is a

harmonic generalization of the Laplace-Beltrami operator®, given by™:

A=8od+dos=5d+ds=(d+5). (10)

The Laplacian A satisfies the following three rules:
* SA=A0=0d5;
* dA=Ad=ddd;
* xA=Ax.
We remark here that Ed Witten considered in [24] the deformed differential
operators, d, and &,, obtained by multiplication/composition with e’ (for

some Morse function fand a real parameter >0 ):
d =e’odoe”, with adjoints: 5 =e’ 0o5oe™”, (11)

and deformed Laplacian: A, =d,0, +9,d,.
For r=0, A,=A isthe Hodge Laplacian (10), whereas for ¢z — o, one has
the following expansion (in a flat neighborhood on an oriented compact

Riemannian manifold M with local coordinates x'):

o' f ;
A, =A+2 |df| +1y—=—[0,.ax |, (12)
t || f" ;axlaxj[ i :|
2
where 6‘ A _ represents the Hessian of the Morse function fand [ai,dx"' ] is
Ox' Ox’

*The first, sourceless Maxwell equation, dF =0, gives vector magnetostatics and magnetodynam-
ics, Magnetic Gauss’ law: divB =0, Faraday’s law: o B+ curlE =0 . The second Maxwell equation

with source, sF=J (or, d«F=-xJ), gives both vector electrostatics and electrodynamics,
Electric Gauss’ law: divE = 47zp , Ampere’s law: 8 E — curlB = —47j .

¥Applied to a scalar function £ on a Riemannian manifold M with metric g=g,> the Lap-

dei(g) 0,(ydet(2)g"a, f)-

*Note that the difference ¢ —5=o, is called the Dirac operator. Its square &;, =(d -6 )Z also

lace-Beltrami differential operator reads: V’f =

equals the Hodge Laplacian: A =¢? .
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the commutator of the frame {0, and the coframe {dx’ }40 in M. This
becomes very large for r— o, except at the critical points of £ ie., where
df =0. Therefore, the eigenvalues of A, will concentrate near the critical
points of f for r—>o , and we get an interpolation between de Rham
cohomology and Morse cohomology. Witten’s deformation is considered in the
subsection 3.2 above.

A p-form @ is called harmonic iff: Aa =0 (da =0,6a=0).

Thus, « is harmonic in a compact domain D < M iff a is both closed
and coclosed in D. Every harmonic form is both closed and coclosed; as a proof,

we have:

0=(a,Aa)=(a,déa)+(a,6da)=(ba,6a)+(da,da).

Since (ﬂ, ﬂ)ZO for any form g then (50{,50{) and (da,da) must
vanish separately;

Hence, da=0 and sa=0".

All harmonic p-forms on a smooth manifold A/ form the vector space
H{(M).

As an example, to translate the notions from standard vector calculus in R?,
we first identify scalar functions with O-forms, field intensity vectors with
1-forms, flux vectors with 2-forms and scalar densities with 3-forms. Then we
have the following correspondence:

Grad — d onO-forms; curl - *d :on 1-forms;

Div - &:on 1-forms; divgrad — A:on 0-forms;

Curl curl-grad div. - A: on 1-forms.

We remark here that exact and coexact p-forms (¢ =df and w=58) are
mutually orthogonal with respect to the I’-inner product (9). The orthogonal
complement consists of forms that are both closed and coclosed, ie., of
harmonic forms (Ay =0).

Hodge adjoints and self-adjoints. If o is a p-form and g is a (p +
1)-form then we have [32] [40]:

(da,B)=(a,88) and (6a,B)=(a,dp). (13)

This relation is usually interpreted as saying that the two exterior differentials,
dand &, are mutually adjoint (or, dual). This identity follows from the fact that
for the volume form , given by (8) we have du=0 and thus:
|, d(anxp)=0.

Relation (13) also implies that the Hodge Laplacian A is self-adjoint (or,
self-dual), formally: (Aa, ﬂ):(a,Aﬂ), which is obvious, since either side is
(da,df)+(6a,58). Furthermore, since (Aa,a)>0, with (Aa,a)=0 only

when Aa =0, the Laplacian A is a positive-definite, self-adjoint elliptic

““Note that in [24] Witten actually uses the commutator [a",a’] of the fermion creation and an-
nihilation operators in (the Heisenberg picture of) supersymmetric quantum mechanics.

“Also, given a p-form 1, there is another p-form 7 such that the equation: Az =4 is satisfied
iff for any harmonic p-form y wehave (y,1)=0.
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operator.

Hodge decomposition theorem. Now we have all the necessary ingredients
to formulate the celebrated Hodge decomposition theorem (HDT), which states:
on a compact orientable Riemannian 7-manifold A4, any exterior p-form (with
n> p) can be written as a unique sum of an exact form, a coexact form, and a
harmonic form. Formally, for any p-form @ e Q” (M), there is a unique exact
(p—D-form aeQ”"' (M), aunique coexact (p + 1)-form BeQ’"' (M) and
a harmonic p-form y € Q" (M), such that:

anyform  exact coexact harmonic
HDT: o =da+ o+ vy

For the proof, see [32] [40].

In physics community, the exact form dea is called Jongitudinal, while the
coexact form §B is called transversal, so that they are mutually orthogonal.
Thus any form can be orthogonally decomposed into a sum of: 1) a harmonic
form, 2) a longitudinal form, and 3) a transversal form*”.

Since ; is harmonic, dy =0. Also, by Poincaré lemma, d(d a) =0.In case
o isaclosed p-form: dw =0, then the coexact term §8 in HDT is absent, so
we have the short Hodge decomposition: w=da+y, hence @ and , differ
by da . In de Rham’s terminology, ® and y belong to the same
cohomology class [w]e H” (M ). Now, by the de Rham theorems it follows
that if C'is any p-cycle, then we have:

Jeo=lr = (Co)=(Cr).

that is, y and ® have the same periods. More precisely, if @ is any closed
p-form, then there exists a unique harmonic p-form j, with the same periods as
those of @ (see [32] [33]).

Our final statement in this section is the Hodge-Weyl theorem [32] [40],
which states that every de Rham cohomology class [w]e H” (M) has a unique
harmonic representative y € H{ (M ). In other words, the space H[ (M) of
harmonic p-forms on a Riemannian manifold A is isomorphic to the de Rham
cohomology group (7), or HY(M)=HY(M). This means that the harmonic
part 5 of the HDT depends only on the topology of the manifold M. In this
way, Hodge theory provides the efficient methodology for computing de Rham’s

cohomology and its dual-singular homology.

“’For example, in fluid dynamics, any vector-field v can be decomposed into the sum of two vec-
tor-fields, one of which is divergence-free, and the other that is curl-free.
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