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Abstract

Sum of two nilpotent elements in a ring may not be nilpotent in general, but
for commutative rings this sum is nilpotent. In between commutative and
non-commutative rings there are several types of rings in which this property
holds. For instance, reduced, NI, Al (or IFP), 2-primal, reversible and symme-
tric, etc. We may term these types of rings as nearby commutative rings (in
short NC-rings). In this work we have studied properties and various characte-
rizations of such rings as well as rngs. As applications, we have investigated
some commutativity conditions by involving semi-projective-Morita-contexts
and right C;-Goldie rings.
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1. Introduction

This expository work deals with the rings which are near to commutative rings.
We know that sum of two nilpotent elements in a ring may not be nilpotent in
general, for instance, for any ring A with 1, in M, (A), E,, and E,, are nilpotent
but £, + E,, is a unit. If a ring is commutative the sum of nilpotent elements is
always nilpotent. In between commutative and non-commutative rings there are
several types of rings in which this property holds. For instance, reduced, NI, Al
(or IFP), 2-primal, reversible, and symmetric, etc. We may term these types of
rings as nearby commutative rings (in short NC-rings).

In this note we will use both types of rings, we mean, associative rings that
may or may not possess the multiplicative identity, and its subclass, the associa-
tive rings that possesses the multiplicative identity. For convenience, in this note,
the rings of the bigger class are denoted by “r n g s” (note that “i” is missing)

while that of the subclass by “r i n g s”. In order to avoid unnecessary lengthy
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sentences we will not use the synonyms like “rings without identity” and “rings
with identity”, etc. Modules over rings are considered to be unital. Note that, the
terminology “rngs” was used by Jacobson for the categories of rings without one
in [1].

As applications, in the last section, we have investigated some commutativity
conditions by involving semi-projective-Morita-contexts and right C, Gol-
die-rings. Though, derivations are also used and studied in several articles, we
have avoided to touch them here to keep the paper of moderate length. Our fo-
cus is on NC-rings that we have studied in the second section and have discussed
some properties along with examples and counter examples. We have recalled
some properties of reduced, Al, NI, reversible, and symmetric rings and have
proved them for rngs. It is noticed that symmetric rngs do not satisfy the initial
conditions as originally defined by Lambek for rings in [2]. So, they are bifurcated
as left and right symmetric rngs. We have also studied those rings which are not
under the class of NC-rings, but with certain conditions, they become such rings.
For instance, NCI, near-Al, quasi-Al, Armendariz, or weak-Armendariz, etc. They
become NC-rings, when they are von Neumann regular. First section as usual is
for preliminaries.

For basic definitions, terms and notations in ring theory we have followed the
texts [1] [3]. For Morita contexts, in addition to these texts we refer [4], and in
particular, for projective-Morita-contexts and semi-projective-Morita-contexts
one may look at [5] [6] [7].

2. Preliminaries

Unless otherwise stated, we assume throughout that the lower case letters x,x’
or x, areelements of the set denoted by the upper case letter X.

An element a (respt. a subset X) of a rng A is called nilpotent if for some nat-
ural number n, " =0 (respt. X" =0). The least positive integer n for which
a" =0 is called the index of nilpotency. The nilpotency index of a rng A is de-
fined to be the supremum (possibly infinite) of the nilpotency indices of all nil-
potent elements of A. An ideal or a subset X < A4 is called nil if every element
of Xis nilpotent.

We will denote by N (A) the set of all nilpotent elements of 4, by N (4)
the sum of all nil ideals (the so-called upper nil radical) of 4, by N, (A) the
intersection of all prime ideals (the so called prime or lower nil radical) of 4, and
by N,(4) the sum of all nilpotent ideals of A. It is clear that

N.(4)c N* (4) < N(4).

In case of rings with finite chain conditions on ideals, for instance for Noethe-

rian and Artinian rngs, it is well known that
N,(4)=N"(A4)=N(4)=N,(4).

A rng Ais called nil-simpleif N"(A)=0.

A domain is a rng which has no non-zero left or right zero divisors and an
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integral domain is a commutative ring without non-zero zero divisors.

An additive abelian group is called a zero-rng in case the product of each pair
of its elements is zero. This rng is clearly commutative and its index of nilpoten-
cy is two.

A rng A is prime in case for any pair of elements, aand a' of A, ada’' =0,
then either a=0 or «' =0, and semiprime if for any element a of A, ada=0
implies @ =0. A is semiprime if and only if N*(4)=0. The rng A is called
reduced if it has no non-zero nilpotent elements, or equivalently N(4)=0.

A rng A is von Neumann regular (in short vNR) if Vae A4, there exists
x € A, such that axa=a and strongly regular (in short SR) if Va e 4, there
exists x e A4,suchthat a’x=a.

For any subset X of a rng A the right annihilator of X'in A is a right ideal of A
which is defined and denoted by:

r,(X)={aeAd|xa=0VxeX}.

The left annihilator /,(X) is defined analogously and it is a left ideal of A.

For singleton subsets X = {a} , we will use the notation r, (a) and [/, (a)
for right and left annihilators of a, respectively.

A right ideal 7 of a rng A is said to be essential if /is any other right ideal of 4
and if

IUJ=0 then J=0.

For 7to be right essential, we will use the notation /<, 4,.

It is clear that a right ideal 7is essential if and only if for every x € A4, there
exists some ye A suchthat O=xyel.

An element a€ A is right singular if 7, (a) is an essential right ideal of A.
The set of all right singular elements is denoted by Z(A ” ) This is also a right
ideal of A. The left and two-sided counter parts of these terms are defined ana-
logously. In general, for any rng A, Z(AA);t Z(AA) (see Example 7.6 (4) [3]).
The rng A is called singular if 4= Z(A) and nonsingular if Z(A) =0. Hence
A/Z(A) is nonsingular. If A is a ring, then A cannot be singular. Indeed, in a
ring 1, can never be a singular element.

Clearly, every reduced rng is semiprime and every commutative semiprime
rng is reduced. A prime rng is also semiprime. Division rings and domains are
both semiprime and reduced, while a prime rng, which is also reduced, is a do-
main. It is to be noted in general that N(4) need not be an ideal while
N’ (4) isanideal and a subset of N(A) .

A rng A is termed as 2-primal in [8] if its prime radical (the intersection of all
prime ideals) is N (A) and SP I in [9] if for every element a of A, the factor
ring A/r,(ad) is2-primal.

Further, a rng is an NIrng, as defined in [10] if N*(4)=N(4) and an
NCIrngin [11] if N(A) has a non-zero ideal.

Clearly, every reduced ring is NI as in this case N (R)=0, which is of course,
an ideal of A.
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A rng A is called an IFP rng [12] (in our term an A/[rng) in case for any pair
of elements a,b of A, if ab=0, then a4b=0. Near-IFP (or Near-Al) rngs
are introduced in [13] and are characterized in Proposition.1.2. ([13]) as A is a
near-Al rng if and only if for a non-zero nilpotent element a of A, 4aAd con-
tains a non-zero nilpotent ideal, while almost simultaneously, but seems to be
independently, quasi-IFP (in our terms quasi-Al) rngs are introduced in [14].

By definitions, every reduced rng is an Al-rng, an Al-rng is quasi-Al, a qua-
si-Al rng is near-Al. By a simple argument it can be deduced that the converse
of above statement holds if the ring is semiprime (see [13]; Prop.1.2, Prop. 1.5).

If a ring A is of bounded index of nilpotency, then A is reduced if and only if
A is NI (or NCI) and semiprime ([11]; Prop. 1.3).

A rng A is called abelian if its idempotents are central and A is termed as left
(respt. right) duo if every left (respt. right) ideal is also an ideal. It is proved in
([11]; Prop. 1.4) that if A is a vNR ring, then the properties of being reduced, left
duo, right duo, abelian, NI, NCI and 2-primal are all equivalent. Similarly, it is
proved in ([13]; Prop.1.6), that if A is a VNR ring, then the properties of being
reduced, left (or right) duo, abelian, NI, AI, and near-AI are all equivalent.
Hence, one may deduce that on a vNR ring all these different types of rings are
equivalent (see Theorem 4.3.6).

We assume that the datum
K(4,8)=[4BM.N(),.(),]

is a Morita context (in short, “mc”) in which A and B are rngs, M and N are
(B,A) -and (A,B) -bimodules, respectively,

(), N®M—>4and (), :M® N—>B
are bimodule morphisms with the associativity (or compatibility) conditions
1) m'(n,m)A :<m',n>B m and 2) (n,m)A n' = n(m,n')B

where <,> , and <’>3 are the Morita maps (in short, mc maps). The images
1= <N M > , and J= (M ,N > , are the frace ideals of A and B, respectively.

A Morita context K (A,B) is said to be a “projective Morita context”, in
short a “pmc” (or strict), if both mc maps, <,> , and <,> 5> are epimorphisms.
K (A,B) is said to be a “semi-projective Morita context”, or a “semi-pmc”, if
one of the mc maps, <,>A or <,>B , is an epimorphism (see [5] [6] [7] for fur-
ther details).

Let A and B be rings. In case an mc K(A,B) of rings is a pmg, Ze, if both
mc maps <,> , and (,)B are epimorphisms, then they become isomorphisms.
In this case, the category of right (respt. left) A-modules is equivalent to the cat-
egory of right (respt. left) B-modules ‘e,

Mod-A =~ Mod-B( A-Mod ~ B-Mod )

and moreover,

Cent(A) = Cent(B).
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If K(A,B) is a pmc of rings, then the rings A and B are said to be Morita
similar (or Morita equivalent). Common properties shared by Morita similar
rings are termed as Morita invariant. For instance, being prime or semiprime are
Morita invariant, while being reduced, commutative, domain, division rings or

fields are not Morita invariant.

3. NC-Rngs and Their Relations

In this section we will introduce nearby commutative rngs (in short NC-rngs).
We will investigate some properties of NC-rngs and demonstrate some examples
and counter examples. Then we will discuss and expose some of those rngs
which satisfy the condition of NC-rngs. For instance, reduced, AI, reversible and
symmetric rngs.

For rings following sequence is given in ([9]; Fig.1, Various types of 2-primal
rings):

Reduced ¢ Symmetric ¢ Reversible ¢ AI ¢ PSI < 2-Primal ¢ NI-ring (1)

In fact, symmetric rings are reversible, but a reversible ring may not be sym-
metric [9] [15]. In case of rngs a symmetric rng may not be reversible also (see
Example 3.4.7 (2)). Note that, the definition of a symmetric ring, as introduced
by Lambek [2], does not justify its property for a symmetric rng. Thus we need
to bifurcate it into two parts, right symmetric rng and left symmetric rng (see
[16] for details). We have given examples that they are different rngs. They be-
come identical at least if the rng is commutative or if it is a ring. Thus we have
the following extended sequences for rngs which are irreversible in general (see
counter examples in [9] [10] [15] [16]).

c Right Symmetric

Reduced c Symmetric ¢ Reversible € AI € PSI < 2-Primal € NI-rng (2)

C Left Symmetric

3.1. NC-Rngs

Definition 3.1.1. A rng A is nearby commutative, in short an NC-rng, in case
the sum of any two nilpotent elements of A is nilpotent.

Proposition 3.1.2. A rng A is NC if and only if N(A) is an additive subgroup
of A.

Proof: One way is obvious. Assume that 4 is an NC-rng. Clearly, 0 e N (A),
and if xe N(A4), thensois —xeN(4)=Vx,yeN(4), x—-yeN(4). A

Examples 3.1.3. Field, division rings, domains, reduced, symmetric, reversible,
2-primal, Al, and NI-rngs are NC-rngs. The smallest class of non-commutative
NC-rngs is the class of reduced rngs. Conversely, Example 3.1.6 below shows
that an NC-rng properly subsumes all above mentioned classes of rngs.

Hence, extending sequences (2) we have following irreversible sequences of
rngs:

c Right Symmetric
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Reduced ¢ Symmetric ¢ Reversible € AI ¢ PSI < 2-Primal € NI € NC-rng (3)

C Left Symmetric

Proposition 3.1.4. Being “NC-rings’ is not a Morita invariant property.
Proof For any ring A, it is known that A and M, (A) are Morita similar.
Let Abe an NC-ring. But M, (A) is not an NCring. Because, E ,E, Vn>2

nl»
are nilpotent but the sum E  +E,, is not nilpotent. Hence, for a ring, being

nl
NC is not Morita invariant. |
Example 3.1.5. (NC-rngs which are also NI-rngs).
1) Consider the non-commutative ring of order 4, V ={0,a,b,a+b} with

Char( V) = 2 and the elements satisfy the relations
a* =ab=a; b* =ba =b.

See also Remarks 3.4.8. and Examples 3.4.10. This is a rng, called the Klein
4-rng or right absorbing ring in [16]. Its only non-zero nilpotent element is 2+ b
and the only nilpotent ideal is {0, a + b}. Hence V'is an NC-rng as well as an
NI-rng.

2) Set R=7Z,xV = {O,l,a,b,1+a,1+b,a +b,1+a+b} assume that the rela-
tions in Valso hold in R. Again, {0, 2+ b} is the only nilpotent ideal of R. Hence
Ris an NC-ring as well as an NI-ring.

Example 3.1.6. A ring which is an NC-ring but not an NI-ring.

Let G'be a free semigroup generated by {x,. el } and R any NI-ring. Then
the group ring RG is the free R-ring, RG = R(xl. € ]>. Then U(RG)=U(R).
Let the set of nilpotent elements be N (RG) . Assume that
(RG\R)NNR(G)# ® . If fis some arbitrary nilpotent element in RG\R, then
1-f mustbeaunit.So 1-f € U(R) must be a constant. This means that fis
a constant polynomial. It is a contradiction. Hence NR(G) =0 or consists of
only elements of R But R is an NI-ring, this implies that NR(G) =N (R) Fi-
nally, N(R) is not an ideal in RG. Hence RG is neither NI nor NCI, but it is
clear that sum of two nilpotent elements in RG is nilpotent, so it is an NC-ring.

Proposition 3.1.7. In a ring A, if U(A) is abelian, then A is an NC-ring.

Proof: Let x and y be nilpotent elements of the ring A. Then u=1-x and

v=1-y are units. But
uv:(l—x)(l—y)zl—x—y+xy
and
vu=(1-y)(1-x)=1-y—-x+
So,
uv—vu=xy—yx=0.

This means that all nilpotent elements commute with each other. In particular,
if m, and n are indices of nilpotencies of x and p; respectively, then
(x+ y)””" =0. |

Examples 3.1.8. The converse of above theorem does not hold in general. For

instance, in the integral ring of quaternions, Z(Qg), only the nilpotent element
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is 0, which commutes with everything, but the group of units in Z(Qg) is
non-abelian. Let G be a free semigroup generated by {x,. iel } and R any
commutative ring. Then the group ring RG'is the free R-ring = R(x[ el > Asin
Example 3.1.6. above, U (RG) =U (R) and the set of nilpotent elements
N(RG) = N(R). Since, in general, {xi e I} are noncommutative, RG is
noncommutative. But U (R) and simultaneously N (R) are commutative.

Let us define that UN(4):= {u ‘u=1-x,with x e N(A)} . We prove the fol-
lowing interesting result.

Proposition 3.1.8. If A is an NC-ring with the property that N (A) is mul-
tiplicatively closed, then UN (A) is a normal subgroup of U (A) .

Proof: Because le UN(A) , it is non-empty. Let u,ve UN(A). Then there
exist x,y € N(A) such that u=1-x and v=1-y. Because N(A) is ad-
ditively and multiplicatively closed,

uw=1l-x—-y+xye UN(A).

Let nbe the index of nilpotency of y. Then,

vi=ldy+y 4oty

where y+ > +---+ """ is nilpotent. This means that v € UN(A). Finally, let
weU(A).Then VueUN(A),with u=1-x,xeN(4),

wuw ™ = w(l—x) w=1—wxw™.

But clearly, wxw™' is nilpotent, wuw ' € UN(A4). Hence UN (A) is a nor-
mal subgroup of U(4). |

3.2. Reduced Rings

Definition 3.2.1. A rng A is reduced if it has no non-trivial nilpotent element,
equivalently N (A) =0 or that index of nilpotency of A4 is one.

Because a reduced ring has no non-trivial nilpotent elements, it is an NC-rng.

Examples 3.2.2. 1) Fields, division rings, integral domains are reduced rings.
A domain is a reduced rng. A zero-rng  D(#0) is not reduced.

2) Let Abearng. Let M,(A) be the set ofall nxn-matrices over A. Then
for n>2, M, (A) is not reduced as M, (A) admits nilpotent elements of
higher indices than one. Its subrng, the set of upper triangular matrices UTM (A)
is also not reduced. Clearly, in UTM,(A4) the matrix aF,, Vae€ A is nilpotent
of index two. Above arguments also show that property of being reduced is not
Morita invariant.

In the following proposition the results in literature are available for rings. We
verify that these are also hold for rngs.

Propositions 3.2.3.

1) Reduced rngs are semiprime and a commutative semiprime rng is reduced.

2) SR rngs are reduced, hence commutative. vNR rngs are also reduced.

3) Reduced rngs are nonsingular and a commutative nonsingular rng is re-
duced.

4) If A is a nonsingular rng and N (A) c Cent (A) , then A is reduced.
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Proof: 1) Obviously, reduced rings have no non-zero nilpotent ideals, so they

are semiprime. Conversely, assume that
a*=0=>Vxed, axa=0=>a=0.

2) Indeed, if Ais an SRrngand a € A4 is nilpotent with index 1, then there

exists xe A such that
a=a*x=ad’x=---=aa""'x=0.

Hence A is reduced.
3) Let A be a reduced rng and O0#aeZ(4,). Then r (a)<, 4,. If
beadnr,(a),then b=ax forsome xeA and ab=0.But

(ba)’ =0=>ba=0=b*=bax=0=b=0.

Hence Z(A4,)=0 andsimilarly Z(,4)=0.Hence 4 is nonsingular.

Conversely, assume that 0# a € 4, such that
a*=0=>aer(a).
Let /#0 beanideal suchthat 7, (a)ﬁl =0.Thenforany yel,

yvaer,(a)nI=ya=0=>1cr,(a)=a=0.

Hence A is reduced.

4) First we prove that every nilpotent element that lies in the center is singular.
Let ae A be a nilpotent element of index n that lies in the center of A. Then
a"" er,(a).Now forany xe A ,because r, (a) isarightideal, a""'xer,(a).
Because a is a central element, xa"" €r,(a). This means that r,(a)<, 4,,
hence aeZ(A,). By similar arguments we conclude that ae€Z( ,4) and so
ae Z(A) .

By contraposition if

xeN(A4)c Cent(4),

then x must be singular. But A4 is nonsingular, then x must be 0. Hence A is re-
duced. ]

3.3. AI-Rngs and Generalizations

Al-rngs have many names in literature. H.E. Bell in [12] called an ideal /of A4 to
be with the insertion-of-factors-property in case for any pair of elements a,a’
of A, aa’ el implies that ada’ < I. Thus any rng with the property that for
aa'=0 = ada'=0 is popular as an IFP-rng, the short form of insertion of
factors property. Marks in [9] called it with property (S I). He continued this
term from Shin in [17]. Narbonne called it semicommutative (see reference in
[13]) and many others followed this term (e.g., [18] [19]). Habeb in [20] called it
zero insertive. We prefer to call it an Al-rng due to the fact that in this rng all
“Annihilators”, left or right, are “Ideals”.

Lemma 3.3.1. For any rng A the following are equivalent.

1) For any pair a,be A, ab=0=arb=0,Vre 4.

2) Every right annihilator r,(X ) of X c A isanideal.
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3) Every left annihilator [, (X ) of X c A isanideal

4) Forevery ae A, right annihilator r,(a) isan ideal

5) Forevery aec A, left annihilator 1, (a) is an ideal.

6) Forevery ac A and be A, r,(a)<r(ab).

7) Forevery ac A and be A, 1,(a)<l,(ba).

Proof 1) < 2)

Let S#® be a subset of A. Then 7, (S) is a right ideal of A. We prove
that if 1) holds, then it is also a left ideal of A. Let aer, (S) Soforany beS,
ba=0=bra=0,Yre A= raer,(S).Hence 2) holds.

Now assume that 2) holds. Let for some a,be 4,

ab=0=ber (a)=>Vredrber,(a)= arb=0.

1)©4) ax=0<xer,(a).But abx=0< xer,(ab).

The rest can analogously be proved. |

Definition 3.3.2. If any one of the conditions of Lemma 3.3.1 is satisfied then
the rng is called an Al-rng. If 1€ A, then it is an Al-ring.

It is clear from the sequences 3) that Al is an NC-rng. We pose here an alter-
nate proof.

Proposition 3.3.3. A/-rng is an NC-rng.

Proof: Let Abe an Al-rngand a,b € A be two nilpotent elements of indices
m,n , respectively. We want to prove that a+5 is nilpotent. A monomial in

the expansion of (a + b)t is an expression of the form
x=a"b"a"b” ---a"b*, where r +s, +---+7, +s, =t =max(m,n).
Now,
a"=0=da""'a=0=a""ba=0.
Such insertions eventually make x=0 and so we conclude that
(a+b)[ = zl: a'ba?b" ---a*b* =0.
7 15=0

Hence A is an NC-rng. ]

Proposition 3.3.4. A semiprime Al-rng is nonsingular.

Proof: Let A be a semiprime A/-rngand 0#xe A besuch that xe Z(AA )
Then there exists 0+ a € 4, such that

aerA(x)ﬂxA:xa=0
=xda=0=a*>=0
= ada=0=a=0.

This is a contradiction that r,(x) isessentialin A4,.We conclude that

x=0=2(4,)=0.

Similarly

Hence A is nonsingular. ]
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Marks in [9] [10] [15] used the term NI for those rings in which N(A) isan
ideal, then naturally, N*(A4)=N(4). A ring A is called left (right) duo if each
left (right) ideal is an ideal.

Proposition 3.3.5. Following are true for any rng.

1) Every left (right) duo rng is an Al-rng.

2) Every reduced rng is an Al-rng.

3) Every Al-rng is an NI-rng.

4) Every idempotent in an Al-domain is central. Hence an AI-domain is ab-

elian.
5) Every idempotent in an Al-ring is central. Hence an Al-ring is abelian.
6) For any rng A,
A is nil-simple = A is semiprime < A is reduced.

If A is commutative, then

Nil-simple = Semiprime = Reduced.
Proof 1) Let A be aleft duo ring. Let for some a,be 4,

ab=0=ael (b)=arel,(b)=arb=0,

Vr e A.Hence Ais an Al-rng.
2) Let A be a reduced ring. Assume that for some pair of elements a,be 4,

ab=0.Thenforany xe 4,
(bxa)(bxa)=0= bxa =0.

But then
(ba)2 =0=>ba=0=axb=0.
3) If N(A) =0, then we are done. Solet 0#ae N(A). Then for some nat-

ural number n>1,andforany re 4,
a"'r=0=a"rr=0---(ar)" =0.

Hence are N(A).Similarly, rae N(4).

Let a,beN (A) with indices n,m , respectively. After some calculations one
can verify that (a—b)' =0, for some natural number ¢#>n+m. So N(R) is
an additive group. Hence N (A) is an ideal.

4) Let A be an A-domain (recall that a domain is a rng without non-zero ze-
ro-divisors). Let ee A4 be an idempotent. Then Vre 4,

e(e2 —e) =0= er(92 —e) =0,
= ere’ =ere

=ere=er.
Similarly, ere=re.
5)If 1€ 4, then
e’ —e=e(e—l)=0
= er(e—l) =0
=ere=er=re.

6) Holds by definitions. ]
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Examples 3.3.6. 1) Fields, division rings, integral domains are Al-rings and
all commutative rngs, domains, zero-rngs, and reduced rngs are AI-rngs.
2) Being Al is not Morita invariant.

The 3x3 upper triangular matrix rng U7, may not be Al Indeed,
(—aE, +akE,,)(aEy)=0

while, in general,

(—aE11 +ak,, )(aE22 )(aE23 ) #0.

In particular, if A is an Al-ring, then UT, is not an Al ring. (Simply, replace
aby 1 in above example). Hence M, (4) is not an Al-ring. This shows that for
any ring being Al is not Morita invariant.

Proposition 3.3.7. a) For an AI-rng A, the subrng of 3x3 upper triangular

matrix rng,

A Ayy Gy
S=98=10 a  ay|aq,q4,c4

0 q

is an Al-rng. Hence, S is an NC-rng.

b) If A is an AI-ring, then S is an AI-ring.

Proof: a) For the verification of this claim, assume that s.5, =0. Then we get
the following identities

1) aa,=0.

2) @ay, +ay,a, =0.

3) @y, + a0y, +a130, =0.

4) @ay; +apa, =0.

Now we claim that the product

5,85, =0.

For this it is enough to prove that

5) aAa, =0.

6) a,Ada,,+ada,+a,,Aa, =0.

7) @ Aay; +a,, day; + ayAayy; + a Aay,ay, Aa, + ay3Aa, = 0.

8) a,Aa,,, +a,Aa, +a,;,Aa, =0.

In above Equations (1)-(4) we apply the equivalent condition 3 of Proposition
3.2.1 of being Al repeatedly. Hence 5) holds from 1). While 6) and 8) hold from
1), 4) and 5), and finally, 7) from 3) and the remaining. (For more details, see
[19]) where they considered A to be reduced.

b) Clearly the 3x3 identity matrix belongs to S.

Example 3.3.8. An abelian ring which is not AI

Let A be an abelian ring. Then

a b ¢ d
0 a f g
R= ra,b,e,d, f,g,ke A
00 a k /-8
0 0 0 a
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is also abelian (see details in [21]). Then

(Elz - £, )(E24 +E;, ) =0
But
(Elz -k, )Ez3 (E24 +E;, ) =E,# 0.

Hence Ris not an Al-ring.
NCI-, near-Al and quasi-Al rngs are introduced in [9] [13] and [14], respec-
tively.
Definitions 3.3.9. Let A be a rng. We define that:
1) Aisan NCI-rngin case N(A) contains a non-zero ideal of A.
2) Ais near-Al in case N(A) contains a non-zero nilpotent ideal of A.
3) Ais quasi-Al if for any nilpotent element a of A, AaA is a nilpotent ideal
of A. (Equivalently N(4)=N,(4)).
For detailed studies of these classes of rngs we refer the reader to the above
cited articles. It is clear by definitions that
Al = NI= NCI
Al = near-Al = quasi-Al

Examples 3.3.10.
1) ([11], Example 1.2) Let A be any rng. Set R=M, [UTM2 (A)] Then R is

not NI, but the ideal
0 4 0 4
0 0 0 0

o o) o o]

of Ris nilpotent. Hence NI <& NCI .

2) ([13], Example 1.3) Let A be reduced. Set R =UTM2(A). Then R is nei-
ther abelian nor Al, but it is near-Al

3) Now we pose an example for near-Al <= quasi-Al.

Let Rbe a ring and /=0 a nilpotent ideal of R such that every element of
RIIis a unit. (For example a local ring). By Prop. 1.10 in [13], R, =M, (R) is
near-Al. Let 0# (ry.) e€N(R,). Then R, (V;,-)Rn =R, is nilpotent if 7, e/,
otherwise it is not nilpotent in general. The ideal R,M,(/)R, of R, isproper
and nilpotent. Hence we conclude that it is not quasi-Al.

If a ring A is of bounded index of nilpotency, then A is reduced if and only if
A is NI (or NCI) and is semiprime ([11]; Prop. 1.3).

3.4. Reversible and Symmetric Rngs

Definition 3.4.1. Cohn in [22] called a ring A to be reversible in case whenever
ab=0=ba=0,Ya,be A.

Anderson and Camillo in [23] called it a ZC2-rng.

Examples 3.4.2: 1) All commutative rngs, domains, and zero-rngs are revers-
ible.
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2) Reduced rngs are also reversible. Indeed, if ab =0, then
(ba)2 =b(ab)a=0= ba=0.

3) Clearly, for any ring A, M, (A) is not reversible. Hence the property of
being reversible is not Morita invariant.

4) If A is a reversible rng, then the polynomial rng A4[x] may not be reversi-
ble (see ([18]; Example 2) & ([19]; Example 2.1)).

5) Example 3.1.5. (1) Clearly V is not reduced as a + b is a non-zero nilpotent

element and it is not reversible as

a(a+b)=0#(a+b)a=a+b.

Similarly the ring in Example 3.1.5. 2) is neither reduced nor reversible.

6) Consider the group of quaternions 0 ={i1,ii,i’ j,ik} , then the group
algebra Z,(Q;) is a reversible ring. In fact, the elements of Z,(Q;) are the
Z, -linear combinations of the elements of the set {zg ‘g€ Qs}. It is a routine
work to check that Z, (Qg) is reversible. Moreover, from Proposition 6 of [15]
it is clear that Z, (Qg) is an Al-ring. Further, in ([15], Example 7), it is proved
that Z,(Q,) isright duo.

Proposition 3.4.3. Reversible rngs are

1) Al-rngs and

2) NC-rngs.

Proof: 1) Let A be reversible. Then for some a,be A, ab=0=ba=0.
Then Vred, (ba)r=>b(ar)=(ar)b=arb=0.

2) Because every Al-rng is NC, so is a reversible rng. |

Proposition 3.4.4. A reversible vINR ring is an SR ring.

Proof: Let A be a vNR ring. Then Vae A4, there exists re€ A4, such that

a=ara =
a(l-ra)=0=(1-ra)a=0=>a=ra’.

Hence, A is SR. |

Definition 3.4.5. ]J. Lambek in [2] introduced symmetric rngs: A rng A is
symmetric if for any a,b,ce A, abc=0< ach=0.

Remarks 3.4.6. 1) If the ring A is equipped with identity, say 1,, then Lam-
bek proved that: A is a symmetric ring if and only if for any a, € 4, where

i=1,---,n, the product
Hf:lal.=0<:)H:’:1aa(,.)=0, where G:{l,---,ﬂ}—){l,---,n}

is a permutation. This characterization may not hold if 4 does not have 1,.

2) If a rng A satisfies the condition
Hf:] a, =0 H;aa([) =0, where o: {l,---,n} BN {l,---,n} ,

then in [23] it is called a ZC,-rng. It is proved there that for all » >3, if A4 satis-
fies ZC, then A also satisfies ZC,,,. Hence, inductively, ZC, implies ZC, for all
n>=3 ([23]; Theorem I.1 & Corollary I.2). The converse does not hold in gener-
al. Moreover, ZC, does not imply ZC; ([23]; Examples 1.4 & 1.5). For reduced
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rngs ZC, implies ZC,for all n>2 ([23]; Theorem I.3).

3) The notion of reversibility for rings is weaker than that of symmetry. Natu-
rally, if a ring is symmetric, then for any pair a,be A, ab=0 then
lab=0=1ba=ba=0.

Examples 3.4.7. 1) Fields, integral domains, division rings, domains and ze-
ro-rngs are symmetric.

2) Strictly upper triangular matrix rng SUTM, (A) over any rng A is sym-
metric. But it is not reversible. Indeed, if we let 4=Z7, then E,E,; = E,; while
ExE;, =0.

3) In Example 3.42 (6) in Z, (QS) , if we set a=1+z,b=1+z, and
c=l+z+z,+z,then abc#0 but bac=0. This shows that Z, (Qg) is not
symmetric.

Remark 3.4.8. Notice that, in the rng, with abc =0 < achb =0, there is no
guaranty that bac =0. For instance, consider the rng V of Example 3.1.5 (1).
Let c= a+ b. One can easily see that abc = 0 but cab# 0.

This observation and Remark 3.4.6 (2) suggest a split definition for a symme-
tric ring. Thus we define:

Definitions 3.4.9. [16] A rng A is called right symmetric if for any triple
a,b,ce A, abc=0=acb=0 and left symmetric if abc=0=bac=0.1If a
rng is both left and right symmetric, it is a symmetric rng.

Examples 3.4.10. 1) The rng V=V, as constructed in Example 3.1.5 (1) or in
Remarks 3.4.8, is right symmetric but not left symmetric. Obviously, the oppo-
site rng (V,)" is left symmetric but not right symmetric.

2) Consider another example which is an extension of above example. Let

v, :{<a,b,c>:a2 :ab:ac:a;b2:ba:bc:b;czzca:cb:c}

be with three generators and of characteristic 2. Minor computations show that
V, is right symmetric but not left symmetric. On the other hand its opposite rng
(V5)® is left symmetric and not right symmetric.

3) By iteration, V,and (V,)°? rngs can be constructed which are right and left
symmetric rngs, respectively, but they are not symmetric. For details see [16],
where these are termed as generalized Klein-4 rngs or right absorbing rings.
These are zero-divisor rings, and it is proved in [24] that their zero-divisor
graphs are precisely the union of a complete graph and a complete bipartite
graph.

The following proposition can be followed from [2] [16] and [23].

Proposition 3.4.11. [2] [16] [23] The following are equivalent for any rng A.

1) Forany a, € A, where i=1,---,n, the product H;;al. =0 H; a; =0,

where o : {1,---,11} - {1,'--,11} is a permutation.

2) Ifforany a,b,ce A, abc=0< achb=0< bac=0.
It is also clear that if A is a ring, then

left symmetric < symmetric < right symmetric.

Proposition 3.4.12. For any rng A, the following hold.
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1) Every reduced rng is left and right symmetric, hence it is symmetric.

2) Every left (or right) symmetric rng is an AI-rng.

3) A left (or right) symmetric and reversible rng is symmetric.

4) Every symmetric ring is reversible.

5) Every symmetric rng is an NC-ring.

Proof:

1) Let A be a reduced rng. Assume that for some a,b,c€ A, abc=0. Be-

cause every reduced rng is an Al-rng, so
abe = acbac =0 = (ach)’ = (ach)(ach)=0=> ach=0.

Similarly, bac=0.

2) Let A be a left symmetric rng. Assume that for some a,be 4, ab=0.
Then Vre A, rab=0= arb=0. Hence A is an Al-rng. The rest of the proof
is similar.

3) Let A be a right symmetric and reversible rng. Assume that some a,b,c€ 4,
abc=0.Then ach=0=bac=0=bca=0=cab=0.

4) This holds because of the multiplicative identity.

5) Assume A is a symmetric rng and that for some exponents xy;, a* =0
and b” =0.Then a"b” =0. Hence by Proposition 3.4.12, any binomial coeffi-

cient in the form:

ayb!---a’b] =0, where x<x +---+x,; y<y+-+y,. ]

n-n

4. Some Commutativity Conditions

In this section we will demonstrate some applications that lead toward commu-
tativity of various types of rngs. In Subsections 4.2 & 4.3 we will deal with only

rings.

4.1. A Commutativity Theorem for Semi-Pmc Rngs

Following theorem is proved in ([25]; Theorem 2.1). But there are some typo
errors in the proof. For the sake of typo correction we sketch here an alternate
proof of the theorem. Some outcomes are also listed.

Theorem 4.1.1. ([25]; Theorem 2.1) Let A and B be rngs of a semi-pmc
K(A,B) in which <,>

also commutative.

, 1sepic. If A is commutative and B is reduced, then B is

Proof: Assume that the mc
K(4.8)=[4BMN(), (), ]

is a semi-pmc in which A is commutative, B is reduced, and the Morita map
<,> , 1s epic. Thus every element of Bis a linear combination of Morita pairings
of the form <m,n>B .

Hence, it suffices to prove that an arbitrary commutator

b=[(mn}, o), ]=0

Straightforward calculations show that & = 0, and as Bis reduced, 5=0. W
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Some applications of Theorem 4.1.1 are following.
Corollary 4.1.2. Let A and B be rngs of a semi-pmc K(A,B) in which <,>

Is epic.

B

1) If A is commutative and B is a domain, then B is also commutative.

2) If A is commutative and B is a division ring, then B becomes a field.

3) If A is commutative and B is an SR rng, then B is also commutative.

4) If A is a nonsingular rng and N(A)c Cent(A), then B is also commuta-
tive.

Proof: All proves are straightforward.

Example 4.1.3. (A semiprime ring which is not reduced)

Let K(4,B)= [A,M,N,B,(,)A ,(,) ] be an mc of rngs and let its Morita rng

B

4 N
be denoted by R = { }
M B

Clearly, if both A and B are rings, then Ris a ring. It is proved in ([6]; Theo-
rem 2.1) that from an mc K(A,B) of rings one can always get a semi-pmc and

a pmc. In particular, if <,> is epic, then K (R,B) is a pmc. Hence, in this

B
case Band R are Morita similar. Let K (A,B) be a semi-pmc of rings (with
1#0) in which (,),
commutative and B is reduced, then the Morita ring R is semiprime but not re-

duced.

is epic. It is proved in ([25]; Corollary 2.5) that, if A is

4.2. Right Goldi C,-Rings

Definitions 4.2.1. A ring A is said to be a C,-ring as introduced by Chuang and Lin
in1989 in [26], in case for every pair x,y € A4, there exist integers m = m(x, y)
and n= n(x, y) such that [x”’ V" :L =0, where [x, y] , s the kth-commutator
defined by [x,y]k = [[x,y]kfI ,y] where [x,y]l =[x, »].

A ring is right Goldie in case it has finite right uniform dimension and satis-
fies acc on right annihilators.

Lemma 4.2.2: ([26]; Theorem 1) Every reduced G, -ring is commutative.

We sketch here an alternate prove of the following.

Theorem 4.2.3. ([27]; Theorem) A semiprime right Goldie C -ring with symme-
tric right quotient is commutative.

Proof: In Proposition 3.4.12 we have proved that every reduced rng is symme-
tric. Now we prove that the converse also holds for vNR rings. Let ae N (A)

be a non-zero element of some index n. Since A is VNR, for some xe€ 4,
a=axa= (aac)n_l a.
But A is symmetric and «" =0, which implies that
a=a"x""=0.

Hence A is reduced.

The famous Goldie’s Theorem states that a ring A4 is semiprime right Goldie
iff A has a right quotient ring B which is semisimple Artinian ([28]; Theorem
2.3.6). But a semisimple Artinian ring is VNR ([29]; Theorem 1.7). Since B is
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symmetric and now VNR, Bis reduced. This means that A4 is reduced. Since 4 is
a C, -ring, by the Lemma 4.1.2, A is commutative.

Proposition 4.2.4. If A is a vINR ring, then

1) A is reduced if and only if A is abelian.

2) A is reduced if and only if A is NCIL.

3) A is reduced if and only if A is near-Al

Proof: 1) Let A be reduced. Let e 4 be an idempotent. Assume that re€ 4.
Then e(1—e)=0. Because a reduced ring is an Al-ring, er(l1—e)=0= er =ere.
Similarly one can prove that re=ere. Hence er =re,Vr e A. Conversely, as-
sume that A is VNR and abelian. Let ae N (A) . Then for some then
a=a (xa) =xa’ = A is SR. Hence by 2.2.4(2) A is reduced.

2) Follows from ([11]; Proposition 1.4).

3) Follows from ([13]; Proposition 1.6).

4.3. Armendariz Rings and Generalizations

Finally, we very briefly review Armendariz rings.

Definitions 4.3.1. In [30] a rng A is called an Armendarizin case
f(x)=ay+ax+-+a,x",g(x)=by+bx+--+bx" € A[x],

such that
f(x)g(x)zOﬁaibj =0, Vi=1,---,m; j=1---,n.

A is called weak Armendarizin [31] in case

f(x)=ay+ax, g(x)=by+bxe A[x],

such that
Jg2=0=ayb, =ayb, =ab,=ab =0.

Proposition 4.3.2 For rings following implications hold.

Reduce = Armendariz = weak Armendariz=> abelian.

Proof: For: Reduce rings = Armendariz rings see ([13]; Lemma 1.1).

Armendariz rings = weak Armendariz rings holds by definitions.

For: weak Armendariz rings = abelian rings also see ([13]; Lemma 1.1). |

Example 4.3.3. Armendariz = Reduced: It is clear from above that every
reduced rng is Armendariz but the converse is not true in general as it clear from
the following example:

For any reduced ring A, the ring of Example 3.3.7.
G Gy G

S=<85,=10 a a, :ak,akijeA
0 a
is not reduced. Straightforward calculations show that it is Armendariz.

Example 4.3.4. ([13]; Example 1.2) weak Armendariz = Armendariz.
Consider the factor ring:

A=1, [x,y]/<x3,x2y2,y3>.
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It is proved in ([31]; Example 3.2) that A is weak Armendariz. Now, in the
polynomial ring A[z] over z Xy #0 but

(T+32) =(3+ ) (¥ + 2%z + 3°2°) =0,
Hence A is not Armendariz.

Example 4.3.5. (An abelian ring which is not weak Armendariz) Let 4 be an

abelian ring. Then

ta,b,c,d, f,g,ke A

o © o 8
o o 8 o
S Q N 0O
Q 0 X

is also abelian (see details in [21]). Then consider the polynomials:

f(x) =E, +(E12 —El3)x € R[x]
g(x) =E, +(E24 +E34)x € R[x]

Then f(x)g(x)=0 but E,(E,+Ey)#0.

Hence Ris not weak Armendariz.

Now we give an extended list of equivalent von Neumann regular rings. For
proof we refer to ([27]; Lemma). All these rings are NC-rings.

Theorem 4.3.6. Let A be a vINR ring. Then the following are equivalent.

1) A is reduced,

2) A is abelian;

3) A is left (or right) duo;

4) A is left (or right) symmetric

5) A is reversible,

6) A is2-primal,

7) Ais PSE

8) A is NI

9) A is NCL,

10) A is AL

11) A is quasi-AL

12) A is near-AlL

13) A is Armendariz,

14) A is weak Armendariz,

15) A is a subdirect product of division ring;

16) If a,a',a" € A, such that aa"=0=a" with n>1, then aa'a"=0;

17) If a,a’,a" € A, such that aa"=0=a'*, then aa'a"=0.

Remark: For vNR rings above results can also be followed from [9] [11] [13]
[14] [15] [32]. [ |

The consequences of the Theorems 4.2.3 and 4.3.6 are the following.

Corollary 4.2.7. A C-vNR ring is commutative if any one of the properties
(1)-(17) of Theorem 4.3.6 is satisfied. [ |

Corollary 4.2.8. A semiprime right Goldie Cy-ring is commutative if its clas-
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sical ring of quotient satisfies any one of the properties (1)-(17) listed in Theo-
rem 4.3.6. u

5. Conclusion

This expository work deals with the rings in which sum of two nilpotent ele-
ments is nilpotent. All commutative rings have this property, so we have termed
them near commutative, or in short, NC-rings. In general, we have considered
rings not necessarily be with one. In this work we have picked very common
classes of rings which can be subsumed under NC-rings. In any future work

more classes of rings can be studied and compared with NC-rings.
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