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Abstract

This article draws on stylized facts to build a dynamic portfolio allocation
model of sovereign wealth funds (SWF). We show that a traditional dynamic
Merton allocation model allows for the stylized evidence that, on the one
hand, the shares of monetary assets in such funds grow with the risk aversion
of the state-investor in time, and on the other hand, these funds include the
presence or absence of hedge funds correlated to the financial situation. One
weakness of this model is its prediction of a lower risk/riskier asset ratio for
sovereign stabilization funds and generational savings sovereign funds. This
result contradicts the stylized fact of a lower risk/riskier asset ratio in stabili-
zation funds than in generational savings funds. A dynamic model inspired
by the theoretical framework of Bajeux-Besnainou et al [1] is compatible
with all the stylized facts.
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1. Introduction

Sovereign wealth funds seem to be on the rise in Africa. The first African sove-

reign wealth fund (SWF) was created by Ghana in 1993. African countries ma-

naged nearly $156 billion at the end of May 2013. Nearly 22 sovereign wealth

funds exist in Africa and still others are in the pipeline. With more than $65 bil-

lion in assets, the Libyan fund is the largest African sovereign wealth fund. In

sub-Saharan Africa, Angola and Nigeria are at the top of the ranking of the larg-

est sovereign wealth funds. Other countries such as Gabon and Equatorial Gui-

nea have sovereign wealth funds. Senegal, which has very few natural resources,

has launched its sovereign wealth fund. The IMF (International Monetary Fund)

DOI: 10.4236/tel.2019.91013  Feb. 1, 2019 155

Theoretical Economics Letters


http://www.scirp.org/journal/tel
https://doi.org/10.4236/tel.2019.91013
http://www.scirp.org
https://doi.org/10.4236/tel.2019.91013
http://creativecommons.org/licenses/by/4.0/

K. T. Gaudens-Omer

defines sovereign wealth funds as government-owned and purpose-built invest-
ment funds. Created by a public authority for macroeconomic management
purposes, SWFs hold, manage or administer assets to achieve financial objectives
and use a series of investment strategies that include investments in foreign fi-
nancial assets. Clearly, sovereign wealth funds are long-term public investment
funds with no liability, which are at least partially invested in foreign assets [2]
[3].

Sovereign wealth funds are usually created from balance of payments surplus-
es, foreign exchange transactions, proceeds of privatization, budget surpluses
and/or revenues from commodity exports. The decision to create a sovereign
wealth fund responds to clearly identified macroeconomic needs. Sovereign
wealth funds around the world have grown rapidly, and according to the SWF
Institute, the total amount of the 67 national funds was $5402 billion in 2013.
This value has almost doubled over the last decade. Arab oil-producing Gulf
countries have created the first sovereign wealth funds. Far behind Asia (40%)
and the Middle East (35%), Africa accounts for only 3% of sovereign fund vo-
lumes collected by governments around the world. In general, countries that
create sovereign wealth funds are those who live off the wealth of their commod-
ity and mineral exports. The objective of these countries is to take advantage of
the manna of exporting raw materials to stabilize the country’s economy and
boost its development (Thouraya Triki and Issa Faye).

There are two main categories of sovereign wealth funds: stabilization funds
and generational savings funds. Stabilization funds help to preserve energy secu-
rity and promote the economic and social development of countries [4] [5].
They also act as lenders of last resort or insurance funds in the context of crises
and financial turmoil [2] [3]. Stabilization funds have a medium-term horizon
and will tend to invest in liquid assets and relatively less risky asset classes. Ge-
nerational savings funds are a kind of precautionary savings when there is un-
certainty about the future of future generations. These savings funds for future
generations have a long-term horizon and will invest in relatively riskier asset
classes with higher returns. These two types of sovereign wealth funds, however,
raise many questions as to their purpose, according to the African Development
Bank (ADB): are they aimed exclusively at economic stabilization and interge-
nerational savings? Such a question is all the more justified because some Afri-
can sovereign wealth funds also seem to be used as “slush funds” in which gov-
ernments regularly draw money. Political factors may override profitability con-
siderations, creating a bias in the investment policy of these funds. But beyond
this governance problem, the biggest challenge facing African sovereign wealth
funds is structural. Indeed, most of these funds suffer from a size that is often
too small and with too little liquidity. In addition, these funds often invest in so-
vereign debt (sometimes their own country) badly rated and the markets on
which they invest are too fragmented.

In general, African sovereign wealth funds are characterized by a lack of
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transparency as to their investment strategies and performance. The details of
the investments are not very transparent, but the known figures suggest that they
invest in money and bonds as well as outside Africa. African SWFs seem to be
suffering from a lack of investment technology and portfolio management ex-
pertise. This raises the question of the best investment strategy of sovereign
wealth funds. What should an optimal investment strategy for sovereign wealth
funds look like? To answer this problem, we use the methodology of theoretical
modeling. The rest of the article is organized as follows: Section 2 reviews the li-
terature on the strategic allocation of SWFs and some stylized facts useful for the
theoretical model. In Section 3, we develop a dynamic model of allocation of so-
vereign funds without and with portfolio revision, according to the analytical
framework of Merton as well as that of Bajeux-Besnainou et al [1]. Section 4

concludes the article.

2. Literature Review and Stylized Facts

2.1. Strategic Allocation of Sovereign Wealth Funds: A Literature
Review

Sovereign wealth funds have various economic objectives, such as stabilizing the
budget, diversifying resources, saving for future generations. They also pursue
political strategy goals, such as controlling politically sensitive industries or
supporting the domestic economy (Avendano and Santiso, 2009; Ang, 2012).
Sovereign wealth funds can be managed by different institutional structures,
such as central banks or independent financial institutions. Having the status of
public institutional investor (IMF, 1978), sovereign wealth funds are primarily
managed funds according to proven investment strategies despite macroeco-
nomic objectives pursued and the presence of states.

Sovereign wealth funds prioritize strategic allocation as an allocation strategy.
The strategic asset allocation, which has a long horizon (several years), concerns
a small number of asset classes (equities, bonds and money market securities)
and depends on the risk aversion and the wealth of the investor. For example,
the asset allocation of the Norwegian fund is: 40% bonds, 60% equities; the asset
allocation of the Singaporean GIC fund is: 30% bonds, 50% shares, 20% alterna-
tive. According to the IMF, nearly 40% of sovereign wealth funds invest in pri-
vate equity or real estate. The majority of Sovereign Wealth Fund assets are in-
vested in listed securities, with a recent strong trend in hedge funds (private eq-
uity). At the sector level, most SWFs focus on finance, real estate and new tech-
nologies.

The literature on the management of sovereign wealth funds often considers
the medium and long-term management of sovereign wealth funds (stabilization
funds, generational savings funds). Such management combines strategic asset
allocation and tactical asset allocation. The strategic asset allocation, which has a
long horizon (several years), concerns a small number of asset classes (equities,

bonds and money market securities) and depends on the risk aversion and
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wealth of the investor; the tactical allocation with a short horizon (less than six
months) does not depend on the investor’s utility function but focuses on indi-
vidual securities; it is a bet on the investor’s ability to take advantage of oppor-
tunities or to anticipate market reversals. A rational allocation process can com-
bine the strategic allocation that first fixes the investments by major asset classes
and the tactical allocation that then makes it possible to choose the different in-
dividual securities and their weights, under the previously defined constraints by
the strategic allocation.

Mathis [6] proposes to distinguish three phases in the choice of portfolio. The
first phase, called strategic, leads to specify the market segment that will serve as
benchmark for the fund. This is most often a market index. This decision is
made prior to the formation of the fund and is generally not the responsibility of
the manager. The so-called tactical second phase specifies the fund’s expected
benchmark objectives: is it to replicate the index, outperform it or only to a
benchmark? Finally, the third step is the actual selection of the securities to meet
the profitability objectives set out in the fund. The manager intervenes only in
the last two stages. Aaron, Bilon, Galanti and Tadjeddine [7] defined manage-
ment styles through three elements: the presence or absence of a referent; the
nature of the referent’s influence; the existence of conditions when selecting se-
curities.

The strategic allocation takes into account the characteristics of the investor
(age, attitude to risk) and most often concerns long-term investments. It consists
of three rules: the first dictates the distribution of weights in each of the three
major categories of financial securities: monetary assets (<1 year); bonds (5 - 10
year fixed rate fund); equities (stock index or predetermined portfolio). This
composition of the portfolio depends on the investor’s objectives (which depend
on his wealth and risk aversion) and on the duration (T) of the investment. The
second rule determines the evolution of these weights (buying or selling risky
securities) according to the time elapsed or the age of the investor. The third rule
dictates changes in the portfolio according to market developments (interest rate,
stock market index). In general, in the trade, there is a consensus, based on
common sense, for the first two rules while opinions diverge for the third.

A body of empirical research has analyzed the public investment strategies of
sovereign wealth funds and their performance. Although these studies focus only
on a fraction of sovereign wealth funds, mainly those investing in the shares of
listed firms, they show that sovereign wealth funds tend to invest in large foreign
companies, often in the financial, energy and investment sectors, with poor di-
versification and poor medium-term performance [8] [9] [10] [11]. The work of
Bortolotti [11] shows that, in the medium and long term, or even the very long
term, sovereign wealth funds seek the greatest security in the face of economic
cycles and regional events. They privilege the performance-safety pair compared
to risky investments, which they do not necessarily control. In addition, a signif-

icant portion of the financial portfolio is invested in assets denominated in for-
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eign currencies. In addition, Sovereign Wealth Funds very often intervene far
from their country of origin, in legal and economic contexts that they do not
master without the assistance of advice; this drives them to look for investments
that require little “asset management”.

They favor the so-called “buy and hold” long-term management (no short-term
round trips on financial securities). Their objective must be the maximization of
the return on capital invested, unlike the central bank which manages capital in
the interests of stability and not of profitability. In doing so, they do not suffer
the short-term pressure of withdrawing funds in crisis episodes and are not con-
strained in their strategy by frictions of prudential regulation. Due to this
long-term management, the performance of sovereign wealth funds can hardly
be evaluated in the interim period. Sovereign wealth funds have also been used
as “investors of last resort” during recent crises, intervening to support domestic
financial markets [2] [3] [12].

A large portion of Sovereign Fund investments remain private and several
works focus on funds investing in the shares of listed companies. Dyck and
Morse [10] and Bernstein et al [8] show that sovereign wealth portfolios tend to
be insufficiently geographically diversified, with a strong domestic bias. Sove-
reign wealth funds tend to have significant shares in large companies in politi-
cally sensitive industries, such as energy, finance, telecommunications [9] [11],
contradicting the principles of diversification (sound diversification). They also
tend to take large shares in companies with financial difficulties, both abroad
and in the country [2] [3]. The performance of these investments is generally
poor in the long run, even though the announcement of SWF investments gives

positive abnormal returns on the stock prices in the very short term [11].

2.2. Theoretical Models of Optimal Allocation of Sovereign Funds

Theoretical work on the optimal management of sovereign funds is rare. Some
studies focus on the allocation of sovereign funds whose resources come specifi-
cally from certain commodities. Thus, Scherer [13] [14], Brown ef al [15], and
Martellini and Milhau [16] study the optimal allocation of a sovereign wealth
fund by examining the wealth of non-tradable assets in the fund (the fund’s pa-
per oil assets) or exogenous liabilities, of which a proxy is the index indexed to
inflation. But the example of recent crises clearly shows that other sovereign lia-
bilities must be taken into account: debt, contingent liabilities, and so on. In ad-
dition, when a government runs out of liquidity to pay its debts, sovereign
wealth fund assets are often available to replace funds originally earmarked for
this purpose. In 2010, in the middle of the subprime crisis, Russia, Ireland, Ka-
zakhstan and Qatar used their sovereign funds or public pension funds to invest
in banks or support the stock markets.

The best theoretical models for optimal allocation of SWFs seem, to our
knowledge, those developed by Bodie and Briére [17] [18] [19]. In their model,
the sovereign is taken in a broader sense, including all related institutions
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(budget government, central bank, sovereign wealth funds, pension funds, etc.).
Managing the wealth of a state is not much different from managing an individ-
ual’s wealth [17] [18] [19], a pension fund’s wealth [17] [18] [19] or a founda-
tion’s wealth [20]. Knowing how much should be saved and how wealth should
be invested is a classic asset-liability management problem (ALM problem), the
optimal allocation and spending depend crucially on the nature and size of the
assets and liabilities, and the sources of their uncertainty. Merton [20] solved a
similar problem for a university endowment fund.

Bodie and Briére [17] [18] [19] propose to estimate the state’s economic bal-
ance sheet by using the theory of contingent claims and considering the joint
management of all sovereign assets and liabilities in an asset-liabilities manage-
ment framework. In this sovereign case, the optimal allocation differs slightly.
They assume that the objective of the state is to maximize its expected utility,
which is a function of its overall sovereign surplus “Global Sovereign Surplus
(GSS)”, dependent on the allocation of the sovereign’s assets. Bodie and Briére
[17] [18] [19] show how the question of the optimal allocation of sovereign
funds can be considered globally as a classic asset-liability management problem.
Indeed, tax revenues that the central government receives each year; a portion is
used as operating expenses, investment and to repay external and domestic debts.
The residue is saved in a sovereign wealth fund, in central bank reserves or in
the public pension fund.

The optimal allocation of the sovereign wealth fund depends crucially on the
nature and size of the sovereign’s assets and liabilities, and the sources of their
uncertainty. Bodie and Briére [17] [18] solve this problem analytically and show
that the optimal portfolio consists of a portfolio seeking performance and three
additional portfolios covering the variability of fiscal surplus and external and
domestic debt. Bodie and Briére [19] generalize these results by introducing
other sources of risk affecting the sovereign’s balance sheet: inflation [16],
changes in oil prices [13] [14], etc. In a more general context, taking into ac-
count all the sources of risk affecting the sovereign’s balance sheet, three terms
of demand for cover are added to the speculative portfolio. They take into ac-
count not only the risks of inflation and commodity price fluctuations (which
affect the variability of the tax surplus) but also the risks arising from foreign
and domestic liabilities. In addition, the variability of the fiscal surplus is influ-
enced not only by commodity prices and the volatility of inflation, but also by
the sovereign’s policies on natural resource extraction, taxation, and so on.

In a nutshell, the optimal portfolio of sovereign funds consists of a speculative
portfolio seeking performance and three additional portfolios that hedge the
risks affecting the sovereign’s balance sheet (fluctuations in commodity prices,
volatility of inflation, risks arising from foreign and domestic liabilities, political
risk related to the sovereign’s policies on extraction of natural resources, taxa-
tion, etc.).

These theoretical models make it possible to provide advice for the manage-

ment of sovereign wealth funds, taking into account the relationship between
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sovereign wealth funds and foreign exchange reserves. The optimal composition
of the sovereign wealth fund should involve a portfolio seeking performance and
three hedge portfolios due to the variability of the fiscal surplus and external and
internal debt. Thus, the models of Bodie and Briére [17] [18] [19] revisit the is-
sue of the management of sovereign wealth funds, considering all sources of
public revenues and public expenditures (public institutions, central bank, sove-
reign wealth funds, investment funds, pension funds, etc.). In doing so, they
shed new light on the question of the optimal allocation of the sovereign fund.

But one limitation of these models is that they do not explain the difference in
optimal allocation between sovereign stabilization funds and generational sav-
ings sovereign funds. Indeed, stabilization funds that have a medium-term hori-
zon tend to invest in liquid assets and relatively less risky asset classes; and ge-
nerational savings funds with a long-term horizon tend to invest in relatively
riskier asset classes with higher returns. The ratio of riskier assets to less risky
assets is therefore lower in stabilization funds than in generational savings funds.
Thus, the portion of risk-free assets (monetary assets, for example) in the sove-
reign fund portfolio differs according to the risk profile of the fund. Such a fact
appears immediately in accordance with the allocation rule in this case is go-
verned by the two-fund separation theorem of Tobin-Black-Markowitz. Howev-
er, Markowitz’s theoretical model is a static model that is not compatible with
the long-term horizon that sovereign wealth funds aim at. Modeling the alloca-
tion of sovereign wealth portfolios requires the use of dynamic portfolio optimi-
zation models.

The first dynamic models of portfolio management were developed by Samu-
elson [21] and Merton [20]. The purpose of these models is not necessarily to
achieve an efficient portfolio in the mean-variance sense, but more generally to
maximize the expectation of usefulness of the terminal value of the portfolio. Ef-
ficient portfolios are obtained by maximizing the expectation of a quadratic util-
ity function, a very special case of a class of utilities called Hyperbolic Absolute
Risk Aversion (HARA). We model the allocation of SWFs via a dynamic, conti-
nuous-time model based on stochastic dynamic programming. The great com-
plexity of stochastic dynamic programming may limit its practical application
[22]. Only in very specific cases such as the use of CRRA utility functions or
complete financial markets [23] [24] can one obtain a simple analytical solution

of optimal dynamic strategy

2.3. Some Stylized Facts

Before developing the theoretical model that describes the optimal allocation of
sovereign funds, we identify the stylized facts that attempts to reproduce the
modeling. These stylized facts (SF) highlight knowledge gained from previous
work or management practices of SWFs.

v" FSI: There are two main categories of sovereign wealth funds: stabilization

funds and generational savings funds. Stabilization funds have a medium-term
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horizon and will tend to invest in liquid assets and relatively less risky asset
classes. Generational savings funds have a long-term horizon and will invest
in relatively riskier asset classes with higher returns.

v' FS2: Sovereign fund managers who manage stabilization funds are more
risk-averse than those who manage generational savings funds. This principle
is based on theoretical results from precautionary savings models, intertem-
poral smoothing, etc. This allows risk profiles of sovereign wealth funds to be
defined in the absence of risk aversion indicators.

v" FS3: It can be seen that in the practice of managing SWFs, the allocation of
the risky fund (equities, bonds, real estate shares, land shares, etc.) is a func-
tion of the risk profile of the manager, the State-investor.

v’ FS4: In sovereign wealth funds, the share of monetary assets depends on the
risk profile of the fund managers who adapt to the risk profile of the country
owning the fund. Indeed, stabilization funds that have a medium-term hori-
zon tend to invest in liquid assets and relatively less risky asset classes; and
generational savings funds with a long-term horizon tend to invest in rela-
tively riskier asset classes with higher returns. The ratio of riskier assets to
less risky assets is therefore lower in stabilization funds than in generational
savings funds.

v' FS5: Some sovereign wealth funds have hedge funds in their assets, while
others do not.

We model, in the next section, the allocation of sovereign funds, which re-

produces these stylized facts above.

3. Modeling the Allocation of Sovereign Funds

3.1. A Dynamic Sovereign Fund Allocation Model with Portfolio
Revision

The objective of the sovereign wealth fund is to maximize the expected utility of
the terminal value X (T) of the investment. To achieve this objective, the so-
vereign fund manager implements a dynamic portfolio strategy that consists of
determining, at all times, the proportions of the fund available to allocate to each
of the available financial securities: instantaneously risk-free assets, and various
risky assets (bonds, shares, real estate or land, etc.). The sovereign wealth fund
has an initial investment of amount X (0)= X, . This initial fund has a certain
rate of return R, over the period (0,7). Unlike the dynamic model without
revision, the dynamic model with revision integrates a vector Y (¢) of state va-
riables characterizing the financial situation (interest rate, stock market index,
etc.). It is the changing nature of the economic and financial situation that al-
lows for a possible revision of the sovereign fund portfolio.

The sovereign fund manager is supposed to consider only self-financing
strategies, with no contributions or withdrawal of funds between 0 and 7 and
bearing negligible management costs. It is considered that there are N +1 as-

sets (denoted 0,1,---,N) exchanged on the market supposed to be open conti-
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nuously. Asset 0 is risk free in the very short term (in all # on the horizon ¢+dt)
while assets 1,---, N are risky. At a time £ a portfolio is defined, to a scale fac-

tor, by the weights ¢, (¢), --,ay(¢) of the N risky securities. The weight

a, (1) of the asset instantaneously without risk is therefore equal to:

2, (1)=1-3 (1) = 5, (1) =1-1'x(1 )

Noting S, () the price of the asset 7 in # r(¢) the short rate (stochastic)
and dR () the random profitability of the title / between ¢ and ¢+dr, it
comes:

ds,
S,

ds,
(1)=r()ds CH(1)=dR (1), =1 N @)
The vector of Nrisky returns is noted dR and presumed to evolve according

to a multidimensional It6 process:

dR = p(r)de +Z(t)dW (3)

It is assumed that the Nrisky assets are non-redundant, which implies that the
variance-covariance matrix V(t) —of general term v, (v[/.dt :Cov(dR[,dR ; ))
with ¥ (¢)=%'(¢)Z(¢) —is invertible. The portfolio strategy «(¢) and the ini-
tial investment X (0) normalized to 1 are combined with the value of the
portfolio X (7). We will note later this strategy, (¢, X ). The relative change in
value of a self-financed portfolio corresponds to its profitability, equal to the

weighted sum of the returns of its components:

L oy () () + ' (1)aR = [1- Ve ()] (1) i+ (1) R
%:r(t)dt+g’(t)(d1_€—r(t)ldt) (4)

As before, we assume that the objective function of the sovereign fund man-
ager is the expected utility of the terminal value, ie E{U (X (T))} Always
consider that the utility function is of the CRRA type (Constant Relative Risk
Aversion). But we choose a logarithmic utility function for which the risk aver-

sion coefficient is constant (CRRA) and equal to 1:
U(X(T))=In(X(T)) (5)

The manager of the sovereign wealth fund with such a logarithmic utility func-
tion is called a logarithmic investor. This assumption about the manager’s prefe-
rences reflects the idea that he is short-sighted, that is, he does not have to worry
about what will happen in later periods. To see this, it suffices to show' that
ln(X(T)) = ln(X(O))—i-Z:ji1 In(R,). In this case, maximizing E{ln(X(T))} is
equivalent to maximizing ZtN:lE {ln(R, )} . Therefore, the choice of portfolio in

t does not affect the rates of return that can be obtained in subsequent periods

=X(0)RR, R, =In(X(T))=In(X(0))+>" In(R)
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t+1,---,N . The maximization is thus obtained simply by the choice, at each step
t, of the portfolio which ensures the maximization of E {ln(Rl )} , without tak-
ing into account the In(R;) relating to the subsequent periods " which will
be maximized. when the time comes ¢'. Such myopia greatly facilitates the cal-
culation of the weights assigned to () risky securities.

A strategy can therefore be represented by a function fgiving, at any moment,
the weights ¢(7) attributed to the different assets. This allocation of the fund
depends on the objectives of the investor (utility function), the elapsed time ¢
(between 0 and 7), its wealth (X (t)) and a vector Y (t) of state variables

characterizing the financial situation (interest rate, stock market index, etc.):
a(t)=f(6X(2),X(t);U.T) (6)

The manager of the sovereign fund chooses its self-financing strategy in order

to maximize the expectation of the utility of the terminal value of its portfolio:

Max,, E{In(X (T))} Max, £ {In(X (7))}
sc%:ao(t)r(t)dt+g'(t)dl_? () :sc%zrdt+g'(t)(dl_€—rdt~l)

X(0)=x,=1 (C,) X(0)=1

This program is solved using stochastic dynamic programming, in the manner

of Merton:
2
Max,,, E {In(X (1 +dr))} & Max,, E{dIn(X (1))} & Max,, E{%_l(ﬁj }

according to It’s lemma. Under (C,) we have:

& Maxa([)E{(l -a'l)rdi+a'dR —lvariance(g'dﬂ)}
“ 2

= Maxa([)E{g’(,L_t - rl) —%C_X’VQ} =>a()=V" (t)-(,u - rl)

This portfolio solution is called the Cash Portfolio (Long, 1990), Optimal
Growth Portfolio [20] or Logarithmic Portfolio. The portfolio (&, X) has sev-
eral properties:

v’ At each moment ¢ it is efficient on the horizon ¢+dz. He is therefore ho-
mothetic to the tangent portfolio.
v' It maximizes the expected rate of growth of wealth at any time 7.

The optimal growth portfolio (&, X) dominates over the long term all other
portfolios in the following direction: Whatever the feasible and self-financing
portfolio strategy different from (@,X) whose terminal value is X (T), the
probability of the event [X (T)>Zz (T)] tends to 1 when 7'tends to infinity.

This property gave rise to Kelly’s criterion, which is popular among some
practitioners. According to this criterion, any investor whose horizon is distant
should follow the logarithmic strategy since the probability that the value of his

portfolio is greater than that he would obtain following a different strategy is,
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asymptotically, equal to 1. In fact, this criterion applies only to the logarithmic
investor. Indeed, we can show that lim, , P[X(T)>Z(T)]|=1 does not
imply E{U(X(T))} > E{U(Z(T))} for all U and for T sufficiently large.
Therefore, Kelly’s criterion is inconsistent with the principle of maximizing the
expectation of utility and in that sense is without foundation.

Like Merton, it is further assumed that the interest rate r and the prices of the
securities follow diffusion processes which depend on m state variables Y (t)

themselves governed by diffusion processes. :
dr=¢(6,Y)dt+q'(t,Y)dW 5 dR=p(t,Y)de+Z(0,Y)dW s

dY (t)=a(s,Y)dt+Q(t,Y)dW

Q is a (pxm) matrix, ¥ is a (nxm) matrix, ¢ and g are respec-
tively vectors m and 1 dimensional. The resolution of this complex model leads
to precise analytic relations only in very particular cases concerning processes

and utility functions. Nevertheless, we get the general shape for optimal weights:

o (£X.Y)=7(6X.Y)a(tX.Y)+ Y& (t.X.Y)a, (1.X.Y) and @y =1-a'1(7)

k=1

where 7=- represents the relative risk tolerance calculated in t from the

XX

indirect utility function; a=V" ( pu—rl ) is the optimal growth portfolio stu-

died previously, with:

a' (L,X,Y)=- X‘jx ():'(z)z(t))‘1 (4 —rl)—i—gé’k (t,X.Y)e, (,X,Y)  (8)

and o, =1-a'1

The expression (Z'(t)Z(t))% (E"’l) translates in vector form the ratio
between the Sharpe ratio of the portfolio of the sovereign wealth fund and the
volatilities of risky assets.

(cl):%z [r()de+a ()(p(e)-r(1)1)Jde+a ()2 ()dw () )

&, depends on the indirect utility function and reflects its sensitivity to the
state variable Y, . State variables influence investment prospects, including prof-
itability expectations and risks, hence future differentiable utilities, and hence
the indirect utility function; the evolution of a state variable can, in this sense, be
favorable or unfavorable. ¢, is a portfolio whose profitability is perfectly cor-
related with the variable dY, of the kth state variable in the interval [z,+dr]
(and decorrelated with dY, ); the position on X, isa hedge designed to protect
the investor from the risk of an unfavorable evolution of Y,

Formally, the optimal share of the market portfolio is the weighted sum of
(m+1) factors: a proportion (#,X,Y) related to the risk profile of the

manager and weighted by the degree of relative risk aversion of the manager,
J

—#; m proportions @, (£,X,Y),k=1,---,m, related to the sensitivity of the
XX

manager’s preference to the state variable Y,,k=1,---,m and each weighted by
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the sensitivity of the manager’s indirect utility function to the state variable,
& (1X.Y).

The expression of the optimal part of the market portfolio in the sovereign
fund, in the event of portfolio revision, reflects the intuitive idea that it depends
not only on the risk profile of the manager (as in the case without portfolio revi-
sion) but also on the sensitivity of its preferences to changes in the economic and
financial situation. The optimal allocation of the sovereign fund wealth between
the monetary asset and the market portfolio is revised when the economic and
financial situation changes.

The optimal share of the market portfolio in the sovereign fund, in case of
portfolio revision, depends on the risk aversion of the manager, which is variable
over time. In addition, it is proportional to the Sharpe ratio, inversely propor-
tional to volatility. Finally, it depends on the sensitivity of the manager’s prefe-
rence to the state variable. It is shown that the optimal solution of the optimiza-
tion program leads to a principle of separation and a principle of revision:

Separation theorem in m + 2 funds. The optimal portfolios of all investors are
dynamic combinations of the following same m+2 funds: risk-free assets 0;
the optimal growth portfolio «; m fund ¢,---,a, , the kth fund ¢, being
constructed in such a way that its profitability is locally (that is to say between ¢
and f+dt) perfectly correlated with the variations of the kth variable of state
Y.

Principle of revision of the sovereign fund wealth portfolio: The composition
of each of the m+1 separator funds «,¢,, --,, is readjusted continuously

(depending on fand of Y(¢)) and the agents affect m+2 separator funds

0,a,¢,,-,a, weights that depend on their preferences and are changed con-
tinuously.
What exactly are the mfunds ¢,,:-,¢,, ?

We have £ state variables, k=1,---,m. We have a vector X(l) of state va-
riables with ¥ (1) = (¥, (1), Y, (¢),--.¥, (¢).-+.¥, (¢)) . Suppose that at time ¢ the
state variables Y (¢) and Y(z) change, we add 2 coverage allocations g,
and . The fund ¢, is constructed in such a way that its profitability is per-
fectly correlated with the variations of the state variable (7). The fund o5 is
constructed in such a way that its profitability is perfectly correlated with the
variations of the state variable Y; (7). Here, a separation into 4 funds prevails.
The optimal growth portfolio consists of a fixed ratio of risky assets (equities,
bonds, etc.).

Proposition 1: The portfolio of any investor who maximizes a concave utility
expectancy includes:

» An allocation in the log portfolio o which would be, with asset 0, the only
one present if the investor was myopic. This allocation is proportional to the
risk tolerance of the investor: it is therefore homothetic to the tangent portfo-
lio or still obtained as a combination of tangent portfolio and risk-free assets:

it is therefore efficient in the mean-variance sense, on the horizon d¢
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» m allocations in the hedge portfolios ¢, :-,a, , intended to protect the
non-myopic investor against the changes in economic conditions that would
cloud the outlook for his future investments.

» a position (short or long) on the monetary asset 0 which accommodates the
allocations to the m + 1 other separating funds, so that the sum of the
weights is always equal to unity: «, =1-a 1.

Proposition 2: When the rate ris constant and no state variable affects the
coefficients ;4 and X which are constant, the logarithmic portfolio is con-
stant weight: o =32 ( /_j—rl). The optimal weights for risky assets are:
a’ = T(X (t)); a and @ are therefore proportional to the relative risk to-
lerance of the investor.

Since the number of state variables m is zero, a separation into two funds pre-
vails: all optimal portfolios are combinations of the risk-free asset and the loga-
rithmic portfolio; the risky components of all the optimal portfolios have an
identical structure: they are homothetic with ¢« , thus the tangent portfolio, as
in the static case studied by Markowitz or the dynamic case without revision.

Proposition 3: When a single state variable, the interest rate r(z) affects the
coefficients x and X, a separation into three funds prevails: the monetary as-
set, the logarithmic portfolio and a perfectly correlated portfolio (positively or
negatively) with changes in the interest rate r(): a bond portfolio. In this case,

the model is written as:

dr = ¢(t,r)dt+g'(t,r)dl/l/; dR = E(t,ﬁ)dt+2(t,£)dlff (10)

here, m =1 and a separation into three funds prevails.

Proposition 4: When a single state variable, the stock market index affects the
coefficients ; and X, a separation into three funds prevails: the monetary as-
set, the logarithmic portfolio and a perfectly correlated portfolio (positively or
negatively) with the changes in the interest rate 7(#): an index fund.

Results: We summarize here the theoretical results obtained, which we con-
front with the stylized facts:

v R1: The model with revision requires the sovereign fund portfolio to have
hedge funds while in the non-hedge model, the portfolio does not display
hedge funds. This is in line with the stylized fact FS5.

v" R2: The models with revision show that the dynamic allocation follows the
principle of separation of funds: the share of risk-free assets (monetary assets,
for example) in the sovereign fund portfolio differs according to the risk pro-
file of the fund. Indeed, stabilization funds that have a medium-term horizon
tend to invest in liquid assets and relatively less risky asset classes; and gene-
rational savings funds with a long-term horizon tend to invest in relatively
riskier asset classes with higher returns. The ratio of riskier assets to less risky
assets is therefore lower in stabilization funds than in generational savings
funds. This is in sync with the stylized fact FS4.

v" R3: On the other hand, the ratio of bonds to shares prevailing in the risky
fund is identical regardless of the risk attitude (risk profile) of the fund. This
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theoretical result is in contradiction with the stylized fact FS3.

Thus, the Merton dynamic model that we used to formalize the strategic allo-
cation of SWFs does not replicate all the stylized facts highlighted. Which dy-
namic theoretical model is likely to reproduce all the stylized facts, thus making
it possible to explain the practice of the strategic allocation of the sovereign
wealth funds?

Because sovereign wealth funds have risky asset ratios that are dependent on
the risk profile of the investing state, they can be likened to profiled funds or
lifestyle funds. These are diversified funds that depend on the risk attitude of the
investor (lifestyle of the investor). The contradiction between the standard port-
folio theory and the presence of profiled funds in the concrete practice of portfo-
lio managers has been described as an enigma [24], especially since the use of
profiled funds is a rule of common sense. Several attempts at explanation have
been made: behavior that does not comply with the mean-variance criterion; ab-
sence of risk-free assets, due to a risk to the inflation rate which makes the real
profitability of the monetary asset uncertain; taking into account non-liquid as-
sets and investment horizon 7 greater than the duration of the monetary assets;
etc. But all these explanations proved to be disappointing, showing that this
enigma cannot be removed by a simple relaxation of the assumptions of the tra-

ditional models of Markowitz (static case) and Merton (dynamic case).

3.2. A Dynamic Model of Allocation of Sovereign Funds in Terms
of Lifestyle Portfolio

Bajeux-Besnainou, Jordan and Portait [1] show that the contradiction between
lifestyle portfolio and standard portfolio theory is only apparent. In other words,
when considering medium or long-term investments (7 >1 vyear), for which
the money fund becomes risky because of the uncertainty affecting future
short-term rates, by admitting revisions between 0 and 7, they show that pro-
filed funds can be explained by a dynamic optimization model at Merton. They
solve the enigma. The strategy for allocating profiled funds is of the constant mix
type. There are typically three types of investors: the conservative investor (C),
the moderate investor (M) and the aggressive investor (A). Each of these inves-
tors has a lifestyle portfolio:
v’ Conservative funds (P): investors who favor security will invest in bonds and
monetary assets (conservative investor).
v' Balanced funds (E): those who want both a substantial return and a lower
risk than an index will also buy bonds (moderate investor).
v Dynamic funds (D): “aggressive” investors requiring a high expectation of
profitability (with high risk) will invest primarily in equities.

The logic of the lifestyle portfolio recommends that the ratio of monetary as-
sets/total portfolio and the ratio of bonds to shares should increase with the risk
aversion of the investor. Using the theoretical framework developed by Ba-
jeux-Besnainou et al [1], which considers a model with three assets: a money

fund, a bond fund and an equity fund, it is possible to develop a dynamic alloca-
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tion model of sovereign wealth funds to explain the lifestyle portfolios that are
stabilization funds and generational savings funds. Stabilization funds that have
a medium-term horizon and tend to invest in liquid assets and relatively less
risky asset classes are the preserve of conservative investors. Stabilization funds
are thus similar to prudent funds. Generational savings funds that have a
long-term horizon and tend to invest in relatively higher-risk, higher-yielding
asset classes are the result of aggressive investors. Generational savings funds are

similar to dynamic funds.

4. Concluding Remarks

Our objective in this paper was to propose a dynamic model of SWF portfolio
allocation based on some stylized facts. We have shown that a traditional dy-
namic model of allocation of sovereign funds to the Merton [20] allows to ex-
plaining the stylized facts according to that, on the one hand, the shares of mon-
etary assets in such funds grow with the risk aversion of the state-investor over
time, and on the other hand, these funds include the presence or absence of
hedge funds correlated to the financial situation according to whether or not
they admit the portfolio revision. However, this model predicts a lower risk as-
set/riskier asset ratio for sovereign stabilization funds and generational savings
sovereign funds, which is at odds with the stylized fact of a lower risk as-
set/riskier asset ratio, lower in stabilization funds than in generational savings
funds. A dynamic model more compatible with the optimal allocation of sove-
reign wealth funds is inspired by the theoretical framework of Bajeux-Besnainou
etal [1].

This dynamic model interprets stabilization funds and generational savings
funds as lifestyle portfolios in which the share of risk-free assets in the sovereign
fund portfolio differs according to the risk profile of the fund. In doing so, the
model makes it possible to overcome the shortcomings of the Bodie and Briére
models [17] [18] [19], which certainly consider all the sources of public revenues
and public expenditure of the sovereign, but do not make it possible to explain
the difference of optimal allocation between sovereign stabilization funds and
generational savings sovereign funds. However, it remains to build a model that
explains the optimal allocation of sovereign funds by integrating both the theo-
retical framework of Bajeux-Besnainou ef a/ [1] and that of Bodie and Briere [17]
[18] [19]. This is what we will tackle in the future work.
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