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Abstract

In this paper, we study a class of boundary value problems for conformable
fractional differential equations under a new definition. Firstly, by using the
monotone iterative technique and the method of coupled upper and lower
solution, the sufficient condition for the existence of the boundary value
problem is obtained, and the range of the solution is determined. Then the
existence and uniqueness of the solution are proved by the proof by contra-
diction. Finally, a concrete example is given to illustrate the wide applicability
of our main results.
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1. Introduction

In recent years, there are few studies on boundary value problems of conforma-
ble fractional differential equations under new definitions [1] [2] [3]. And con-
formable fractional derivatives not only have good operational properties (Four
Operational Rules of Derivatives, Chain Rule and Leibniz Rule), this definition
can also construct fractional Newton equation and Euler-Lagrange equation
from fractional variational method, this is of great significance to the study of
uniform or uniformly accelerated motion of particles and to the solution of
Newton’s fractional-order mechanical problems [4] [5] (fractional-order har-
monic oscillator, fractional-order damped oscillator and forced oscillator). And
the method of upper and lower solution for monotone iteration can not only
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gives the existence theorem, but also determines the value range of the solution.
Therefore, this method has gradually become an important method for studying
nonlinear differential equations [6] [7] [8] [9]. In addition, with the application
of anti-periodic boundary value problems in various mathematical models and
physical processes has been widely applied, the integral boundaries are also
widely used in heat conduction, chemical engineering, groundwater flow, ther-
moelasticity, plasma physics and other fields. As a result, more and more studies
have been made on this kind of problems [10] [11] [12] (anti-periodic boundary
value problems, anti-periodic boundary value problems with integral bounda-
ries). However, the indefinite sign of solutions of nonlinear differential equa-
tions determines that some problems (anti-periodic boundary value problems
and their generalizations) cannot be studied directly by the method of upper and
lower solutions for monotone iteration. But the development of nonlinear analy-
sis theory provides a powerful tool for the study of these problems. In the gene-
ralized monotone iteration process, the method of coupled upper and lower so-
lution becomes an important method to study this kind of problem by the flexi-
ble construction of the comparison theorem [13] [14] [15] [16]. Motivated by
the above work, in this paper, the existence of solutions for a class of boundary
value problems of conformable fractional differential equations under a new de-
finition is proved by using the method of coupled upper and lower solution, and
the range of solutions is obtained. Throughout this paper, we consider the exis-
tence of solutions of boundary value problems for the following uniform frac-

tional differential equations
()= f(ex(1)), te(0,1),

x(0) = —rx(1)+ 2] x(s)ds W

where x'?) (¢) is the conformable fractional derivatives of order & for
te (0,1) which is defined in [1], and & 6(0,1], r>0, r>0, R= (—oo,+oo) ,
f:[0,1]xR - R is continuous.

2. Preliminaries

In this section, we present some definitions and lemmas which will be used in
the proof of our main results.
Definition 2.1. (See [1]) Given a function x:[0,+oo)—>]R. Then the con-

formable fractional derivative of xof order & is defined by

! t+et'™)—x(t
x(‘))(t):: limx( ‘ ) x( ),
£—0 &

forall t>0, d¢e (0,1) . If the conformable fractional derivative of x of order 0
exists, then we simply say that x is J-differentiable. If x is J-differentiable in

some t€ (O,a) , a>0,and lirrol X9 (t) exists, then we define
11—

A(0) = limx") ().

t—0

Definition 2.2. Let y,(1).z,(t)e C([0,1],R), then y,=y,(t),z, =2z (t)
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are said to be coupled lower and upper solutions of (1), respectively, if
W1 (en (). 1e(01),
25 (0)+72 (1) A, v, (5)ds.
20(0)2 f(tz(1),  te(0.),
2 (0)+ 1y, (1) 2 4] 2, (5)ds
Definition 2.3. Let y,z e C([O,l],R), then the function pair (y,z) is said
to be coupled solutions of (1), if

YN0 =1 (6r(r), te(0.),
»(0)+7z(1)= A[ y(s)ds
2(1)= 1 (1.2(1)), (0.1)
2(0)+ry(1) = A[ z(s)ds

Let y,pe€ C([O,l],R) , then (p,7) is said to be minimum and maximum
coupled solutions of (1), if ( Jo2 7) are coupled solutions of (1), and
p(1)<y(1),z(t)<y(¢) for any coupled solution (y,z).

Lemma 2.1. (See [1]) Let 6 € (0,1] , and assume x,,x, to be J-differentiable,
then

1) (ax, +bx2) ( )=a (t)+bx£5 (1)

2) (xx,) 7 (1) = ()2 (6) 4.3, (1) (1)

(%) (8)
3) (;‘_;) (t)— (t) (;)j(tx)l(t)x ()

for te(O,l), a,beR.
Lemma 2.2. (See[1]) Ifx is differentiable, ¢t >0, then x\° (1)=1"° %(t) )

Lemma. 2.3 (See [3]) If X (t) exists, then for t# 0, we have
x (1)=1"2x'(1).
Lemma 2.4. Assume that geC([O,l],R), and 5€(0,1], meR, M >0,
Define function p:[0,1] >R as follows:
o M)
p(t)=me? +Ios g(s)e? ds. (2)

Then p(t) is the solution of the initial value problem as follows

PO () +Mp(t)=g(1), te(0.1],
p(0)=
Proof Assume that p(r) is given by (2), then p is differentiable for 7>0,
therefore we have

—Mi® M Ms®

5
pw)(,):tldﬁl[_mMe T -Me 7 e sdlg(S)+g(t)J

M s . M(Sﬁitu‘)
=—M| me?® +I0S6_1 (s)e? ds |+g(¢)
=—Mp(1)+g(?)
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from Lemma 2.2, and p(7) subject to the condition
p (0) =m.

O
Lemma 2.5. (Comparison Theorem) Let peC([O,l],R),M>O, and the

following inequalities hold true

PO (0)+Mp(1)<0, refo1],
(0)<o.
then p(t) <0,for te [0,1] .
Proof Let p'* (t)+Mp(t)=g(t), p(0)=m, then we have g(1)=0,m>0

for te [0,1] , and we can draw a conclusion from (2.1) and Lemma 2.3.

3. Conclusions

Theorem 3.1. Assume that y, (t), Z, (t) are coupled lower and upper solutions
of (1.1) with y,(t)<z,(t) for t€[0,1], let

D= {x e C([0.1].R)| y, (1)< x<z, (t)} . And if y,(1)<x,<x <z,(t), then
the following inequalities hold true

f(t,xl)—f(t xz) _M(xl_xz) (3)

for te[0,1] and M >0.1If we take y,(),z,(¢) as initial elements, the itera-
tive sequences defined by

5 ()= (217,01 (s)ds =z, 1(1)){24 +[lsf, 7 (s)ert s, refou] .

-M M
5

0= (4l (s ) [0 ()

are { (t)} and { ()},then

D y,(1)>y ( ) and z,(1)—> z () uniformlyand y",z" eD;

s, t[0,1]

2) ( y*,z*) are coupled minimal and maximal solutions of (1.1) respectively
in D,
3) If x(r) is the solution of (1.1) in D, then we have y" <x<z'; ie, we

have

y* (t) < x(t) <z (t),

for te [0,1] .
Proof 1). There is a unique solution to the boundary value problem as follows

y<§><t>=f(ru(r))—M(y(r)—uu)), re(04).
y(0)+ (1) = Aflu(s

20(0)= 1 (1(0) - ((r)—vm), re(04).
eru()= A v(s)ds,

+I"V

z(0

+ru(1

which is given by
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M
tb 15

:(/1_[ )e‘5 d+.fs‘>1 u(s)e"‘(
()= (A, v(s)ds=ru( )e‘5 [l (s e as, refo],

s, 1e[o,1],

for u,ve D and u<v from Lemma 2.2 and Lemma 2.3. Where

£(6)=f(tv(t))+Mv(t), f,(t)= f(t.u(t))+Mu(t). Define operator
T:DxD — C([0,1],R)xC([0,1].R)

T (u,v)(1) = (T, (,v). 5 (w,v)),

where operators 7,,7, are given by
M M52 -19)
(AJ. s)ds—rv( )e‘y +J.Os""fu(s)e‘$ ds, r€[0,1],
7Mtd t M(sd‘ﬂ‘a‘)
(/II s)ds —ru( )e§ +.[0s‘5’1fv(s)e5 ds, r€[0,1].

respectively. Then the fixed point of operator 7'in DxD means the coupled

solutions of (1).

Let y, =T (J’oazo)a 7 =1, (J’oazo) .

Here we prove that y, <y,,z <z, <z,and y,,z arecoupledlower and
upper solutions of (1).

Whereas

YW (O) =1 (3, (6) =M (3 (1)= 3, (1)), 1e(0.0),
( )+rz0 (1) /1_[ yO )ds
= f (.2 (1)) - ( (t)=2z (1)), te(0,1),

z, (0)+ry0 = /1_[020 s

(5)

And y,,z, are coupled lower and upper solutions of (1), then we have
(7 ()= () + M (3, (1) =3 (1)) <.
¥0(0)=x(0)=0,
(21(5) (1)-z (r))+M(zl (1)-z (1)) <0,
2z, (0)-2z,(0)<0.
for 1€[0,1]. And by Lemma 2.5, we have
Yo (1)< 2, (2), 2, (1) <z, (2), 1€[0,1].

So we can easily get that
AW(0)= £ (830 (1)) =M (3 () =3 (6) < f (83 (1))
27(0)+ 7z, (1)< A v, (s)ds
27 (0)= £ (62 (1)) =M (2 (1) =2 (1)) = £ (1.2 (1)),

2, (0)+ry, (1) 2 A,z () ds.

from formula (3) and (5). ie, y,,z, are coupled lower and upper solutions of
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(1).
We also get that

A (0) =2 (1) <=M (5, (1) =z (1),
1
» (0)—21 (0) = ijo(yo (s)—z0 (S))ds+r(y0 (1)—20 (l)) <0.
from formula (5) and y, < z,. Similarly, we have y, <z .byLemma 2.5.
Let y, =T,(¥,.1:2,1 )2, = (¥,.152,, ) » then from formula (4), we have that
v,,z, are coupled lower and upper solutions of (1) for any »n>2, which is

similar to the proof above. And

Vo <y, <z,<z .
In summary, we have
30031 (0) % 3, (1) €22, (1) €22, (1) <2, (1)

for t€[0,1]. Therefore, function sequences {yn (t)},{zn (t)} are uniformly

bounded, ‘e,

<M,,

yn SMO

ZYl

for n=0,1,2,--- and M, >0.Because fis continuous, we have

Fry (0] 04,
for n=1,2,3,---,t e [O,l] and M, > 0. In addition, because that functions
M(S(s_to‘) M s
e’ and e ¢ are continuous, we have

Y (tz ) L (tl )|

(]2 (s)ds =z, (1))(654 _ef’f’J

t M(s‘s 7)?25) 1 %(5‘5 4]5)
)5 (s)ett s [ (s)ett ds

<

(ﬁ,j;ynfl (s)ds—rz,, (1))

s %(‘Yd”g) _ %(“5”15) h -1 %(‘YJ”ES)
+ IO s (s) e e ds+_|‘tl s (s)e ds
I Mg My
g‘(x oy (s)as=rz, ()le = —e @
b 5-1 %(56*20) ?(554]5) b 5.1 —(55425)
|05 A (s)]e ds[+([*s7f,  (s)e ds

—0

if 0<t,<t,<1 and ¢, >¢ . Hence, {y,, (t)} is equicontinuous, we can also
getthat {z,(¢)} is equicontinuous similarly.

In summary, by Ascoli-Arzela theorem [17], we can prove that {y,},{z,}
are convergent because of the monotonicity of Sequences, ie., there are two
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functions y°,z", such that

llm"y -y "—0 11m||z -z ":0.

n—»0 n—o

and y',z" € D. Next we take limits on both sides of (4), then from Lebesgue

Dominated Convergence Theorem, we have
T(v.2)=(1 (2" ) B (v"27) = (" 7)-
if n—>o.lie, (y*,z*) are coupled solutions of (1).
2) Here we prove that ( y*,z*) are coupled minimal and maximal solutions
of (1) respectively in D.

Assume that (xl,xz) are a set of coupled solutions of (1), then the above

problem is equivalent to prove that
Yy <x,x,<z.

Whereas x,,x, € D, therefore y, <x,,x, <z,. Assume that y, <x,x, <z,
for k>1,hereweprovethat y,, <x,x, <z,,.
Consider that

yk+1(t) (z yk( ))_M(yk+1( )_J’k (t))’ te(O,l),
J’k+1(0)+’7k AJ‘ J’k
t)=f(t.z,(t ))—M(zk+1 (t)—zk (1)), te(0,1),

|
Zra (0)+Wk AJ‘ Zk

Zk+1

And from Definition 2.3, we have that

Then from (3), we get that
xl(ﬁ) (t)—y,g)l (1) +M(xl (1) = yin (t)) >0, 1e(0,1)
% (0)=y,,(0)=0,
20 ()= (1) + M (2., (£) = x, (1)) 2 0, £(0,1)
20 (0)=x,(0) 2 0.

In that way, we have
Viel SX, %, <2,
according to Lemma 2.5. By Mathematical Induction, we can get

YV, S<X,% =z,

for n=1,2,3,---. In addition, because of the convergence of iterative sequences,

we have
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* *
y Sx,x,<z,

if n>w.ie,
Y () <x (1), x, ()< (1),
for 1€[0,1]. Therefore, ( y*,z*) are coupled minimal and maximal solutions
of (1) respectively in D from Definition 2.3.
3) Here we prove that if x is the solution of (1) in D, then y ' <x<z'.In
conclusion (2) above, let x, (7)=ux,(¢)=x(¢), because that x is the solution of

(1) in D, therefore, (xl,xz) are a set of coupled solutions of (1). Obviously, x

subject to
y* <x<z.

In summary, Theorem 3.1 is proved. O]

Theorem 3.2. Assume that [ (t,x) isincreasing inx on
D= {x € C([O,l],R) |y, (1) <x<z, (t)} ,and 1>7r>0,1>0, then there exists a
unique solution of (1) in D = {x € C([O,l],R) |y (1)< x<z, (t)} .

Proof By Theorem 3.1, we get that y, (t) -y (t) and z, (t) -z (t) And
we have y,(¢)< y (1)< z (1)<z,(¢) for re [0,1] - Then we have that
y (t)—z* (t) <0 for te [0,1] . Here we prove that " (t) =z (t) .

If f(z,x) isincreasing in xon D= {x eC([0.1.R)| y, (1)< x <z, (t)} , as-
sume that ' (¢)—z (1) <0, then we have

y*(ﬁ) (t)_z*(a‘) (t) _ f(t,y* (t))—f(t,z* (t)) <0,
y*(0)_2*(0):’”(y*(l)—z*(1))+1I;<y*(s)—z*(s))ds.

considering the convergence of iterative sequences. Let h(t)=y"(t)-z (1),
then we have A" (t)=y*(5) (t)—z*(‘s) (t)<0 by Lemma 2.2, ie, the function
h(t)=y" (t)-z (¢) is monotonically decreasing. Hence, /(0)>h(1), there-
fore, we draw a contradiction from the conclusion that h(O) < h(l) , which can
be obtained from the condition 1>7>0,1>0 and the boundary value condi-
tions above. Therefore, we have h(t) =y (t)—z* (t) =0, ie, y (t) =z (t) is
the solution of (1).

On the basis of (1), we can also consider the existence of solutions of boun-

dary value problems for the following uniform fractional differential equations:
XN (e)= f(ex(2)), re(0,1),

(6)
A (0) == (1)+ A[ x(s)ds, k=12,

where x¥) (¢) is the conformable fractional derivatives of order & for
te(O,l) which is defined in [1], and 5e(n,n+l] , n2L,r>0,4>0,
R= (—oo,+oo) , [ [O,I]XR — R is continuous. Similarly, the existence of the
solution can be proved by the method of coupled upper and lower solution, and
the range of the solution can be obtained. Due to & €(n,n+1], so the original
problem needs to be solved until the solution of the equation of order n before

we construct the comparison theorem, which is the difficulty of (6).
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4. Examples

To illustrate our main results, we present the following example.
Example 4.1. Consider the boundary value problem of conformable fractional

differential equations under the following new definitions

x[%) =t(1-x*(¢))-3x €
(£)=t(1-27(£))-3x(¢), te(0.1), -

It is obvious that y,(#)=—-1,z,(¢)=1 are coupled lower and upper solutions
of (7), and from the condition f(l,x) = t(l —x? ) —3x, we can get that there ex-
ists a constant M >7(x,+x,)+3>0 for —1<x, <x <1, such that the for-
mula (4) of Theorem 3.1 holds. Hence, problem (4) has at least one solution
xe[-1,1] for r€[0,1] by Theorem 3.2. O

Example 4.2. Consider the boundary value problem of conformable fractional
differential equations under the following new definitions

1

x(gj (t) = arctanx(t), te (0,1),
x(0)+ax(1) =5 x(s)ds.

(8)

where 1>a>0,b>0, itis easy to get that

1
w(t)=—2mr 2T (a+%bj, refo.1].

2 2a+b-1

1
z, (t) :%m5 —%a:;_l(a +%b}, te [0,1].

which yield to

1
_g - y(E}j (t)<arctany, (1), 1e(0,1),

25 (0)+az, (1) <y, (s)ds,
g = ZEE] (t) > arctan z, (t), te (O,l),
z,(0)+ay, (1) > bf;zo (s)ds.

Therefore, y,(t),z, () are coupled lower and upper solutions of (8), it is
obvious that the formula (4) of Theorem 3.1 holds. Hence, problem (8) has at
least one solution x €[ y,(¢),z,(¢)] for ¢€[0,1] by Theorem 3.2.0J
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