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Abstract

In this article, we focus on the semi-parametric error-in-variables model with
missing responses: y, =& B+g(t;)+¢, X, =& +u,, where y, are the re-
sponse variables missing at random, (&.z) are design points, & are the
potential variables observed with measurement errors g, , the unknown
slope parameter S and nonparametric component g(-) need to be esti-
mated. Here we choose two different approaches to estimate f and g(-).

Under appropriate conditions, we study the strong consistency for the pro-
posed estimators.
Keywords
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1. Introduction

Consider the following semi-parametric error-in-variables (EV) model

Vi :§[ﬂ+g(ti)+€[7
X, =&+ M

(1.1)

where y, are the response variables, (&,7,) are design points, & are the po-
tential variables observed with measurement errors p,, Eu, =0, € are ran-
dom errors with Ee¢, =0. SR is an unknown parameter that needs to be
estimated. g(-) is a unknown function defined on close interval [0,1], A(-)

is a known function defined on [0,1] satisfying
& =h(t)+v, (1.2)

where v, are also design points.
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Model (1.1) and its special forms have gained much attention in recent years.
When g, =0, & are observed exactly, the model (1.1) reduces to the general
semi-parametric model, which was first introduced by Engle et al. [1]. However,
in many applications, there are often covariates measurement errors. So the EV
models are somewhat more practical than the ordinary regression model. In ad-
dition, when y, are complete observed and g(-)=0, the model (1.1) reduces
to the usual linear EV model, which has been studied by Liu and Chen [2], Miao
et al. [3], Miao and Liu [4], Fan et al [5] and so on. For complete data, the mod-
el (1) itself has also been studied by many authors: See Cui and Li [6], Liang et al.
[7], Zhou et al [8] and so on. In recent years, the semi-parametric EV models
have been widely concerned.

On the other hand, we often encounter incomplete data in the practical appli-
cation of the models. In particular, some response variables may be missing, by
design or by happenstance. For example, the responses y, may be very expen-
sive to measure and only part of y, are available. Actually, missing of responses
is very common in opinion polls, social-economic investigations, market re-
search surveys and so on. Therefore, we focus our attention on the case that
missing data occur only in the response variables. When ¢ can fully be ob-
served, the model (1.1) reduces to the usual semi-parametric model which has
been studied by many scholars in the literature: See Wang et al [9], Wang and
Sun [10], Bianco et al [11].

To deal with missing data, one method is to impute a plausible value for each
missing datum and then analyze the results as if they are complete. In regression
problems, common imputation approaches include linear regression imputation
by Healy and Westmacott [12], nonparametric kernel regression imputation by
Cheng [13], semi-parametric regression imputation by Wang et al [9], Wang
and Sun [10], among others. We here extend the methods to the estimation of
f and g(-) under the semi-parametric EV model (1.1). We obtain two ap-
proaches to estimate f and g(-) with missing responses and study the strong
consistency for the estimators.

In this paper, suppose we obtain a random sample of incomplete data
{(yi,é‘i,xi,ti)} from the model (1.1), where &, =0 if y, is missing, otherwise
0, =1. Throughout this paper, we assume that y, is missing at random. The
assumption implies that J, and y, areindependent. That is,

P(é,. =1| y,.) = P(é’i = l) . This assumption is a common assumption for statis-
tical analysis with missing data and is reasonable in many practical situations.

The paper is organized as follows. In Section 2, we list some assumptions. The
main results are given in Section 3. Some preliminary lemmas are stated in Sec-

tion 4. Proofs of the main results are provided in Sections 5.

2. Assumptions

In this section, we list some assumptions which will be used in the main results.

Here a,=0(b,) means |a,|<Clb,| for every n>1, a,=o0(b,) means
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a,/b, >0 as n—> oo, while as. is stand for almost sure.

(AO) Let {¢,1<i<n}, {,1<i<n} and {5,1<i<n} be sequences of in-
dependent random variables satisfying

i) E¢=0, Eu, =0, E¢ =1, Eu =25 >0 isknown.

ii) sup, E|e,.|p <00, sup, E|yl.

iii) {e,1<i<n}, {g,1<i<n}, {5,1<i<n} are independent of each oth-

" <o forsome p>4.

er.
(A1) Let {v,1<i<n} in(2)be asequence satisfying

n

i) lim, ,, n7' )" v =% lim,_ n' )" v =% as.(0<Z,% <o),

ZZIV./}‘

ii) lim, _ sup, (x/Zlog n)fl ‘max,_, ., <o, where {j,j,,,j,} isa

permutation of (1,2,---,n).

iii) max,_., [v|=0(1).

(A2) g(-) and h(-) are continuous functions satisfying the first-order Lip-
schitz condition on the close interval [0,1].

(A3) Let W, (#,)(1<i,j<n) be weight functions defined on [0, 1] and satis-
fyr

i) max,_ ., > 5W,(1)=0(1) as.

i) max,.., > 8 W, (L )I(|tl. —t].| >a -n’l/“) = o(n’l/“) a.s. forany a>0.

=1

iii) max,., ., Wy ()= o(n’l/2 log™' n) a.s.

(A4) The probability weight functions W, (1 )(1<i,j<n) are defined on
[0,1] and satisfy

) max., 2 W, (4)=0(1).

i) max,.., > W,(t )I(|tl. —tj.| > a~n‘l/4) = o(n‘l/4 ) ,forany a>0.

i) max,_, ., W, (1) = o(n’l/2 log™ n) .

Remark 2.1. Conditions (A0)-(A4) are standard regularity conditions and
used commonly in the literature, see Hirdle et al. [14], Gao et al. [15] and Chen

[16].

3. Main Results

For model (1.1), we want to seek the estimators of f and g(-).The most nat-
ural idea is to delete all the missing data. Therefore, one can get model

5y, =6,P+8g(t)+0¢€ . If & can be observed, we can apply the least
squares estimation method to estimate the parameter S . If the parameter S is
known, using the complete data {(é}yi,@xi,é'it,.),l <i< n} , we can define the
estimator of g(-) tobe

g, (t.8)= ian (’)(5/3’1 —@x,ﬂ),

where W, (t) are weight functions satisfying (A3). On the other hand, under
the condition of the semi-parametric EV model, Liang et al [7] improved the
least squares estimator (LSE) on the basis of the usual partially linear model, and

employ the estimator of parameter £ to minimize the following formula:
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* 2 — .
SS(B)= Zd {[J’i -xfp-g, (E-»ﬂ)} —_:f,ﬂz} = min!
Therefore, we can achieve the modified LSE of £ as follow:

-1
B. =[Z(@f:2 ~5E, )} Y SE T (3.1)
i=1

i=1

where X =x,-3" SW,(t)x;» ¥ =y,-2 6W;(t)y, . We substitute

=1 Jj "n j=1"J

(3.1)into g, (#,/3),then
& (0 =23 m; (v, -4 (32)

Apparently, the estimators ,BC and g:(7) are formed without taking all
sample information into consideration. Hence, in order to make up for the

missing data, we imply an imputation method from Wang and Sun [10], and let
Ui[l] =0y, +(1_5i)|:xiﬂ,\c +g, (ti):|' (3.3)
Therefore, Using complete data {(Ul.[”,xl.,ti),l <i< n}, similar to (3.1)-(3.2),
one can get another estimators for £ and g() , that is

hio| S -a=)| Sl G

i=1

g(1)=> W, ()0 =x,3,). (3.5)

J=1

where Ul =yl 2 Wy ()ulh, 5 =x =2 Wy (t)x, . W, (1) are
weight functions satisfying (A4).

Based on the estimators for f# and g(-), we have the following results.

Theorem 3.1 Suppose that (A0)-(A3) are satisfied. For every te[0,1], we
have

a) ﬂAE — fas.

b) &:(1)—> g(r)as.

Theorem 3.2 Suppose that (A0)-(A4) are satisfied. For every te[0,1], we
have

a) ﬁ, — [ as.

b) gl (1) > g(t)as.

4. Preliminary Lemmas

In the sequel, let C,C,,--- be some finite positive constants, whose values are
unimportant and may change. Now, we introduce several lemmas, which will be
used in the proof of the main results.

Lemma 4.1 (Baek ang Liang [17], Lemma 3.1) Let a>2, e,:-,e, be in-
dependent random variables with Ee, =0 . Assume that {a,,1<i<n} Isa tri-
= O(n_l/z) and
<o forsome p>2af(a-1). Then

angular array of numbers with max,,.,
' a =o(n‘2/“ log™ n)  If sup, Ele,

i=1"ni

am'
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Zn:am.e,. = o(n’l/“ ) as.
Lémma 4.2 (Hardle et al [14], Lemma A.3) Let V,,-
random variables with EV, =0, finite variances and
SUPy e,y E|Vj|r <C<w(r>2). Assume that {a,; k,i=1,

,-++,n} Is a sequence of
numbers such that sup,_, ., |a,| = O(n"" ) forsome 0< p, <1 and

2= (n”z) for p, >max(0,2/r—p,). Then

S

-,V be independent

max

I<i<n

( ’Slogn)a.s. for s=(p,—p,)/2.
Lemma 4.3
a)Let 4 =A(t)- 2 Wy (1)4 (.),where A()=g(-) or hA(-).Let

= A4(4)= X0, (1) A(1,), where 4(:)=g() or (). Then, (A0)-(A4)

imply that max,,., /],.|:o(n’l/4) and max,__, |4° :o( 1“)as

b) (A0)-(A4) imply that n 'Y " & >3, 3" |EI<Cn,
w5 (&) 5z as and Y5

El<Conas.
¢) (A0)-(A4) imply that max,,., |&|=O(1) and max,..,

. fl‘| =0(1)as.
Lemma 4.4 Suppose that (A0)-(A4) are satisfied. Then one can deduce that

&0)-g rn::o(nijas_

One can easily get Lemma 4.3 by (A0)-(A4). The proof Lemma 4.4 is analog-
ous to the proof of Theorem 3.1(5).

max
1<i<n

5. Proof of Main Results

Firstly, we introduce some notations, which will be used in the proofs below.

5“:;—25,%()@» B =t~ 25/ Wt )

=g(t)- Z%Wﬂ) &%7“4—25W%)

i nj

gz’ :gi _ZVan (ti)éj’ [‘i =H; _ZVVHJ (ti)’u.l"
j=1 =

g :g(ti)_ZVan (ti)g<t_j)9 € =€ — Van(ti)eja n =€ —up,
J=1

J=1

B =§(5i§”f, % =§§?, > 1(558 —522), 82, =§1)(x2 -22).

Proof of Theorem 3.1(a). From (3.1), one can write that

B.-B= %[Zﬁ@+—)( B )+ 25 é
-5, {il[c%(ri" i )(e —ﬁfﬂ)ﬂxaiﬂ};@&gf +§aﬂ:g5}
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= Sl_n2 {Z‘igf (ei _ﬂiﬁ)+ Zfsiﬂiei _251 (:Uz _Ei )ﬂ"' Zé:écgc
i=1 i=1 i=1 i=l
YN YL AGETE N LA
i=1

i=1 j=1 i=1 j=1

S (1) e, + 3D 68 W (1) E B

i=1 j=1 i=1 j=1

+2ZZ5 SW, ( i)#iy,/ﬂ+zzzé‘i§_i5km3 (t,. )Wnck (t,. )lu.iek

i=1 j=1 i=1 j=lk=1 (51)
—;;;555 ) h|

=S, ZZA,M

Thus, to prove ﬂ — [ a.s., we only need to verify that S;> <Cn' as. and
'4, =o(1)as. for k=12,--,12.
Step 1. We prove S, <Cn'as. Note that

s, =Y |a(& i) a5

i=1

:g@(g)ﬁga(uf—a) Z {25/ () p T

i=

+225§ H;— 2255 251 nj (l‘,) /_2251'#1'25114111?( )

=B, +B,, +B,, +B, +BS,1+B

1n
By Lemma 4.3(a), we have n™'B,, — X, a.s. Hence, it suffices to verify that
B, =o0(B,)=0(n) as. for k=2,3,--,6. Applying (A0), taking r=p/2>2,
p, =1/2, p,=1/2 inLemma 4.2, we can verity that

n 1w 1 1
$(c- ) nt St (6 -60) -0 toanas 62
i=1 i=1

where {¢,} isa sequence of independent random variables satisfying E¢, =0

and sup,,., E|g’i|p/2 <. Therefore, we obtain B,, = O(nl/2 logn) =o(n)as.
from (A0) and (5.2). On the other hand, taking o =4, p >4 in Lemma 4.1, we
Z ; (4)¢;

1
20(}1 Jas max (n“ja.s. (5.3)

where {é’ ,.} is a sequence of independent random variables satisfying £, =0

have

max 25 ( )é'j

1<i<n =1

and sup,,., E|§i|p <. By (A0) and Lemma 4.3, taking r =4, p, =1/4,

p, =3/4 in Lemma 4.2, one can also deduce that

|B4n -

:O(n; logngo(n)a.s. (5.4)

1
45:'621'6/1:'
=l

Note that, from Lemma 4.3(a), (5.2) and (5.3), we have
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ZI5 |- max

251%;( ) H;

2 1
= o[n2 a.s. (5.5)

—o(nzja.s. (5.6)
OEn;‘J a.s. (5.7)

|Bs,| <

gé,Wni( )4,

lzn

5W‘()

Jon

Bl 52| 35 Eloas]) zmm} max 3

1<i<

Therefore, for (5.2)-(5.7), one can deduce that
Sy, =B, +o(n)=B,, +0(B,,)a.s., which yields that

B, B,
lim = = lim———2~——=1a.s.

Therefore, by the Lemma 4.3(5), we can get that S;> <Cn' as.

Step2. We verify that n™'4,, =o(n"*)as. for k=12,,12.From (A0), we
find out {ni =¢—-upf,1<i< n} is a sequences of independent random va-
riables with En, =0, sup, E|77i|p < Csup;, E|el.|p + Csup, E|,ul.|p <o, for some
p >4 . Similar to (4), we deduce that

noo 1
n A, =n" Y 58, = 0[" 2 log nJ a.s.

i=1
Meanwhile, from (A0)-(A3), Lemma 4.3, (5.2) and (5.3), one can achieve that

S,24,, < < Zn:@,ul.q =o(1)as.
n =1

S A, << Z":5 (,u, -g2 )ﬂ‘ =o(l)as.
n .

5,4, < =508
n

max|g

1<i< 1<i<n

[maxzpf }zo(l)a.s.

~ C} ~c ~c
S,,ZAS,,SZ‘ZLM g;
i=1

[ZMH(S& Z|5gz
< xSl £l + Sl | o

on|
58 |+0[n_;J:0(1)a.s.

The proof of n™'4,, =o(1)as. for k=6,---,12 is analogous. Thus, the proof
of Theorem 3.1(a) is completed. W

n 1<isn 1<i<n

Proof of Theorem 3.1(b). From (3.2), for every ¢ €[0,1], one can write that
AORHORMYAIOLIEAR0
:gW,;() (e pve(t)re (& +m)8]-2(0)
:é%i(f)@fj (ﬂ—ﬁc)+§W,; (4)5,[2(t,)-2(1)]

S )5+ S0 1), S 05,8 )
=B ()4 (1) 3, (04 Fo (1) £, (0)
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Therefore, we only need to prove that F,, (1) —>0 as. for every te[0,1]
and k=1,2,---,5. From (A0)-(A3), Theorem 3.1(a), Lemma 4.3, (2) and (3), for
every 1€[0,1] andany a >0, one can get

1
= 0£n 4 J a.s.

h(’j)+ Vi Z’;:QWJ (1)
0= £ (0 Le(0) -0y o

g, (t)ﬁ\ﬂ—ﬂc\-{gag

+ji5jW,§ (t){g(t»,)—g(t)}]“tj _t| < a'”ij
< C~a~n_% =o(1)as.

F, (1)<

Z;W,; ()8,
J=

=o(l)as.

S (65,8

Jj=1

(1)<

=o(1)as.

F, (1) <|p-B]-

DdWi(t)6,u;|=o0(1)as.
=

Thus, the proof of Theorem 3.1(5) is completed. W
Proof of Theorem 3.2(a). From (3.3)-(3.4), write that

[31 _IB
=52 {3 () 8.0 ) +0-8) 6+ ) B -5)

i=1

+(1-8)85 (1) -2, (1)(5, (v, ~& 8-, )

=

H(1-0)(& ). 8) (-0 ) (1)) ]+ S22
-5 {3 (& )0 (0 ) 40 (¢0)-: 1)

i=1

n

H(1=0)(& + ) (B B)+ &5 (1)~ 2, (1)(5, (¢, - 11,8)

+9 (g(tf)_g: (tf))+(l_5f)(§j tH, (ﬁ: —5)+§§ (tj))j|+§é;5iﬁ}
=5, {255 (¢ —uiﬁ)+§a‘,.r§,. (g(1)-&:(2))

+§§~z (5; + ;Ui)(l_é‘i)(ﬁc _ﬂ)_ii5jWIj (ti )giej

i=1 j=1

WS, (1) Eu p-3> 0, (1)E (2(t)- (1)

33, ()8 (1=6))(& a0 (B~ )+ o+ Some
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S50, (e~ 301 <Z3) B SS9, (1) s

#2018 () 5 (1)) LA (1-0)(& +10) (4. A)
_iiﬁjW (1, ),u,e/+i225 W, (6 )W, (1) e,

+;;5, W, (4) s, B~ 2121; (W () 1 B

-y, ()i (g(t) - (1,)

i=l j=1

=S (1) (1-6) )i (&, + ) (B - B)+ Zﬁ,éf

i=1 j=1
21

Q2

=852 D,
k=1

Using a similar approach as step 1 in the proof of Theorem 3.1(a), one can get
S;2<Cn'as.

Therefore, we only need to verify that n'D,, =o(1)as. for k=12,---,21.
From (A0)-(A4), Lemmas 4.2-4.4, Theorem 3.1(a), (5.2)-(5.4), we have

1

n'D,, = n’lié‘[fi (¢ —wB)=n" ~O(n2 log nj =o(1)as.
i=1

-max

1<i<n

n'D,, < n_l[ 6.2

2(0)-: (1) |=o()as
n*DSn—n*ch (1-6)(B. ﬂ)+n'26(1 6)2 W, ()& (.- B)
+n’1;£yi(l—5i)(ﬁ’c—,B):o(l)a.s.

-max

1<izn

=o(l)as.

Dy < S 0, (1)

In the same way, from (A0)-(A4), Lemmas 4.2-4.4, (5.2) and (5.3), one can
similarly deduce that n™'D,, = 0(n7]/4)a.s. for k=5,6,---,21. Thus, the proof
of Theorem 3.2(a) is completed. W

Proof of Theorem 3.2(b). From (3.4), write that

& (1)-g(1)
z (){ay, (1=0)[(& + 1) B+ & (1)) ]-(&+ 1) B} =2 (1)
L O{0,[68+a(t)ve (-8 )[(& v ) B+ 8:(1))]
)i}-g
{5§ﬂ+5g +56+§ﬂ+u,ﬁ ~5,EB. -5,
+g, (f/-)—fffgn (1,)=¢8~uB,}-2(1)

(5 4
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Therefore, we only need to prove that G, (1)—>0 as. for every ¢e[0,1]
and k=12,---,10. From (A0)-(A4), Lemma 4.3-4.4, (5.2), (5.3), one can get

Gy (1)< |8 |-maxo g | 2w, (1)

§j|-]ian (1)=o(1)as.

-max

1<j<n

-max
1<j<n

g(tj.)—gf(tj.)

Meanwhile, the proof of G,, (1) > Oa.s. forevery 7€[0,1] and

G,, () < max

1<j<n

=o(1)as.

Zanj (1)s,
=

k=3,---,10 is analogous. Thus, the proof of Theorem 3.2(5) is completed. W
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