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1. Introduction

In this article, we investigate the asymptotic behavior of solutions to the follow-
ing stochastic nonclassical diffusion equations driven by additive noise and lin-

ear memory:
u,—Au, —Au—ij(s)Au(t—s)ds+x1u+f(x,u) = g(x,t)+hW,x e, t>0,
u(x,t) =0, xeoQ,

u(x,t) =u0(x,r), xeQ,7<0,

(1.1)
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where Q is a bounded domain in R"(n23), the initial data u, € H,(Q),
u=u(x,t) is a real valued function of xeQ,teR, he H(Q)NH*(Q),
gel, (R;Lz(Q)), A>0 and W (t) is the generalized time derivative of an
infinite dimensional wiener process W (t) defined on a probability space
(Q,]—',]P’), where Q ={a)e C(R,R) : a)(O):O} , F is the o-algebra of Borel
sets induced by the compact topology of Q, PP is a corresponding wiener
measure on J for which the canonical wiener process W(t) satisfies that
both W(I)LZO and W(I)LSO are usual one dimensional Brownian motions. We
may identify W (r) with @(¢), thatis, W (t)=W(r,0)=w(t) forall teR.

To consider system (1.1), we assume that the memory kernel satisfies
k(s)eC(R"), k(s)20,k'(s)<0,Vs e R", (1.2)
and there exists a positive constant >0 such that the function
u(s)=—k'(s) satisfies
ueC' (R*)ﬁL1 (R*), 1 (s)<0, 1 (s)+u(s)<0,Vs>0. (1.3)
And suppose that the nonlinearity satisfies as follows:

f(xs)=fi(xu)+ fi(x,s) » seR and for every fixed xeQ ,
fi(x,-)eC(R,R) satisfying

2n

fi(xs)s = o ls|” =y, (x), v, € L(Q)N L2 (Q), (1.4)
1 (s)| < Bls” +us (x), vy € Z(Q)NL (), (1.5)
and f,(x,-)eC(R,R) satisfying
fi(xs)szays]" -y, (1.6)
|2 (os) < Bulsl ™+, (17)

where o, S, (i = 1,2), 7,0 and /are positive constants, and ¢ is a conjugate ex-
ponent of p.

In addition, we assume that for s€ R and 2<p< 2—”, for n23; p>2,
for n=12. n-2

We assume that the time-dependent external force term g(x,t) satisfies a

condition

g(-,s)||2ds<oo, for any s € R, (1.8)

I eas
Q

and for some constant ¢ >0 to be specified later.

Equation (1.1) has its physical background in the mathematical description of
viscoelastic materials. It’s well known that the viscoelastic material exhibit natu-
ral damping, which according to the special property of these materials to retain
a memory of their past history. And from the materials point of view, the prop-
erty of memory comes from the memory kernel k(s), which decays to zero
with exponential rate. Many authors have constructed the mathematical model
by some concrete examples, see [1]-[7]. In [8] the authors considered the non-

classical diffusion equation with hereditary memory on a 3D bounded domains
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for a very general class of memory kernels K; setting the problem both in the
classical past history framework and in the more recent minimal state one, the
related solution semigroups are shown to possess finite-dimensional regular ex-
ponential attractors. Equation (1.1) is a special case of the nonclassical diffusion
equation used in fluid mechanics, solid mechanics, and heat conduction theory
(see [1] [4] [5]). In [1] Aifantis, Urbana and Illinois discussed some basic
mathematical results concerning certain new types of some equations, and in
particular results showing how solutions of some equations can be expressed at
in terms of solutions of the heat equation, also discussed diffusion in general
viscoelastic and plastic solids. In [4] Kuttler and Aifantis presented a class of
diffusion models that arise in certain nonclassical physical situations and discuss
existence and uniqueness of the resulting evolution equations.

The long-time behavior of Equation (1.1) without white additive noise and
£ =0 has been considered by many researchers; on a bounded domain see, e.g.
[9] [10] [11] [12] [13] and the references therein. In [10] the authors proved the
existence and the regularity of time-dependent global attractors for a class of
nonclassical reaction-diffusion equations when the forcing term g(x)e H ™' (Q)
and the nonlinear function satisfies the critical exponent growth. In [11] Sun
and Yang proved the existence of a global attractor for the autonomous case
provided that the nonlinearity is critical and g(x)e H'(Q). The researchers
in [12] obtained the Pullback attractors for the nonclassical diffusion equations
with the variable delay on a bounded domain, where the nonlinearity is at most
two orders growth. As far as the unbounded case for the system (1.1) the
long-time behavior of solutions is concerned, most recently, by the tail estimate
technique and some omega-limit compactness argument, for more details (see
[14] [15] [16] [17] [18]). In [14] Ma studied the existence of global attractors for
nonclassical diffusion equations with the arbitrary order polynomial growth
conditions. By a similar technique, Zhang in [16] obtained the Pullback attrac-
tors for the non-autonomous case in H' (RN) , where the growth order of the
nonlinearity is assumed to be controlled by the space dimension M, such that the
Sobolev embedding H'— L’’7* is continuous. However, it is regretted that
some terms in the proof of [16] Lemma 3.4 are lost. Anh et al. [17] established
the existence of pullback attractor in the space H I(RN)ﬂL" (RN) , where the
nonlinearity satisfied an arbitrary polynomial growth, but some additional as-
sumptions on the primitive function of the nonlinearity were required. And the
case of p =0 with additive noise on a bounded domain, Cheng used the de-
composition method of the solution operator to consider the stochastic non-
classical diffusion equation with fading memory. For the case of 4 =0, Zhao
studied the dynamics of stochastic nonclassical diffusion equations on un-
bounded domains perturbed by a e-random term “intension of noise”. (For
more details see [2] [19] [20] [21] [22]).

To our best knowledge, Equation (1.1) on a bounded domain in the weak

topological space and the time-dependent forcing term has not been considered
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by any predecessors.

The article is organized as follows. In Section two, we recall the fundamental
results related to some basic function spaces and the existence of random at-
tractors. In Section three, firstly, we define a continuous random dynamical sys-
tem to proving the existence and uniqueness of the solution, then prove the ex-
istence of a closed random absorbing set and establish the asymptotic compact-
ness of the random dynamical system finally prove the existence of D-random

attractor.

2. Preliminaries

In this section, we recall some basic concepts and results related to function
spaces and the existence of random attractors of the RDSs. For a comprehensive
exposition on this topic, there is a large volume of literature, see [2] [3] [19]
[23]-[29].

Let A=-A, with the domain D(A):Hé(Q)ﬂH2 (Q), and fractional

power space D(Az], reR, the (-,-)D(Ag), ||‘||D(A§) is the inner product and

norm, respectively. For convenience, we use H,.=D[A2J , the norm

""Hr :"-"D(A%)’ and 7, =L (Q)’ H, = Hé (Q)
Similar to [3], for the memory kernel ,u() , we denote Lfl (RHH ) the Hil-

>

bert space of function ¢:R" — H,, endowed with the inner product and norm

respectively,
(@o8)sg = [ () ),, ds o, , = Jou(s) o, ds @)
Define the space
H(R'H,)={416(s).0,6(s) e L, (R"; 1)

with the inner product
() iy ) = [ () ), s [a(5)(0.01(5).0,0, (), 0.
and the norm
T L FYRS ] P

We also introduce the family of Hilbert space M, =H,,><Li (RTH ), and

7

endow norm

I, =N}, =5l 1ok, )

2

In the following of this article, we denote || || . See [2] [3] [23] for

LAY '_| ru

more details.
Let Q= {a) IS C(R,R) : a)(O) = 0}, fis the Borel o-algebra on Q, and P is

the corresponding Wiener measure. Define
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bo()=w(-+t)-w(t), veQ,teR.

Then 6= (B)tER
0,.,=06,00 forall s,teR. That is, (Q,F,P,(@)teR) is called a metric dy-

namical system.

is the measurable map and ¢, is the identity on Q,

Definition 2.1. (Q,]—" ,P,(Qt)tem) is called a metric dynamical system if
O:RxQ—>Q is (B(R)x}",}') -measurable, ¢, is the identity on Q,
6., =606 forall s,teR and P =P forall reR.

Definition 2.2. A continuous random dynamical system (RDS) on X over a

metric dynamical system (Q,]—" P,(6 )mR) is a mapping

t

¢ R xQxX - X,(t,0,x) > §(t,0,x),

which is B(R*)x FxB(X),B(X)-measurable and satisfied, for P-a.e. @€,

1) ¢(0,m,) isthe identity on X;

2) p(t+s,0,)=¢(1,0,0,-)°p(s,0,-) foral t,seR";

3) ¢(t,,-): X > X iscontinuous forall reR".

Definition 2.3. A random bounded set B = {B(ao)}wEQ is a family of non-
empty subsets of X is called tempered with respect to (49, )teR if for P-a.e.
weQ,forall >0,

lim e Md (B(0,0)) =0,

Mﬁso

where d(B)=sup,_,

x"x :

Definition 2.4. Let D be the collection of all tempered random sets in X. A
set K= {K(a));a) € Q} €D is called a random absorbing set for RDS ¢ in
D, iffor every BeD andP-ae. weQ, thereexists #,(w)>0 such that for
all t>1,(w),

¢(t,¢9_la),B(t9_la))) cK(o).

Definition 2.5. Let D be the collection of all tempered random subsets of X.
Then ¢ is said to be asymptotically compact in X if for P-a.e. w €, the se-
quence {¢(tn’9—r,, o, xn) j_ has a convergent subsequence in X whenever
t,—>w,and x, eB(H_t’la;b with {B(a))} eD.

weQ)

Definition 2.6. (See [30], [31], [32]) Let D be the collection of all tempered
random subsets of X and A(a))wEQ € D. Then A(a))wEQ is called a D-random
attractor for ¢ if the following conditions are satisfied, for P-a.e. we(Q,

1) A(w) iscompact,and @+ d(x,A(a))) is measurable for every xe X ;

2) A(a))wEQ is invariant, that is, ¢(t,a),A(a))) = A(H,a)) , Vi=0;

3) A(a))m attracts every setin D, that is, for every

cQ

B= {B(a))}wEQ eD, lliqrgd(qﬁ(t,@fta),B(Q[a))),A(a)))

0,

where dis the Hausdorff semi-metric given by

d(2.Y)=supinfz -]

forany Zc X and YcX.
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Theorem 2.1. Let ¢ be a continuous random dynamical system with state
space X over (Q, F,P,(6 )leR) . If there is a closed random absorbing set B(®)
of ¢ and ¢ isasymptotically compact in X, then A(—>) isa random attrac-

tor of ¢, where

A(0)=.U..,8(z.0.0)B(0_0), ocQ.

Moreover, {A(a))} is the unique random attractor of ¢.
As mentioned in [23], we can define a new variable to reflect the memory
kernel of (1.1)

7' (x,5) = [ u(x,1=r)dr, s20. (2.2)
Hence,
n+n =u, s=0. (2.3)
Therefore, we can rewrite (1.1) as follows.
u,—Au, —Au— [ “p(s)An' (s)ds+ Au+ f (x,u) = g (x,0)+ WV,

on' (x,s) = u(x,t)—aﬁ’ (x,s),
u(x,t)zO, nt(x,s):(), (x,t)e@QxR*,tZO, (2.4)
u(x,O) =1, (x,O), xeQ,

7’ (x,s) =7, (x,s) = Jguo (x, —r)dr, (x,t) e QxR",

where u(x,s)=0 satisfies that there exist two positive constant C and 4, such
that

J-:e’ks "Vuo (—S)||2 ds<C. (2.5)

Lemma 2.1. ([3] [33]) Assume that u eCl(R*)ﬂLI(R*) is a nonnegative
function, and there exists s, € R", such that x(s,)=0, then x(s)=0 holds
for all s> 0. Moreover, for three Banach space B,,B, and B,, B, and B,
are reflexive and

B,— B —B,,

where, the embedding B, — B, is compact. Let K Li (R+;Bl) satisfy
. 2 +. 1 +. .
1) Kin LN(R ,E’O)OH”(R ,Bz),
2) sup, ¢ |77(s)||B < N,as.Forsome N>0.
1
Then Kis relatively compact in Li (R*;B,) .

3. The Random Attractor

In this section, we prove that the stochastic nonclassical diffusion problem (2.4)
has a D-random attractor. First, We convert system (2.4) with a random pertur-
bation term and linear memory into a deterministic one with a random parame-
ter @ . For this purpose, we introduce the Ornstein-Uhlenbeck process taking

the form

2(1)=2(0) =~ & (6w)(s)ds,1 €R,
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where (7)=W(t) is one dimensional Wiener process defined in the intro-

duction. Furthermore, z(¢) satisfies the stochastic differential equations

dz+zdr =dW (¢) forallzeRR. (3.1)

It is known that there exists a 6, -invariant set Qc Q of full 2 measure such
that 7—z(6,) is continuous for every we Q, and the random variable

|Z(9t)| is tempered, see, e.g., [2] It is easy to show that
d(Az) = hdW (1) (32)
where A is the Laplacian with domain H, (Q)NH : (Q). Using the change of
variable v(t)=u(t)—z(6w), v(t) satisfies the equation (which depends on
the random parameter @)
v, — Ay, —AU—J?;:(S)A?]’(s)ds+/1(U+Z(Hta)))+f(x,u+z(9ta)))
- g(n)+A=(00)
n+n. =v+z(6w),
v(x,0) =0, (x) =uy(x,0)-z(),
7' (x,0)=0, n°(x,5) =1, (x,5) = J.:UO (x,—r)dr,
v(x,1)=0, 7' (x,5)=0, (x,)edQxR", t>0.

(3.3)

By the Galerkin method as in [34], under assumptions (1.2)-(1.8), for P-a.e.
weQ, and for all z,=(v,,7,) € M,, problem (3.3) has a unique solution
z= (U,n’) in M, satisfying z(-z,,0)e C([O,oo);M)ﬂLw ([O,w);M) )

Throughout this article, we always write

u(t,a),uo):U(t,a),uo)+z(6ta)). (3.4)

If uis the solution of problem (1.1) in some sense, we can define a continuous

dynamical system

Y(t,0,u)) = u(t,0,uy) = v(t,0,uy)+z(6,0). (3.5)

In order to prove the asymptotic compactness and the existence of global at-
tractor, we give the following results.

Lemma 3.1. ([23]) Set /=[0,T], VT >0. Let the memory kernel u(s)
satisfy (1.3), then for any 7' e C(I;Li(R*;H,,)), 0 <7 <3, there exists a con-
stant & >0, such that

. 5
(n’,ns >M > E"”t";w : (3.6)

We first show that the random dynamical system Y has a closed random
absorbing setin D, and then prove that Y is asymptotically compact.

Lemma 3.2. Assume that he H,(Q)NH*(Q) and (1.2)-(1.8) hold. Let
B= {B‘(a))}wEQ €D. Then for P-a.e. @ e, there is a positive random function
r(w) andaconstant 7 =T(B,w)>0 suchthatforall r>T,

Jzoll, =low (6.0)m (0. 0)], € B
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the solution of (3.3) has the following uniform estimate

||u(t,6’_,w7Uo (a)))"2 +||VU(I,49_,CU’ 0 (“)))”2 (3.7)
+||77‘ (X uo(w))"]zﬂ < |

Proof. Taking the inner product of the first equation of (3.3) with v e I (Q) ,

we have
1d 2 2 2 ) ,
S el IVl )+ ol + 2l = [a(s) (a7 (s).0) s
=(—f(x,u+z(Htw)),u)+(g(x,z)+Az(gtw),u).
From (2.2) and (2.3), we obtain
—Im s (A ! s u)ds
== u( ( )m+ ! )ds+ [ pa( (An’ (s).2(6w))ds  (3.9)
1d
o g < >1ﬂ_.[ ( Vz(@a)))
Hence, we can rewrite (3.8) as follows

—i(nur+||w||2+||nf||i v ol + 2of +olr [,

(3.8)

= ["u(s)(Vn' (5),Vz(6,0))ds (3.10)
= (—f(x,u+z(@a))),u)+(g(x,t)+Az(6’ta)),u).
By Young inequality and Lemma 3.1, we get
* ¢ o (|12 2
J () (5).V2(00))ds <2 +%”Vz(6’ta))" RNERT)

From the first term on the right hand side of (3.8) f = f, + f,, First we esti-
mate f;. By (1.4)-(1.5) and using a similar arguments as (4.2) in [35], we have

(fl(x,u+z(¢9,a))),u)
=(f(x u), u—z(@a)))=(f (x,u), u)—(f (x,u),z(ea;)) (3.12)

m"u”p_c(” (Bo) +|z 49(0") (vl +lw )

By using (1.6)-(1.7), we arrive at

(£ (x.0+2(80)).0) = (£ ().~ 2(6))

X (3.13)
> o [ [ul =y de= B[ |u] " |2(6.0)|dv- 5] |z(6,0)|dx.
By the young inequality, and using assumption (1.6), we see that
Buf |u"|z(00) dx < %jﬂ|u|” dr+cf |z(00) dx, (3.14)
5[ z(0m)|dx < | |z(00) dx+%2. (3.15)

where ¢ =c(a,,f,,p). Then, it follows from (3.13)-(3.15) that
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(1 (0+2(0)).0)> Zul; ax—e(Jz(00)]) +[:(00)f ). Ga16)
On the other hand, we have
(g.0) —||U|| +—||g - (3.17)
From the last term of (3.8), we obtain
(4=(0).0) < 3|v=(00)f + 31Vl (318)

Then, we substituting (3.11), (3.12) and (3.16)-(3.18) into (3.10) we conclude
that

1 A

W twelf + [ )+ S1velf + 2Holf + ol

Sl ([ @) + =@ )~(lwl, + Il
&j |u|ﬂds_c(||z (8] +|z(60 ||2)
1

<2l + 55 V=0 +5 e +5v=0a)

then we have

Wl 1ol )+ 319 o + S + S, + 5 (e + el

1,u 2

1 , (3.19)
< L] (0ol |00 +[v=(a0)f ) +c
Furthermore, let
G:max{l,ﬂ,,é'}. (3.20)
Then (3.19)-(3.20), it implies
d
L e (% I 2 i T
) | ) (3.21)
<c(1+[r(80) +|Y(9’a))|p)+g||g(t)” .
According to Grnowall's Lemma, we obtain
"z)(t,a), ™ (w))||2 +||Vu(t,a), v, (w))HZ " "77, (t.00.m, (a)))"i
<e "UO (a))"2 + "V v, (a))"2 + "770 (a))”lz” (3.22)
+C'[;e2”(’_s)(l+|Y(0sa))|2+|Y(Hsa))| ) +—j’ I g (s)[ ds
Substituting @ by 6 ,m, then from (3.22), we have that
" 1.0.,0.0,(0.,0)) " +||VU 1,60.,0.0,(0.0)) " +||77 1,0 ,0,n,(6. a)))"ly
<e? v, (6, (6,0 ||W (3.23)

+cﬁtefzﬂr(1+|y(e,,w)|2 +|Y(¢9,,a))|p)dr+§ [ & e () dr
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Recalling that ||zo||i41 = ||U0 (0.,).7, (Q,a})"j\/il € B is tempered such that

tim e (o, (6@ +[Vo, (6.0 [ (0.0)f, ) =0. G20

t—>+o0 Lu

Note that |Y(49Sa))| is the tempered, and z(6w)=A"hY(60),
h(x)e Hy(Q)NH?(Q), we can choose

g(r)[ dr. (3.25)

n(w)=2C[" e (1+|Y(6’,,a))|2 +|Y(9,a>)|”)dr +§ [ e

Then 7 (w) isthe tempered since |Y (Hsa))| has at most linear growth rate at
infinity, now the proof is completed.
To prove the asymptotic compactness of the solution, we decompose the solu-
tion x()= (u(t),?]’) of (3.3) as follows [3] [23]:
x(t)=x(6)+x, (), u(t)=w (t)+u(¢), n'=m+m,

where X (t) = (ul (t),?]f ),xz (t) = (u2 (t),l]é) satisfy the following problems, re-
spectively

uy, — Auy, — Au, —J:y(s)Anf (s)ds+Au, + £, (x,u,)
:g(x,t)—gl(x,t)+(h—h1)W,

o (x,8)=u,(x,0)—0,7; (x,s),

u (x,6)=0, 7/ (x,5)=0, (x,1)eQxR",1>0,
ul(x,O):uO(x,O)—zl(a)), xeQ,
ny’(x,s):no(x,s), (x,t)eQxR*,

(3.26)

and

u,, — Au,, — Au, —I:y(s)A% (s)ds+Auy + f(x,u)— £, (x,u,)
:gl(x,t)+th,

015 (x,8) =u, (x,1)— 0,17, (x,5),

u, (x,t) =0, 1, (x,s) =0, (x,t) e OxR",t>0,

=z (w), xeQ,

(3.27)

here the nonlinearity f = f,+ f, are satisfies (1.4)-(1.7). The drifting term
h,h e Hy(Q)NH*(Q) and the forcing term satisfies a condition as in (1.8),
g (x,t) € Lf, (]R;L2 (Q)) , forany €> 0, such that

le—gl<e |-, () <€ (3.28)
Set Az (6w)=hY(6w),we find that
d(Az)) = hdY = —Azdt + hdW. (3.29)

Let v (t,0)=u,(t,0)—z(0w)+z (0w), where u (t,w) satisfies (3.26), and
v, (t,0)=u,(t,0)—z(6®), u,(t,w) is the solution of (3.27). Then for
v (t,0) and v,(7,w) wehave that
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v, — Ay, — Ay, —I:y(s)An{ (s)ds-i-/l(ul +z(¢9ta)))
+/i(x.0,+2(0,0) -z, (0,0)) = g(x.1)— g (x.1) + Az (O,0) - z, (),
om (x,t) =u -z (QW)—M{ (x,t),

0, (x,0):=0,(x,0) = 1y (x,0) - z(@) + 7, (w),

7 (x,0) =17, =0, 1) (x,5) = (x,8) = [ uy (x,=r)dr,

v (x,1)=0, 7/ (x,5)=0, (x,1)edQxR", >0,

(3.30)

and

v, —Av,, —Auv, —J:,u(s)An; (s)ds+A(v, +2(0,0))+ f(x.0+2(00))
-1 (x, v +z(0w)-z (Hta))) =g (x,t)+Az(0w)+2z (0w),

o5 (x,t) =0, + 2, (6,0)— 0,17, (x,1),

0, (x%,0) =05 (x,0) = —z, (@),

7, (x,0) =73 =0, 17, (x,5)=1,(x,5)=0,

v, (x,t) =0, n, (x,s) =0, (x,t) e OOxR*, t>0.

(3.31)

The same of the problem (3.3), we also have the corresponding existence and
uniqueness of solutions for (3.30) and (3.31). For the convenience, we obtain the
solution operators of (3.30) and (3.31) by {S] (t)}tzo and {52 (t)}tzo respec-
tively. Then, for every z, € M,, we get

z(t,a)) = S(I)ZO =S (t)zo +5, (t)zo, Vt=0.

Next, we give some Lemmas to prove the asymptotic compactness.
Lemma 3.3. Assume that the conditionon f, f, f,,g,g, hold. Let

B= {}5’((0)}0)EQ €D.Thenfor P-ae. ®eQ,thereisaconstant 7, =7,(B,w)>0,
Ve>0,if

"ZIOHiAl = ”Ulo (Qtw)amo (g—tw)"j\,l] €B,
then for all ¢>T7,, the solution of (3.30) satisfies the following uniform estimate
15, (1) 210 (w)||;l <&z, +er (@), (3.32)

where the positive random function 7 (@) is defined in Lemma 3.2.
Proof. From (3.10) we substituting f,g,z(6,w) by

fisfor 8 — 81,2(6,0)— 2, (6,0) , respectively. Similar to the proof the Lemma 3.2,
we compute

"Ul (I,HJCO, Upo (e—tw))nz + ||VUI (t’e—tw’UIO (H*fw))nz +||771’ (t’gftw’ "ho (6’7[0)))"
<e?” "Ulo (‘9—16‘))”2 +||V Uy (9—15‘))"2 + "7710 (0"(())"12’#

+ Cj.iez‘” (l+|Y(9ra))|2 +|Y(6’,a))|p)dr+%ﬁezm

2

1,u

g(r)"2 dr.

(3.33)

Since ||zm||i/[] :"U(,(H_ta)),r]o (H_ta))”jwl €eB, |Y(95a))| are tempered, we can
choose 7, >0, Vt>T,,such that (3.32) is satisfied.
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Lemma 3.4. Assume that the condition on f,f,f,,g.g,,h/ hold. Let
B= {B(a))}wEQ € D. Then for P-a.e. @ (), there is a positive random function

r(w) and
"Zm"iul = "UO( ):110(6- a))"

such that for every given T 20, the solution of (3.31) has the following uniform

estimates

<rn(w), (3.34)

+

|5, (7.2 () ;

where [ = min{l,(Zn -p(n —2))/2} .
Proof. Multiplying (3.31) by A'v, and integrating over Q, we can get

1d 2 +1
2 dt
—J. (Anz AIUZ)ds+(f(x,u+z(0ta))),Aluz) (3.35)

—(f1 (x.0,+2(00) -z (Gta))),Aluz)
- (g1 (x,1)+Az(0w)+z (Qa)),AIUZ).

2 2

141
+|(4 2 v,

/
2
A?v,

1+1

2
+|4 2 v,

/
2
A?v,

From (2.2) and (3.31), we obtain
—I (A772 AIUZ)dS
- _j ) (A (5), 4" (15, (5) +115, (5) = = (0)) ) s (3.37)

1+l u <?7£,77£S>M’ﬂ+J-:,u(s)(V77§ (s),Alzl(Hta)))ds,

Todr "772

hence
2

1+1
+C|47? 2, (6o)

I+1,u ’

J; 1(5)(V 7 (5),4'z (00)) | < o}

and

(), <=3l <3,
By f.f.f, and the mean value theorem, we have
(f (xv+2(00)), 40, )~(£(x.0,+2(6,0) -z (6,0)), 4', )
= (£ (0 +2(60) -z (0)), 4v,) (3.38)
= B[ |vi+2(0,0) -z (60)| | 4'v,|dx+5]0).
Using the embedding theorem, we have
B[ Ju+z2(6,0)-z(80) |Aluz|dx+5|§2|

<Clv,+z(,0)-z (6,

|| 2 +5]0 (3.39)
=21

1+

sc||leJrz(er,a))—zl(.9,60)||”’l A% o,|+5]Q),
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(n=2)(p-1) _,

2n—p(n-2
where we have used inequality ~—————~><1, so n=pln )S 2n

) and
n+2-21 2 n-2

the embedding theorem

1 2n 141 2n 1-1 2n
Hl :D(AZJ _)Ln—2’ 7_t1+l :D(A 2 J_>Ln2(l+1)’ 7_(]_1 ZD(A 2 j_>Ln2(ll).

Note that
(g1 (x,1)+Az(6w)+z (Qw),AIUZ)

2 (3.40)

1+
< Je s +lotaolf +le 0o oo

Thanks to Lemma 3.1, the property of the solution of (3.3) and (3.26), and
(3.36)-(3.40), we conclude that
2
1+1,u

1d
2 dt
I+ 2 5
+ [5+ ej"n;
+C (1 +|az(g0)[ +|= (e,w)||2) (3.42)

ATU2
< 2
- ﬂ 1+, u

+C(1+az (@) + (0) e ().

where f=min{2,21,6+2¢}.

2 2

! )
A?v,)| +[|A %0,

t
+ "772

2

+A

1
- 2
< AZU2

1+,

i+ |

2
A4?%v,

2
2 t
+(A4%0,|| + "772

. O D
"z2 (t,a)) " <|[420,|| +(|42 v, +||77£ i

1 2o ? )
<e*/ AzUzo(a)) +|4 2 Uzo(a)) +||77;0(a)) et (3.43)
ol (1o Jas [ g, () as
<, 1+ [y (0.0)f Jds+ e e (s)] ds.

Thus, for every given T >0, we get
Is. (7. zo(a)))”jww <1, (o), (3.44)

where 1, ()= _[Orezﬁ(”“) (1+|Y(0xa))|2)ds+ T2A=) ||g1 (s)"2 ds is a random

0
function.
The proof is complete.

Since 7' (x,5)= j;u(x,t—r)dr, 520 and (3.31), it follows

I;uz (t—r)dr, 0<s<t,
m(x,5)=1"" (3.45)
Iouz (t—r)dr, s>t
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for more information on 7’ (x,s) , see [23], we have

Lemma 3.5. Let IT:=H,xL, (R",Hl) - L, (R*,H]) is a projection operator,
setting T} =TI, (T ,B, (a))) , B,(w) is a random bounded absorbing set from
Lemma 3.4, S,(T,) is the solution operator of (3.31), and under the assump-
tion of Lemma 3.4, there is a positive random function 7;(@) depend on T,
such that

1) T} isbounded in L, (R, )N L (R H,);
er? H(S)”H] e (a)) '
Proof. By the random translation, (3.44) and Lemma 3.4, we can prove this

2) sup,

Lemma.

Therefore, Lemma 2.1 implies that T} is relatively compact in Li (]R*,Hl )
And use the compact embedding H,,, — H, , we have that

Lemma 3.6. Let S,(¢,-) be the corresponding solution operator of (3.31),
and the assumption of Lemma 3.4 and 3.5 hold, then for any 7>0,
S, (T , B, (a))) is relatively compactin M.

Now we are on a position to prove the existence of a random attractor for the
stochastic nonclassical diffusion equation with linear memory and additive white
noise.

Theorem 3.1. Let {S (t)}tzo be the solution operator of equation (3.3), and
the conditions of the lemma 3.6 hold, then the random dynamical system Y
has a unique random attractor in M.

Proof. Notice that Y has a closed absorbing set B={B(a))}wEQ €D by
Lemma 3.2, and is relatively compact in M, by Lemma 3.3 and Lemma 3.6.
Hence the existence of a unique D-random attractor follows from Theorem 2.1

immediately.
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