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Abstract

This study is concerned with the problem of finite-time A, filter design for
uncertain discrete-time Markov Jump stochastic systems. Our attention is
focused on the design of mode-dependent A, filter to ensure the finite-time
stability of the filtering error system and preserve a prescribed A, perfor-
mance level for all admissible uncertainties. Sufficient conditions of filtering
design for the system under consideration are developed and the corres-
ponding filter parameters can be achieved in terms of linear matrix inequali-
ties (LMI). Finally, a numerical example is provided to illustrate the validity
of the proposed method.
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1. Introduction

Since Markov Jump systems is important class of stochastic dynamic systems, it
has drawn a lot of attention. Many contributions for Markov Jump systems have
been reported in the literature. Robust stability and stabilization control, A,
control, A, filtering design, passive control and so on have been widely studied
[1]-[9]. Robust stabilization problem and A, control for Markov Jump Linear
Singular Systems with Wiener Process was studied in [1]. The problems of sta-
bility and robust stabilization for stochastic fuzzy systems were addressed in [2],
which designed a robust stochastic fuzzy controller with A, performance for a
class of Markov Jump nonlinear systems. Some results on delay-dependent A,
filtering for discrete-time singular Markov Jump systems were reported in [3].

The authors investigated delay-dependent robust stability and corresponding
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control problems for Markov Jump linear systems in [4]. In [5] [6] [7] [8] [9],
some methods of H,, filtering design for Markov Jump systems or switched sys-
tems were proposed.

As well known, Lyapunov asymptotic stability theory focuses on the steady-state
behavior of plants over an infinite-time interval. But in many practical systems,
it is only required that the system states remain within the given bounds. This
motivated the introduction of finite-time stability or short-time stability, which
has received considerable attention [10]-[19]. The authors investigated the
sufficient conditions of finite-time stability for a class of stochastic nonlinear
systems in [10]. The problem of robust finite-time stabilization for impulsive
dynamical linear systems was investigated in [11]. In [12] fuzzy control method
was adopted to solve finite-time stabilization of a class of stochastic system. A
robust finite-time filter was established for singular discrete-time stochastic sys-
tem in [13]. Some related works for finite-time problems were discussed in
[14]-[19]. To the best of the author’ knowledge, the problem of robust finite-time
filtering for discrete-time Markov Jump stochastic systems has not been fully
investigated. This motivates us to investigate the present study. One application
of these new results could be used to detect generation of residuals for fault di-
agnosis problems.

In this paper, we introduce the definition of finite-time stochastic stable (FTSS)
into a class of discrete-time Markov Jump stochastic systems with parametric
uncertainties. The main purpose of this research is to construct a detection filter
such that the resulting filter error augmented system is FTSS. A central problem
that we consider is the design of a detection filter that generates a residual signal
to estimate the fault signal and detect failure. Sufficient conditions for FTSS of
the filter error system is established by applying the Lyapunov-Krasovskii func-
tional candidate combined with LMIs. The desired FTSS filter can be received by
solving a set of LMIs. A numerical example is given to demonstrate the applica-
bility and validity of the proposed theoretical method.

The structure of the paper is organized as follows. Some preliminaries and the
problem formulation are introduced in Section 2. In Section 3, a sufficient con-
dition for FTSS of the corresponding filtering error system is established and the
method to design a finite-time filter is presented. Section 4 presents a numerical
example to demonstrate the effectivity of the mentioned methodology. Some
conclusions are drawn in Section 5.

We use R" to denote the n-dimensional Euclidean space. The notation
X >Y (respectively, X >Y, where Xand Y are real symmetric matrices, means
that the matrix X —Y is positive definite (respectively, positive semi-definite).
I and 0 denote the identity and zero matrices with appropriate dimensions.
Awax (R) and A, (R) denotes the maximum and the minimum of the eigen-
values of a real symmetric matrix R The superscript 7'denotes the transpose for
vectors or matrices. The symbol * in a matrix denotes a term that is defined by

symmetry of the matrix.
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2. Model Descriptions and Preliminaries

We shall consider the following uncertain discrete-time Markov Jump stochastic

system:
Xen=[A(n,)+ A () |x, +[ B(n,)+AB(n,) v, (1a)
ye=[C(n)+AC(n) ]x +[D(n,)+AD(n,) v, (1)
z, =L(n,)x, (1c)
x(0)=x, € R" (1d)

where x, € R", y, € R™ are the state vector and the measurement or output
vector, z, € R? is the controlled output, and v, is a one-dimensional zero-mean
process which satisfies = [vk] =0,=2 [v,.v/} =0,i# j,B [vﬂ = a , which is assumed
to be independent of the system mode {7,}. Z is the expected value. Here
a >0 isaknown scalar.

The random form process {7,} is a discrete-time Markov process taking
values in a finite set S = {1,2,- . -,s} . The set S comprises the operation modes of

the system. The transition probabilities for the process {7, } are defined as
p; = PrOb(Ulm =Jjlm = i) (2)

where p; >0 is the transition probability rate from mode 7 to mode j for
Vi,jeS,Zp[.j =1.
For eacﬁspossible value of 7, =i,i € S in the succeeding discussion, we de-

note the matrices with the jth mode by
AiéA(ﬂk)’ BI'&B(UI()’ Ciic(nk)’ DiéD(nk)’ L,'&L(Uk)’
AA(’?k)éAAw AB(nk)éABi’ AC(’]k)éACi’ AD(’]k)éADi

where A4,,B,,C,,D,,L, for any ieS are known constant matrices of appropri-
ate dimensions A4;,AB,,AC,,AD, are matrices that represent the time-varying

parameter uncertainties and are assumed to be of the form:

= F , = Fy . (3)
AC,| | Hy | |G, |AB | |H, | |G,

H,,H,,H,,G.G,,G,;,G, areknown and provide the struc-
ture of the uncertainty. F, is arbitrary except for the bound on F, which satis-
fies F'F, <I.

Where A4, ,,4,,,B,,B>Ds>Dy4sCiy» D, for any ieS and ke N are

known constant matrices of appropriate dimensions.

The matrices H

1i»

We now summarize several needed results from the literature.

Definition 1 ([20]) The discrete-time Markovian Jump stochastic system (1)
is said to be finite-time stochastic stable (FTSS) with respect to (c,,c,,P,N),
where P>0,0<c¢ <c, and N is a positive integer, if E{xg Pxo} <¢, implies
E{kaka} <c, forall k=12,--,N.

The next two Lemmas will play a key role in what follows.

Lemma 1 ([21]) Let M, N and F be matrices of appropriate dimension, and
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F'F <I.Then for anyscalar £>0, MFN+N'F'M" <eMM"' +&'N'N.

Lemma 2 (Schur complement [ ¢; [23])
¢” 2 |, the following three conditions are
21

¢22

Given a symmetric matrix ¢ =
equivalent to each other:

1) ¢<0;

2) ¢,<0 and ¢, —¢;4, ¢, <0;

3) ¢, <0 and ¢, —¢.4,¢, <0.

We now consider the following filter:
X =A% + By, (4a)

2, =Lyx, (4b)

where X, e R" is the filter state, and matrices 4, B,

with compatible dimensions to be determined. It is assumed that 4, is non-

L, are filter parameters

singular. Define & (1)=[x, %,]', e, =z, —%,. Then the filtering error system

is
Sint :(147'+AA1')§/( +(§i+AEi)vk (5a)

o = L& (5b)

AEAB" H3iFG3ﬁFG§BZLL6
T\ BAD || BH, |G, | T T B D) =[L -L]@©

Then the problem to be presented in this paper can be summarized as follows.
Given a scalar y >0, design a filter (4) for the system (1), such that
1) the filtering error system (5) is FTSS,

2) the filtering error ¢ satisfies
E[e,?ek] <yE [v,f] , (7)

where the prescribed value y is the attenuation level.

3. Robust H Filter Design

In this section we address the problems of admissibly finite-time stochastic sta-
bility analysis and the filter design of the discrete-time Markov Jump stochastic
system. A sufficient condition of the filter existence and the design technique is
proposed in the following theorems.

Theorem 1: The error system in (5) is robust FTSS with respect to
(¢.¢,,P,N) and (7) is satisfied if there exist scalars & >0, & >0, p>1,
y>0 and symmetric positive-definite matrix P,0,, ieS so that if

R = P2QP? the following condition holds:
Oo=[® ¥]<o0 (8)
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where © is

®ll * * %
0 0, * *
G 0 —g'r *
'R A4, 0 0 -—gl
o= G 0 0 0
0 G 0 0
0 7'RB 0 0
0 G 0 0
L -C, 0 0
* * * * * ]
* * * * *
% * k * *
* * * * *
Y= _/1;1:“ (EI'TRI'I__Ii)[ * * * * 9)
0 &' * * *
0 0 —&l * *
0 0 0 A (HRH)I
0 0 0 0 1|

where ®, = A4'R A, —uR,, ©,, =B'RB,—ul-y’I and
N
/uNj’max (Qi)cl + Zk:l’uk(Z <

c, .
ﬂ’min (Qz ) ?
Proof: Let us consider the following Lyapunov function candidate for system
(5):
Vo=V (6i)=EIRE,. (10)

Then, we compute that

= [V(égkw i) - ,UV(gk ’i) — MV v ] == {éfkTﬂRigkﬂ ~H& RE, ~ :uv;vk}

:F/T (4+a4) R (4

Vi

:':ék:|T ‘Z:TRI‘Z _IURi 0 + A‘Zt‘T R [Z O:'
vl | B'RB—ur| | 0 | '

S A
+
1<
0
=
=

—_

=

+

g

=

™

+

&

|

S

~

1

< Un

= =

(11)

Note that
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AT - e

{ ; }R{AAI. 0]< A, (A, R,.H,.){O}[G 0] (12)
0 R[0 AB <A, (A'RA,) 0 [0 G] (13)
AET i i_| = “"max [k it ] G~T :

Then by two applications of Lemma 2, we have

M

_ (14)
(_;T al - ZjTRiTﬁi 7 v
sgl_o}[c; 0]+gl‘{ . }[HiTRiA[ 0]
and
A T
L%T &[0 B]+[0 ET]TRI'TL%T}
o ’ (15)

ce, { (H[o &)y {E_TR‘_’TA[O ARE]

Applying the Schur Complement, the condition (8) contains the following
inequality:

A'R A — uR. 0 G |- = ATRTH |- —
ek B B ve|© [G o]+e| " [ATRA 0]
0 B'RB.—ul| '| 0 ‘ 0 P

0<0. (16)

With the conditions (10) and (11), it then also follows that
B[V (&) ]=E[&RE |2 4, (Q)E[ETPE . (17)
Proceeding in an iterative fashion, we obtain the following inequality:
B[V (&) | <E[ MV (& 00i)+ mvi v ]
<4 20 (0)E[ & P, ] +g,uka

N
S /uNﬂ’max (Qi)cl + Z:uka

k=1

Thus we have that

/UN/lmax (Qi)cl +211cv:l/uka <

E| & PE |< <c,. (18)
|: ‘ k] ﬂ’min (QL) g
Obviously, (8) indicates that
E[V(é‘kﬂ,i) - yV(cfk,i) - ,uvavk + e,fe,( - yzvaka <0. (19)
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Then we can conclude that (7) holds.
Theorem 2 The filtering error system (5) is FTSS with respect to

(cl,cz,P, N ) and the error signal satisfies (7), if there exist positive definite

R. 0 o1
matrix @, and matrices Q,Q,,Q, , R :[ (;' } , R=P2QP?, ieS
2i

satisfying:

0=[® ¥]<0 (20)
where ¥ isfrom (8) and @ isthesameas @ in (8) except that

q_) — Al'TRliAi + QgiRZiQ% QgiQIi
! Q0 QLR |

(522 = [BITR“ Dl'TCI'_TQ;iRZiQZiCi_]Df} -l - 72]

D, = [H;R]iAi + HszszQﬁ HZTIQII'] and ®@,, = HyR,B, + H,R,Q,C;" (21)
Moreover, the suitable filter parameters 4,,B,,L, in system (4) can be
given by

A, =R,/)Q, B, =Q,C',C, =Q,,. (22)

Proof: By Theorem 1, the terms in (9) can be rewritten as follows:
TR - A'R, A4 +C!BiR, B,C,— uR,  C/B;R,A,
P ALR,B,C, ARRy A, — iR, |
B'RB =[B'R, D'B}R,B,D,]
and HRA, =| H\R, A4 +H}R,B,C, HyR,A,],

while

HiTRiEI =Hy,R,B, + H4iR2iBﬁDi .

Let Q, =R, A4;,Q, =Ry B;,Q; =L,, then the condition (8) is equivalent to
(20).

4. Numerical Example

We now give a numerical example to illustrate the proposed approach. In this
example, we choose the following coefficients for the discrete-time Markov

Jump stochastic system in the form of (1):

{—1 0.8} [—1 0.6 } { 0.2 } { 0.3 }

Al = N A2 = 5 Bl = 5 Bz = >

0.9 -2 0.8 -1.8 0.1 03

¢ =[04 -02], ¢, =[-0.1 03], D,=02, D,=0.1, x(0)=[0.2 0.],
E[af (k)} =0.1 and use the Matlab LMI Toolbox.

0.02 0.04
H“: > H21:_0.02, lez > H22:0~05)

-0.03 ~0.01
~0.04 0.03
Hy=| o | Hy =001, Hy=| |, Hy, =003
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G, =[-0.03 -0.02], G,=[-0.02 -0.01], G, =[-0.02 -0.02],
G,=[-0.02 -0.05], L, =[0.03 -1.2], L,=[0.02 -1.5].

Suppose u=1.04 , y=32, P=diag{l2,12}, a=001, ¢=07,
¢, =24, N=20, §=03, ¢ =02 andapply Theorem 1, we find that LMIs
(5) is feasible. Thus the system is finite-time stochastic stable with respect to
(0.7,2.4, P, 20) for all N. Moreover, applying Theorem 2, we can obtain the
corresponding filter parameters as follows:

0.7435 0.3269 2.4634
s {0.3269 0.4336} ne {—0.6429

_[0.6844 0.4758 [ 2.8547
27104758 02927 | -0.7341

}, L,=[0.1036 —0.0264],

}, L,,=[0.0074 -0.0159].

The necessary LMI’s are solved in MATLAB using the LMI capabilities of the
Robust Control Toolbox.

5. Conclusion

In this paper, we have investigated the A, filtering problems for discrete-time
Markov Jump stochastic systems. Stochastic Lyapunov function method is adopted
to establish sufficient conditions for the FTSS of the filter error system. The de-
sign of H_, filter is constructed in a given finite-time interval in the form of LMIs
with some fixed parameters. An example is given to demonstrate the validity of
the proposed method.
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