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Abstract

In this paper, we introduce and study the relationship between two different
notions of transitive maps, namely topological a-transitive maps, topological
@-transitive maps and investigate some of their properties in two topological
spaces (X, 7°) and (X, 7%), 7° denotes the a-topology (resp. 7° denotes the
6-topology) of a given topological space (X, 7). The two notions are defined
by using the concepts of a-irresolute map and f-irresolute map respectively
Also, we define and study the relationship between two types of minimal
mappings, namely, a-minimal mapping and é-minimal mapping, The main
results are the following propositions: 1) Every topologically a-transitive map
is transitive map, but the converse is not necessarily true. 2) Every topologi-
cally a-minimal map is minimal map, but the converse is not necessarily true.
3) The converse of (1) and (2) is not necessarily true unless every nowhere
dense set in (X ,r) is closed. 4) Also, if every a-open set is locally closed

then every transitive map implies topological a-transitive.
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1. Introduction

The concept of topological transitivity goes back to G. D. Birkhoff who intro-
duced it in 1920 (for flows). This article will concentrate on topological transi-
tivity of dynamical systems given by continuous mappings in metric spaces. A
dynamical system is a rule for time evolution on a state space. Intuitively, a to-
pologically transitive dynamical system has points which eventually move under

iteration from one arbitrarily small open set to any other. Consequently, such a
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dynamical system cannot be decomposed into two disjoint sets with nonempty
interiors which do not interact under the transformation. Birkhoff was one of
the most important leaders in American mathematics in his generation, and
during his time he was considered by many to be the preeminent American ma-
thematician.

Recently there has been some interest in the notion of a locally closed subset
of a topological space. According to Bourbaki [1] a subset S of a space (X,7) is
called locally closed if it is the intersection of an open set and a closed set. Gan-
ster and Reilly used locally closed sets in [2] and [3] to define the concept of
LC-continuity; Ze. a function f:(X,7)—(X,o) is LC-continuous if the in-
verse with respect to fof any open set in Y'is closed in X. The study of semi open
sets and semi continuity in topological spaces was initiated by Levine [4]. Bhat-
tacharya and Lahiri [5] introduced the concept of semi generalized closed sets in
topological spaces analogous to generalized closed sets which were introduced
by Levine [6]. Throughout this paper, the word “space” will mean topological
space. The collections of semi-open, semi-closed sets and a-sets in (X ,z') will
be denoted by SO(X,7r), SC(X,r) and 7“ respectively. Njastad [7] has
shown that 7“ is a topology on X with the following properties: 7 c 7%,
(T“)a =7" and Ser” ifand only if S=U\N where U ez and Nis no-
where dense (z’.e. Int(CI(N))= (p) in (X,7). Hence z=7" if and only if
every nowhere dense (nwd) set in (X,z) is closed, therefore every transitive
map implies a-transitive. Also if every a-open set is locally closed then every
transitive map implies a-transitive; and this structure also occurs if (X,7) is
locally compact and Hausdorff ([8], p. 140, Ex. B) and every a-open set is locally
compact, then every a-open set is locally closed. Clearly every a-set is
semi-open and every nwd set in (X,7) is semi-closed. Andrijevic [9] has ob-
served that SO(X,T"):SO(XJ), and that Nc X is nwd in (X,z-"’) if
and only if Nisnwd in (X,7).

In 1943, Fomin [10] introduced the notion of f-continuous maps. The notions
of B-open sets, G-closed sets and &-closure where introduced by Velicko [11] for
the purpose of studying the important class of H-closed spaces in terms of arbi-
trary fiber-bases. Dickman and Porter [12] [13], Joseph [14] and Long and Her-
rington [15] continued the work of Velicko. We introduce the notions of -type
transitive maps, 6-minimal maps and show that some of their properties are
analogous to those for topologically transitive maps. Also, we give some addi-
tional properties of &-irresolute maps. We denote the interior and the closure of
a subset A of Xby In{(A) and CIA), respectively. By a space X, we mean a topo-
logical space (X,z) A point x € X is called a @-adherent point of A4 [11], if
ANCI(V)#¢ for every open set V containing x. The set of all f-adherent
points of a subset A of Xis called the #-closure of 4 and is denoted by CI,(A4).
A subset A of X is called f-closed if 4=Cl,(A). Dontchev and Maki [14]
have shown that if A and B are subsets of a space (X,7r), then
Cl,(AuB)=Cl,(4)uCl,(B) and Cl,(ANB)=Cl,(4)NCl,(B). Note al-
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so that the &-closure of a given set need not be a &-closed set. But it is always
closed. Dickman and Porter [12] proved that a compact subspace of a Hausdorff
space is @-closed. Moreover, they showed that a &-closed subspace of a Hausdorff
space is closed. Jankovic [16] proved that a space (X ,r) is Hausdorft if and
only if every compact set is 8-closed. The complement of a &-closed set is called a
6-open set. The family of all 8-open sets forms a topology on X and is denoted
by % or 6- topology. This topology is coarser than 7. In general,
Cl,(A4) will not be the closure of A with respect to (X ,19). It is easily seen
that one always has 4 Cl(A4) < Cl;(A4) < Cl,(A4)c A° where A? denotes
the closure of A with respect to (X,rg). It is also obvious that a set A is
6-closed in (X,7) if and only if it is closed in (X,z'g). The space (X,z'g) is
called sometimes the semi regularization of (X,7). A function f:X —7Y is
closure continuous [17] (f-continuous) at x € X if given any open set Vin YV
containing f(x), there exists an open set U in X containing x such that
f (Cl (U )) < CI(V) [17] In this paper, we will define new classes of topological
transitive maps called a-type transitive, f-type transitive and new classes of
a-minimal maps ¢-minimal maps. We have shown that every a-transitive map is
a O@-type transitive map, but the converse not necessarily true and that every
a-minimal map is a #-minimal map, but the converse not necessarily true we

will also study some of their properties.

2. Preliminaries and Definitions

In this section, we recall some of the basic definitions. Let X be a space and
A c X . The intersection (resp. closure) of A is denoted by In#{(A) (resp. CAA).

Definition 2.1 [4] A subset A of a topological space X will be termed
semi-open (written S.0.) if and only if there exists an open set U such that
UcAcCl(U).

Definition 2.2 [5] Let A be a subset of a space X then semi closure of A4 de-
fined as the intersection of all semi-closed sets containing A is denoted by sCI/A.

Definition 2.3 [10] Let (.X,z) be a topological space and a an operator
from rto P(X) ie a: 7> P(X), where P(X) is a power set of X. We say that a is
an operator associated with 7if U ca(U) forall Ue r.

Definition 2.4 [18] Let (X,z') be a topological space and a an operator as-
sociated with 7. A subset A of Xis said to be a-open if for each x € X'there exists
an open set U containing x such that ¢ (U)c A. Let us denote the collection of
all a-open, semi-open sets in the topological space (X,z) by 7, SO(1), re-
spectively. We then have 7 c7” ¢ SO(r). A subset Bof Xis said to be a-closed
[7] if its complement is a-open.

Definition 2.5 [10] Let (X, r) be a space. An operator ais said to be regular
if, for every open neighborhoods U and V of each x € X, there exists a neigh-
borhood Wof xsuch that a(W)ca(U)ca(V).

Note that the family 7” of a-open sets in (.X,7) always forms a topology
on X, when a is considered to be regular finer than .
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Theorem 2.6 [20] For subsets A, B of a space X, the following statements
hold:

1) D(A4)c D,(A4) where D(A) isthe derived set of 4;

2)If Ac B,then Ac B;

3) D,(4)uD,(B)=D,(4UB) and D,(AnB)c D,(4)nD,(B).

Note that the family 7’ of 6-open sets in (X,7) always forms a topology
on X denoted 6-topology and that £-topology coarser than 7.

Definition 2.7 [19] Let A be a subset of a space X. A point x is said to be an
a-limit point of A if for each a-open U containing x, U N (A4\x)# ¢. The set of
all a-limit points of A is called the a-derived set of A and is denoted by D, (4).

Definition 2.8 [19] For subsets A and B of a space X, the following statements
hold true:

1) D,(A)c D(A) where D(A) is the derived set of 4;

2)If Ac B then D,(A)cD,(B);

3) D,(4)uD,(B)cD,(AUB);

4) D,(4uD,(4))cA4uUD,(4).

Definition 2.9 [18] The point x € X is in the a-closure of a set A c X if
a(U)n A+ @, for each open set U containing x. The a-closure of a set A is the
intersection of all a-closed sets containing A4 and is denoted by CI, (4).

Remark 2.10 For any subset A of the space X, 4 < CI(A)< CI,(A).

Definition 2.11 [18] Let (X,r) be a topological space. We say that a subset

A of Xis a-compact if for every a-open covering II of A there exists a finite

sub-collection {C,,C,,--,C,} of II such that Ac|JC,. Properties of

>~n
i=1

a-compact spaces have been investigated by Rosa, E etc. and Kasahara, S [18].
The following results were given by Rosas, E etc. [18].

Theorem 2.12 Let (X,7) be a topological space and a an operator asso-
ciated with = Ac X and K c 4.If Ais a-compact and Kis a-closed then K
is a-compact.

Theorem 2.13 Let (.X,7) be a topological space and a be a regular operator
on 7. If X is a-7, (see Rosa, E etc. and Kasahara, S) [10] and K c X is
a-compact then Kis a-closed.

Definition 2.14 [18] The intersection of all a-closed sets containing A is
called the a-closure of A, denoted by CI, (4).

Remark 2.15 For any subset A of the space X, 4 < Cl(4) < Cl, (A).

Lemma 2.16 For subsets A and 4, (i € ]) of a space (X,7), the following
hold:

1) AcCl,(A4);

2) Cl,(A) isclosed; CI,(Cl,(A4))=Cl,(A);

3)If Ac B then CI, (A)cCl,(B);

4) Cl,(n(4:iel))cn(Cl, (4):iel);

5) Cl,(U(4,:iel))=0(ClL,(4):iel).

Lemma 2.17 The collection of a-compact subsets of X is closed under finite
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unions. If a is a regular operator and X is an a-7, space then it is closed under
arbitrary intersection.

Definition 2.18 Let (X, 7) be a topological any space, A subset of X, The
int, (4)=u{U:U isa-openand Uc A4}.

Remark 2.19 A subset A is a-open if and only if int, (4)=4.

Proof: The proof is obvious from the definition.

Definition 2.20 Let (X, 7) and (Y; o) be two topological spaces, a map
f X > Y issaid to be a—continuous if for each open set Hof ¥, [~'(H)
is a-open in X.

Theorem 2.21 [19] For any subset A of a space X, CI,(A)=AUCL, (A).

Theorem 2.22 [19] For subsets A, B of a space X, the following statements are
true:

1) int, (A4) is the largest a—open contained in 4;

2) int, (int, (4))=int, (4);

3)If Ac B then int,(4)cint,(B);

4) int,(A4)vint, (B)cint, (AU B);

5) int, (4)Nint, (B)>int, (4N B).

Lemma 2.23 [7] For any a-open set A and any a-closed set C, we have:

1) Cl,(A)=CI(A4);

2) int, (C)=int(C);

3) int, (CL,(4))=int(CI(4)).

Remark 2.24 [19] It is not always true that every a-open set is an open set, as
shown in the following example:

Example 2.25 Let X ={a,b,c,d} with topology = {¢,{a,b} ,X} . Hence
a(r) = {¢,{c,d},{b,c,d},{a,c,d},X} .

So {b, ¢, d} is a-open but not open.

Theorem 2.26 [20] For subsets A, B of a topological space X, the following
statements are true:

1) Int,(A) is the union of all open sets of X whose closures are contained in
A.

2) Ais G-open < Int,(A)=A.

3) Int,(Int,(A)) < Int,(A).

4) X\Inty(A)=Cl,(X\4).

5) X\Cl,(4)=Int,(X\ 4).

6)If Ac B then Int,(A4)c Int,(B).

7) Inty(A)UInt,(B)< Int, (AU B).

8) Int,(A)NInt,(B)=Int,(ANB).

3. Transitive and Minimal Systems

Topological transitivity is a global characteristic of dynamical systems. By a dy-
namical system (X ,f) [21] we mean a topological space X together with a
continuous map f: X — X . The space X is sometimes called the phase space
of the system. A set 4 < X is called Finveriantif f (A) cA.
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A dynamical system (X, /) is called minimal if X does not contain any
non-empty, proper, closed £inveriant subset. In such a case we also say that the
map fitself is minimal. Thus, one cannot simplify the study of the dynamics of a
minimal system by finding its nontrivial closed subsystems and studying first the
dynamics restricted to them.

Given a point x in a system (X,f), O,(x)= {x,f(x),f2 (x),} denotes
its orbit (by an orbit we mean a forward orbit even if fis a homeomorphism)
and o, (x) denotes its w-limit set, ie. the set of limit points of the sequence
x, f(x),f*(x), . The following conditions are equivalent:

e (X,f) isminimal,
e every orbit is dense in X,
e w,(x)=X foreveryxe X

A minimal map fis necessarily surjective if X is assumed to be Hausdorff and
compact.

Now, we will study the Existence of minimal sets. Given a dynamical system
(X,f),aset Ac X iscalled a minimal setif it is non-empty, closed and inva-
riant and if no proper subset of A has these three properties. So, 4 X is a
minimal set if and only if (A,f |A) is a minimal system. A system (X f) s
minimal if and only if Xis a minimal setin (X, /).

The basic fact discovered by G. D. Birkhoff is that in any compact system
(X, f) there are minimal sets. This follows immediately from the Zorn’s lem-
ma. Since any orbit closure is invariant, we get that any compact orbit closure
contains a minimal set. This is how compact minimal sets may appear in
non-compact spaces. Two minimal sets in (X ,f ) either are disjoint or coin-
cide. A minimal set A is strongly Finveriant, ie. f(A4)=A. Provided it is
compact Hausdorff.

Let (X ,f) be a topological system, and f:X — X a r-homeomorphism
of X onto itself. For A and Bsubsets of X, we let
N(4,B)={neZ: " (4)nB=g¢|.

We write N(4,B)=N(x,B) forasingleton 4={x} thus
N(x,B):{neZ:f"(x)eB}.

For a point xe X we write O, (x)= {f” (x):ne Z} for the orbit of x and
Cl, (Of (x)) for the a-closure of O, (x). We say that the topological system
(X,f) is a-type point transitive if there is a point xe X with O, (x)
a-dense. Such a point is called a-type transitive. We say that the topological sys-
tem (X, /) istopologically a-type transitive (or just a-type transitive) if the set
N(U,V) is nonempty for every pair Uand V of nonempty a-open subsets of X.

Topologically a-Transitive Maps

In [22], we introduced and defined a new class of transitive maps that are called
topologically a-transitive maps on a topological space (X, 7), and we studied
some of their properties and proved some results associated with these new defi-

nitions. We also defined and introduced a new class of a-minimal maps. In this
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paper we discuss the relationship between topologically a-transitive maps and
O-transitive maps. On the other hand, we discuss the relationship between
a-minimal and #-minimal in dynamical systems.

Definition 3.1.1 Let (X, 7) be a topological space. A subset A of X is called
a-dense in Xif CI, (A4)=X.

Remark 3.1.2 Any a-dense subset in Xintersects any a-open set in X.

Proof: Let A be an a-dense subset in X, then by definition, CI,(4)=X,and
let U be a non-empty a-open set in X. Suppose that 4NU =¢. Therefore
B=U° is a-closed and AcU‘=B.So Cl,(A4)cCl,(B), ie Cl,(4)cB,
but CI,(A4)=X,so X c B, this contradicts that U # ¢.

Definition 3.1.3 [23] A map f:X — 7Y is called a-irresolute if for every
a-open set Hof ¥, f~'(H) is a-openin X.

Example 3.1.4 [22] Let (X, 7) be a topological space such that X ={a,b,c,d}
and 7= {¢,X,{a,b},{b}} . We have the set of all a-open sets is
a(X,T)={¢,X,{b},{a,b},{b,c},{b,d},{a,b,c},{a,b,d}} and the set of all
a-closed sets is aC(X,T):{¢,X,{c,d},{a,c,d},{a,d},{a,c},{d},{c}}. Then
define the map f:X - X as follows f(a)=a, f(b)=b, f(c)=d,
f(d)=c,wehave fis a-irresolute because {4} is a-open and /™' ({b}) ={b} is
a-open; {a, b} is a-open and [ ({a,b}) ={a,b} is a-open; {b, d} is a-open and
! ({b,c}):{b,d} is a-open; {a, b, ¢} is a-open and f’l({a,b,c}):{a,b,d}
is a-open; {a, b, d} is a-open and f' ({a,b,d}) ={a,b,c} is a-open so fis
a-irresolute.

Definition 3.1.5 A subset A4 of a topological space (X, 7) is said to be nowhere
a-dense, if its a-closure has an empty a-interior, that is, int, (Cla (A)) =¢.

Definition 3.1.6 [22] Let (X, 7) be a topological space, f:X — X be
a-irresolute map then fis said to be topological a-transitive if every pair of
non-empty a-open sets U and V in X there is a positive integer n such that
f"(U)NV # ¢ . In the forgoing example 3.1.4: we have fis a-transitive because
b belongs to any non-empty a-open set V and also belongs to {U) for any
a-open set it means that f(U)NV #¢ so fis. a-transitive.

Example 3.1.7 Let (X, 7) be a topological space such that X ={a,b,c} and
T= {¢,{a},X} . Then the set of all a-open sets is 7% = {¢,{a} ,{a,b},{a,c},X} .
Define f:X — X as follows f(a)=b, f(b)=b, f(c)=c. Clearly fis
continuous because {a} is open and f({a}) =¢ isopen. Note that fis transitive
because f({a}) ={b} implies that f({a})m {b} # ¢ . But fis not a-transitive
because for each nin N, f"({a}){a,c}=¢;since f"({a})={b} for every
ne N and {b}n{a,c}=¢. So we have fis not a-transitive, so we show that
transitivity not implies a-transitivity.

Definition 3.1.8 Let (X, 7) be a topological space. A subset A of X is called
6-dense in Xif Cl,(A4)=X.

Remark 3.1.9 Any 6-dense subset in X intersects any f-open set in X.

Proof: Let A be a 6-dense subset in X, then by definition, Cl,(A4)=X, and
let U be a non-empty G-open set in X. Suppose that 4ANU =¢. Therefore
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B=U°“ is 6-closed because B is the complement of f-open and AcU‘ =B.
So Cl,(A)=Cl,(B),ie Cl,(A)cB,but Cl,(4)=X,so X c B, this con-
tradicts that U # ¢.

Definition 3.1.10 [24] A function f:X — X is called H-irresolute if the
inverse image of each 6-open set is a f-open set in X.

Definition 3.1.11 A subset A of a topological space (X, 7) is said to be no-
where @-dense, if its O-closure has an empty G-interior, that is,
int, (Cl,(4))=¢.

Definition 3.1.12 [25] Let (X,7) be a topological space, and f:X — X
O.-irresolute) map, then fis said to be topologically &-type transitive map if for
every pair of G-open sets U and Vin X there is a positive integer n such that
" (U)NV 4.

Theorem 3.1.13 every theta-type transitive map implies transitive nap if (X
7) is regular.

Note that a space (X; 7) is regular if and only if 7 =177 [26].

Theorem 3.1.14 [22] Let (X, 7) be a topological space and f:X — X be
a-irresolute map. Then the following statements are equivalent:

1) fis topological a-transitive map.

2) For every nonempty a-open set Uin X, | J /" (U) is a-dense in X.

n=0
3) For every nonempty a-open set Uin X, 0 /7" (U) is a-dense in X.
n=0
4)If Bc X is a-closed and Bis finvariant Ze. f(B) c B then B= Xor B
is nowhere a-dense.
5)If Uis a-open and f~'(U)cU then Ulis either empty set or a-dense in
X
Theorem 3.1.15 [25] Let (X, 7) be a topological space and f: X — X be
G-irresolute map. Then the following statements are equivalent:
1) fis B-type transitive map.

2) U I (D) is f-dense in X, with Dis f-open set in X.
n=0

3) U f (D) is f-dense in X with Dis f-open set in X.
n=0

4) If Bc X is O-closed and f(B)c B then B = X or B is nowhere
6-dense.

50 If f'(D)c D and Dis G-open in Xthen D= ¢ or Dis f-dense in X, we
have to prove th theorem.

4. a-Minimal Functions

We introduced a new definition on a-minimal [22] (resp. #-minimal [25]) maps
and we studied some new theorems associated with these definitions.

Given a topological space X, we ask whether there exists a-irresolute (resp.
G-irresolute) map on X such that the set { S (x):in> O} , called the orbit of x
and denoted by O, (x), is a-dense(resp. 6-dense) in X for each x € X. A partial
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answer will be given in this section. Let us begin with a new definition.

Definition 4.1 (a-minimal) Let X be a topological space and fbe a-irresolute
map on X with a-regular operator associated with the topology on X. Then the
dynamical system (X, £ is called a-minimal system (or fis called a-minimal map
on JX) if one of the three equivalent conditions [22] hold:

1) The orbit of each point of Xis a-dense in X.

2) Cl,(O,(x))=X foreachxe X.

3) Given x € X and a nonempty a-open Uin X, there exists n € N such that
/" (x)eU.

Theorem 4.2 [22] For (X, f) the following statements are equivalent:

1) fis an a-minimal map.

2) If Eis an a-closed subset of Xwith f(E)c E, we say Eis invariant. Then
E=¢ or E=X.

3) If Uis a nonempty a-open subset of X, then 0 f (U) =X.

n=0

5. Conclusions

We have following propositions:

1) Every topologically a-transitive map is transitive map, but the converse is
not necessarily true.

2) Every topologically a-minimal map is minimal map, but the converse is not
necessarily true.

3) The converse of (1) and (2) is not necessarily true unless every nowhere
dense setin (X,7) is closed.

Also, if every a-open set is locally closed then every transitive map implies

topological a-transitive.
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