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Abstract

We present a non-relativistic approach to the equivalent polarization

P, = (1/ cz)v x M, , that appears in a magnetized medium in motion. We ap-

ply an analogous method to that used by Panofsky and Phillips to calculate
the symmetric effect, the equivalent magnetization that appears in a polarized
dielectric in motion, M, = Pxv, This method is based on a particular ex-

pression of Maxwell’s equations and the application of the convective deriva-
tive. These authors argue, however, that the equivalent polarization can be
obtained only with a relativistic approach. We show that with the same me-
thod, but with a different and equivalent expression of Maxwell’s equations,
this effect can also be calculated. In this way both effects can be considered
relativistic effects to first order in v/c.

Keywords

Moving Media, Polarized Dielectric, Macroscopic Maxwell Equations,
Induction of Magnetic Dipoles

1. Introduction

The question of the electrodynamics of moving bodies stimulated the emergence
of the special theory of relativity. Therefore, the phenomena of electromagnet-
ism can be seen as relativistic aspects to some order in v/c. One of these pheno-
mena is the induction of magnetic dipoles by a polarized dielectric in motion

other is the induction of electric dipoles by a magnetized medium in motion.
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Indeed this effect is related to the homopolar generator, which motivated Eins-
tein to impose the principle of relativity.

In the first case, we have the “non-relativistic” treatment, that is, to first order
in v/¢, offered by Panofsky and Phillips [1] (P & P in what follows). However, in
the second case they argue that only with a relativistic approach can it be ob-
tained with an approximation to first order in v/c. This argument seems justified
since the effect goes as v/ in SI units. However, in Gaussian units both effects
are of order v/c.

In the present article, we show that the second case can also be derived with
the non-relativistic approach used by P & P [1]. This approach is based on a par-
ticular expression of the Maxwell equations for stationary media. In order to
prove our point, we use the same method of P & P [1], but with a different
equivalent expression of Maxwell’s equations.

The relevance of choosing a particular and convenient expression of the
Maxwell equations can be better appreciated considering different momentum
balance equations that can be derived from these different expressions [2]. It
must be emphasized that these different forms of the macroscopic Maxwell equ-
ations are all equivalent. With one of these forms of expressing Maxwell’s equa-
tions [2] equations we can get for the motion of a current circuit, which is a typ-
ical magnetic dipole moment, the results obtained by Hnizdo [3] and later by Grif-
fiths [4] using relativity. These authors conclude that it is necessary to introduce a
new electromagnetic momentum density, the so-called hidden momentum. With
our approach, this momentum density appears as a consequence of a balance equ-

ation derived from Maxwell’s equations expressed in particular form.

2. Panofsky and Phillips’s Approach

P & P write Maxwell’s equations for stationary media in the form

v-E:[elj(p_v.p),

0
V-B=0, (1
VxE+0,B=0,
V xB—ep,0,E = 1ty (J+0,E+V xM).

Then they proceed to extend these equations for media in motion in the
non-relativistic limit, that is, media moving with velocity small compared with
the velocity of light. From their analysis they conclude that, in this limit, only the
Ampere-Maxwell law requires modification. Since the charge density p does
not change in this limit, the convection current is

I =v(p-V-P). (2)

conv
However, the polarization current is, instead of (0P/0r), the material deriva-
tive of the polarization, (DP/Dt), which takes into account the changes due to

motion and is

=—+
Dt ot
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Using a vector identity where (v-V) appears, and for constant v, the ma-

terial derivative results

DpP oP
—=—+Vx(Pxv)+(V-P)v. 3
D = o TV (Pxv) (V- P) (3)
In this way Maxwell’s equations for media moving slowly can be written in the
form
1
V-E =[—J(p—V-P),
€
V-B=0, (4)
VxE+0,B=0,

VxB—¢u,0,E =yt (J +v(p=V-P)+ 0P, +V x(Pxv)+(V-P)v+VxM).

For a non-magnetic medium the Ampére-Maxwell law reduces to

VxB—eO,uO@,E:uO[J+pv+£;—It)+Vx(va)j, (5)
which expressed in terms of D becomes
VXB:yO(J+pv+%—I:+Vx(va)j. (6)
Rearranging terms and in absence of free charge and current densities they fi-
nally obtain
Vx[B—yO(va)J:yo(%—l;j, (7)

concluding that [1] “...from the macroscopic point of view a moving polarizable

dielectric is equivalent to a magnetized material of magnetized moment

M, =Pxv" (8)

Their conclusion is based, though they do not say, in the identification of the
constitutive relation

H=LpB-m-B_puy 9)

Hy Hy

In considering the analogous case of the motion of a magnetized medium they
affirm that the problem with induced or permanent magnetic dipoles is more
complicated and requires the special theory of relativity for its treatment. They
add that [1] “...the source of the electrostatic field will not become fully clear
until the equations for moving media are modified to include permeable media.
Unfortunately, this modification cannot be made in a reasonable way without
introducing relativistic considerations.” With these relativistic considerations,
they show that if an observer moves with velocity v relative to a medium with

magnetization M , he will observe an equivalent electric moment given by

1
Peq:c—zva, (10)

and therefore, the source of the electrostatic field is given by
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V-Ez—iV-Peq. (11)
€
That is,
11
V-E=-——v-VxM, (12)
€ C

and introducing the magnetization current

Joug =V XM (13)
we can write “Equation (12)” as
11
V-E=———=v-J,., (14)
€ C

We have in this way a new induced charge density resulting from the induced
magnetization. As advanced by these authors, they obtain Equation (10) when
they develop the covariant formulation of electrodynamics. What we intend in
the present work is to show that the structure of macroscopic electromagnetism
permits to derive this polarization of a magnetic medium in motion using the
same method used by P & P.

It is also noteworthy that the results obtained by P & P [1] depend on the par-
ticular form in which Maxwell’s equations are expressed in terms of fields E,
B, and polarizations P and M . If the analysis is made with the most com-
mon expression of Maxwell’s equations in terms of fields E, D, B,and H,
it is not clear how to proceed. Also, it is apparent the asymmetry between elec-
tric and magnetic polarizations resulting from Maxwell’s equations expressed as
in “Equation (1)”.

To follow P & P’s approach we need, therefore, to write Maxwell’s equations
in a form where OM/dt appears and substitute it with the convective derivative.
This can be done only in Faraday’s law. Since we are considering non-polarizable
media, we can change in Faraday’slaw E with D given the constitutive relation

D

—=E. (15)
€

3. A Non-Relativistic Approach

Since there are several ways in which the Maxwell equations can be written, one
can ask if there is a particular form of expressing the Maxwell equations such that,
following the method of P & P [1], result “Equation (10)” can be obtained with-
out recurring to relativistic arguments. We can show that this can be done as fol-
lows.

We begin by noting that Faraday’s law can be expressed in terms of the field
H , magnetization M and electric displacement D . In this way Faraday’s law
can be written as

VxLD+u06tH =—u,0M. (16)

€
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It is important to note that the constitutive relation
H= LB -M (17)
Hy
separates the material part from the field B part, and therefore the convective
derivative is applied only to M . This is analogous to of P & P’s approach, who
separate the polarization P from the field E, and the convective derivative is
applied only to P
Following the method of P & P, we substitute 0M/d¢ with the convective de-
rivative, applying it only to matter, and not to the field B/,
oM _omt

D at-+vx(nlxv)+(V~A4)m (18)

resulting

VXLD-i-,antH:—,uo(aa—ﬂ;l—i-Vx(Mxv)+(V-M)vj. (19)

€
It is better to express this equation as Ampere’s Law “Equation (6)”

VXD+€0/106tH:—eo,uo(aa—}t]+Vx(Mxv)+(V-M)vj. (20)

Then

H oM
Vx(D+€0,uO(Mxv))=—eo,uo(aa—t+66—t+(V-M)vj. (21)
Now, taking into account the constitutive relation analogous to “Equation

(14)”,

¢,E=D-P, (22)
we identify in “Equation (21)”
€ E =D +eyuy (M xv), (23)
and since
1
Eolly = —» (24)
c
then we can see that
1
P,=——Mxv. (25)
c

This is the result obtained by P & P [1], “Equation (10)”, with relativistic ar-
guments.

As has been pointed elsewhere [2], it is possible to write Maxwell’s equations in
different but equivalent forms, depending on what fields and polarizations are
used to express them. We have thus the particular form, “Equation (1)”, used by
P & P [1] to obtain their result. However, an equivalent form of Maxwell’s equa-
tions is

v.E{i](p—v.p),

€
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V-H=-V-M,
VxE+ u,0,H =—-1,0,M, (26)
VxH-¢,0,E=J+0,P.

This form of Maxwell’s equations exhibits more symmetry than that used by P
& P [1] and, as we will show, allows to display the symmetry between the electric
and magnetic induced polarizations appearing in electromagnetic media in mo-
tion.

Maxwell’s equation can also be written expressing directly Faraday’s law in
terms of the electric displacement D, in “Equation (26)”, as

V.-E =(L](p—V~P),
€o
V-H=-V-M, 27)
VxD+e, p1,0,H=-1,0,M+V x P,
VxH-¢,0,E=J+0,P.
Indeed, there are several ways of writing Maxwell’s equations, all equivalent,

depending on the fields and polarizations used [2].

4. Symmetry between Induced Electric and Magnetic
Dipoles in Media in Motion

We can now use these results in the first two of “Equation (26)”, that is, the elec-

tric and magnetic Gauss laws. If we use “Equation (8)”

V-Ez(ij(p—v-(zuizvaD, (28)
€, c

V-H=-V-(M-vxP), (29)
which with the identities

V- (vxM)=-v-(VxM), (30)
V- (vxP)=—v-(VxP), (31)

can be transformed into the form
V~E=(LJ(,D—V'P—V'L2(VXM)), (32)

€, c

V-H=-V-M-v-(VxP). (33)

We observe that besides the “magnetic charge density”, —V - M , there appear
another contribution to the source of H, v-(V xP), analogous to the source
of the electric field given in “Equation (12)”, —v-(Vx M), and already consi-
dered by P & P. Thus, we find that the term V x P is analogous to V x M, the
magnetization current.

We can therefore define a new electric current density
J =VxP, (34)

new elec

analogous to the magnetization current Vx M .
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With definition, “Equation (34)”, the equations for the sources of E and
H , “Equation (32)” and “Equation (33)”, can be written in the form

V.E:[LJ(p_v.p-v.inmgj, (35)
€ c
V-H=-V-M-v .Jnewelec' (36)

Now the symmetry between the electric and magnetic cases is evident.

The relevance of choosing conveniently the fields and polarizations in writing
Maxwell’s equations is better appreciated in the various balance equations that
can be deduced from these different ways of writing these equations. Thus, from
“Equation (1)” we can deduce the balance equation [2]

\% .(GOEE +¢,BB —%I(eOEz + B ))—eoa, (ExB) -
=(p-V-P)E+(J+0,P+cVxM)xB.

On the other hand, from “Equation (26)” we can deduce the balance equation
(2]
l 2 2
Vi€, EE+ u,BB——\e,E° + u,H }—e,u& ExH
QBB+ BB (0" 1) ey, (ExH) o)
=pE+uJxH—(V-P)E—pu,(V-M)H + 11,(0,P)x H — 1,¢, (0,M ) x E.

They look very different, but both are consequences of the Maxwell equations
expressed in different ways in terms of the fields and polarizations. Let us note

that in Equation (38) there appear a new force density,
-f;lew hidden mom — _60/'10 (atM) X E (39)

Some years ago, Hnizdo [3] and then Griffiths [4] studied the problem of a
magnetic dipole in motion, modelled as a rectangular current loop, and obtained
with relativistic arguments the induced electric dipole moment, “Equation (25)”.
However, they have to consider a new force density, associated to the so-called
hidden electromagnetic momentum, discussed since long ago by Shockley and
James [5], Costa de Beauregard [6], Coleman and van Vleck [7]. It must be em-
phasized that this “hidden electromagnetic momentum” is already contained in

the momentum balance equation, “Equation (38)”, where it appears naturally.

5. Conclusions

We have shown that the non-relativistic method applied by P & P [1] to show
that a polarized medium in motion is equivalent to a magnetized medium can
also be used to show that a magnetized medium in motion is equivalent to a po-
larized medium. This is done by writing Maxwell’s equations in a particular
form, equivalent but different to the form used by P & P [1].

Thus, we find that different expressions of Maxwell’s equations in terms of the
fields and polarizations can be used for different purposes. In this case, Max-

well’s equations expressed as in “Equation (1)” are convenient to show to first
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order in v/¢, that a polarized medium in motion is equivalent to a magnetized
medium, while written as in “Equation (25)” are convenient to show to first or-
der in v/¢, that a magnetized medium in motion is equivalent to a polarized me-
dium.

Following this approach of writing Maxwell’s equations in different forms,
permits also to show how more symmetry can be displayed, between electric and
magnetic phenomena.

Finally, we remark that in one of the momentum balance equations that can
be derived from Maxwell’s equations [2], there appear the so-called hidden mo-
mentum, introduced by, Schocley and James [5], Costa de Beauregard [6], and
Coleman and Van Vleck [7] and considered by Hnizdo [3], and Griffiths [4] ne-
cessary to study the motion of a magnetic dipole modelled by a loop of current.
Indeed, there are other expressions of Maxwell’s equations from which balance
equations can be derived, appearing interesting force densities and stress ten-

SOrs.
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