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http://creativecommons.org/licenses/by/4.0/ The advection-diffusion-reaction equation is a combination of the advection,

diffusion and reaction equation. It describes physical phenomena, where the

energy of the particles or other physical sizes is transferred in a physical system

because of three processes: advection, diffusion and reaction. According to this
definition, it follows that the equation of advection-diffusion contains a para-
bolic part (diffusion) and hyperbolic part (advection).

In the case of constant coefficient of diffusion and constant rate of flow, the

equation in 1D can be written in the following form:

Ou(x,t 2
u(x )+€8u(x,t) =y 9 ”(f’t) + pu" + f(x,1) (1)
ot ox ox —
—— reaction source

Advection Diffusion
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where: & is the speed of transport, y the coefficient of diffusion, S the
chemical coefficient of reaction, f (x,t) the source function and m=1,2,3,---.

The equations of advection-diffusion-reaction are used to describe the prob-
lems of transport (the transport of pollutants, flows in the conduits, the model-

ing of the air pollution, etc.) [1] [2] [3].

2. The Adomian Decomposition Method

Suppose that we need to solve the following equation:

Fu=f (2)
in a real Hilbert space H, where F:H — H is alinear or a nonlinear operator,
f € H and uis the unknown function. The principle of the ADM is based on
the decomposition of the operator Fin the following form [2] [4] [5] [6]

F=L+R+N (3)

where L+ R isalinear part, Nnonlinear operator.

We suppose that Z is an invertible operator in the sense of Adomian with L
as inverse.

Using that decomposition, Equation (2) is equivalent to

u=0+L"f—L"'Ru—L"Nu (4)

where 6 verifies LO=0. (4) is called the Adomian’s fundamental equation or

Adomian’s canonical form. We look for the solution of (2) in the following series

expansion form u= Zuﬂ and we consider that Nu= ZAH where A are
n=0 n=0

special polynomials of variables u,u,, --,u

defined by [2],

called Adomian polynomials and

n

An:i d N Z/Iiui , n=0,1,2,--- (5)
n'dﬂ,” i=0 =0

where A is a parameter used by “convenience”. Thus Equation (4) can be re-

written as follows:
+o0 +o0 +00
Zun:9+L‘1f—L"R(ZunJ—L’I(ZAnj (6)
n=0 n=0 n=0
We suppose that the series
+00 +00
Du, and Y A4,
n=0 n=0
are convergent, and we obtain the following Adomian algorithm:
u,=0+L"f
u, =—L" (Ruy)—L"
=L (Ruy) L ”
u,, =—L"(Ru,)-L"'4,, n>0

In practice it is often difficult to calculate all the terms of an Adomian series

solution, so we approach the series solution by the truncated series: u =) u,,
i=0
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where the choice of n depends on error requirements. If this series converges,

the solution of (2) is:

3. Applications
3.1. Problem 1

Let’s consider the following advection-diffusion: [7] [8] [9]

2
6u(x,t)+€8u(x,f) :la ”(’zf’t)’ 0<x<1,t>0
ot ox Ox
u(x’()):g(x), 0<x<1
ou(0,t)
Ox

=h(t), 120

with

11 (12t 1,
g(x)ze%x sinmx, h(1)=me [5000 2 ]t,s— 1 !

5077 2
3.1.1. Resolution by the Adomian Decomposition Method
The equation of state of the problem is:

6u(x,t) . 11 8u(x,t) 1 62u(x,t)
2

ot 50 ox 2 Ox

From (11), we have

1lx { A2 .
u(x,t)=e% Sinnﬁlfwds_ﬂj@u(x,s)ds
29 ox 507 ox

and

u(x.t)=1u(0,¢)+x auéo,t) + jU(z ou(zr) 11 a”(z’t)]dszs

X ° ot 25 ox

(13) is equivalent to

(ory=me ) E(j[zau@r)+£6u<z,r>]d2]ds

0 ot 25 ox

(12) and (14) give the following canonical form

1 (121 1, " 121 1,
50" (5000 2" . 507 o 5000 2"
u(x,t)=e s1nnx+§e smnx+5xne

sinmx +— > -—
Ox 100y, oOx

+j@%dz}ds +%j[i%§’t)dz]ds

0 0\ 0

_e%x_[%%"z} ljazu(x,s)ds 11 ’8u(x,s)ds

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)
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u (x,t):—e5° sin mx +— xme
: 2 2

From (16) one obtains the following Adomian algorithm:

11 (121 1 2]
—x— +—m” |t
50 5000 2

uy(x,1)=e sin mx
1 o . 1 7[ 5102010%7[2 ]t ;1) [5102010 %ﬂz ]’ .
(x,1)=—=e% 51n7tx+5x1te —e sin mx

+lz du, (x,5) __lj-auo (x,5)
4y o’ 100, ox
+I[f—ﬁuo(Z’t)dzjdﬁﬂjﬁ—auo(Z’t)dszs
oly Ot 505\y  Ox

11’814 M zt
T

ox

ds

n+1

2
j@u xs
0

LA jmdz ds,vn>1
S0ty Ox

Calculation of u, (x,?)
o 1 7[5102010%"2} ;(1) (5102010%"2} .
sin mx
Ou, (x,s

[ e
el

+_ J.62u0 x,s)
4 ox’

0

5
o

Aty

0

o Lo} _ g lsoor s
u (x,1)= Lo Ginor+ L S ame 000 2 sin mx
2

242¢ p( T
50 5000 2 .
- sin mx

100007” + 484
22007 exp(11 mt—lnzlj

11 121 12tj

50" 5000 2
10000%> + 484

50007 exp(11 mt—1n2t]

50 5000 2 .
+ sin mx

100007” + 484

11 11

242¢% 22007e™"
—2 Sin + —2 C
100007> + 484 1000072 + 484

11
11 121

i 1
_50007’e® St 11 ( 1100 ]eSO i
100007” + 484 100\ 25007* +121

1121 1
+l __3000m__ @0 S0 el cos Ty
100\ 25007 +121

11( 1100 )e;xsmm 11[ 5000 je; cos e
100\ 2500n” +121 100\ 2500n” +121

121 1, 121 1, 11211

12 1e50 5000 2

2424500077

COS X

OS X

sin T

2500n xe s000" 2"
242 + 50007

_1100me so00' 2"
242 + 50007

sin mx)

(16)
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121 1, 1121 1,

s0000 2" 2,50 5000 2"
121mxe 2500m"e

+
242 + 50007 242 +5000x%”

(sinmx)

12 1n 121 +l,[2}

1100me® 5000 2" " S50me (901"
OS TTX —_——
242 +50007° 25007* +121
1121 1 2’) (17)

l2lexp(x—t—n
50 5000 2

2500%> +121

550nexp(11x—121t —11t2tj

sin mx)

50" 5000 2
25007 +121

oS X )

(16) gives us:

ul(x,t)=(—1+
ﬂxf ﬂ+l1[2 11

+ 1221 jeso [5000 2 )(Sinnx)+( 11007 _

2500m” +121 242 +50007

11 121 1
100w 550w 550m jeso*sooo’z"z‘ (cosmr)
5000m” +242  25007* +121 25007 +121

11 ) 2w (1] 121 2500n°
+| —m——m |xe +| —+ 3 - 3
27 2 2 5000m° +242  5000m” +242

242 ) & ( 550m 550m j L
> - (5] Sm 2 - 2 € COS X
5000m” +242 25007 +121  25007” +121

( 550n 550m jem’l"z’

2500%° . 121 ~ 121
25007 +121  2500%* +121  2500%* +121

— 5000 27 —()
25007 +121  25007* +121
(18)

therefore
1 (121 1,
50" 5000 2" )
U, (x, t) =€

u,(x,0)=0,vn>1

sin mx (19)

The exact solution of the problem (9) by the Adomian decomposition method

is:
U2
u(x,r)=e* V%2 Jsinmx (20)
and we remark that u(1,7)=0.

3.1.2. Resolution by ADI Method

Grid of the field
1-0 1 .
X, =ihh=——=— w1thie{0,1,---,n} (21)
n n

T
t, =kt,k>0 where r =— (22)

At
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let’s note

u(ih,kr)= u

3.1.3. Semi-Discretization in Relation to the Space

Let’s consider the following equation:

6u(x,t) 62u(x,t) au(x,t)

- +& =0
ot 4 ox? ox
Let’s put
d’u  du
—y—te—=
grwatim A

where fis a function that depends on x

u(x, +h)=u(x)+hu'(x,) +h—2u”(x.)+£u(3) (x,) +h—4u(4) (x.)+0(h4)
1 1 1 2 1 6 1 24 1
and
h2 h3 4
u(x,—h)= u(xl.)—hu'(x,.)+7u"(xl.)—zu(3) (x,.)+—u(4) (x,)+ 0(h4)

(26) and (27) give

u(xl. + h) +u(xl. - h) —2u(xl.) = +h2u"(xl.)+ﬁu(4) (xl.)+ 0(h4)

3

u(x,+h)—u(x, —h):2hu'(xi)+h?u(3)(x)+0(h4)

1
and

u(x,. —h):u(xi)—hu'(xi)—i-?u (xl.)——u(3) (xi)+%u(4)(xi)+0(h4)

u(x, +h)+u(x, —h)—Zu(xl.):+h2u"(xl.)+5u(4)(x,.)+0(h4)
3

u(x,+h)—u(x —h):2hu'(x[)+h?u(3)(x[)+0(h4)

(28) is equivalent to

~ 3 2
u(xi +h) ZMh(ZX,-)""u(xi h) :u”(xi)+il_2u(4)(xi)+0(h4)

u(x, +h)2—hu(xl. —h) :u'(x,.)+§u(3)(x,-)+0(h4)

with

2 2 14

5fui:d—1;+h—d—ff+0(h4)
dx® 12 dx

ou =—+——-—+0

du W&
’”:dxu 6de: ()

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

DOI: 10.4236/jamp.2018.69165

1942 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2018.69165

A. Bitsindou et al.

d’u n d*u
—_— = 5214. —E@‘FO(}l‘l)

dX2 x i
q frgh (33)
Y su ——d—”+0(h4)
76 dx’
The discretisation of the Equation (24) is:
h d’u d*u
2 _ 4
_75xui+85Xui_§[28@_7@J_fi+0(h ) (34)
d? d*
Calculation of Kb; and KZ{
From (32), we have
_ b du_df
dx’? dx*  dx (35)
d*u d’u _ d*f
TSI T
dx dy>  dx
who gives us
3 2
d—ﬁ‘:l[gd—z—ij _fs Lsy +0(h*)
dx> y dx® dx /4 ¥ (36)
du & g 1
—— =5 =5 f,——(5f,)+0(h*
gt S o) o)

from (36) we obtain:

2 2
_}/53“1' +e0,u; _h_|:28[£6x2ui _lgxﬁ]_y[%éfui _izé;fi _l(éffz )J:|
12 7 4 4 4 7 (37)
= f,+0(n*)

that is equivalent to
2 .2 2
- y+h—‘9— 52 +&5, |u, = 1+ 52-L2s. fi+0(n) (38)
12 ¢ 12\ ° y
Let’s note

X

2 .2
Ax:—[y+ﬁ—f;j52+a£
v

12
. (39)
L=1+—|s-%s
’ 12
and we obtain

Ay, =L f,+0(h*) (40)

that is equivalent to
L' Au, = f,+0(h") (41)

Finally the semi-discretisation of Equation (24) is:
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out

L'Au' =———+0(h* 42
Mg ==—=+0(h") (42)

> k autk

Let’s note v, =——

ot

we have

L' Auf =—vf +0(h*) (43)

One obtains the following diagram of the finite differences

1 hg k 5 k 1 hg k
Pl L T S AT
12 24y 6 12 24y

2 2 2 2 (44)
Rty T o T P 2
12y 2h o6y W12y 2h
In the matrix form (44) becomes
AV (1)=BU (¢)
(45)
U(0)=U,
that is equivalent to:
dU
0 _ sy
dt (46)
U(0)=U,
where
U () =L, (¢)uy (1), (6)]' )

U(0)=[g(x).2(x). g, (x)]'

Here A and B are the n—1 order tridiagonale matrixes of the following

form:
2 L_h_g 0 0 0
6 12 24y
1 he 5 1 he
—t— — _——— 0
12 24y 6 12 24y
12 24y
A= 0 0 : (48)
0 i_h_g
12 24y
1 he 5 1 he
0 —t— — —_———
12 24y 6 12 24y
0 0 0 L h_g 2
12 24y 6
and
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2y &

v
h2

o 6y

£ £
_+_
12y 2h

== 0 0 0
12y 2h
2 2 2
/AN A S 0 0
W6y kK 12y 2h
2 2 2 2
EANNLI GRS SN 0
12y 2h o6y kP 12y 2h
E 0 : (49)
0 A S 0
W12y 2h W6y kK 12y 2h
0 r, & & gy & &
W12y 2h o6y B 12y 2h
2 2
0 0 DAV
h” 12 2h h~ o6y

The numerical solution is represented for /= %

In the following, we give the numerical simulation of the approximate solu-
tion, the exact solution and the error between these two solutions in
three-dimensional space.

On Figure 1(1) and Figure 1(2) we have the respective curves of diffusion of
the exact and of the solution approached.

Figure 1(3) gives us the error between the exact and approached solution.

On Figure 1(4) and Figure 1(5) we have the project of Figure 1(1) and
Figure 1(2) on the plane. On Figure 1(7) and Figure 1(8) we have the respec-

tive consecutive curves at different instants on the plane.

4. Problem 2

Let’s consider the following nonlinear diffusion-reaction problem: [10] [11] [12]

au(x,t) 3 0u (x,t)
o o
u(x,O):sin(nx),tZO

—u3(x,t),0<x<1:,t>0

(50)

4.1. Resolution by Adomian Decomposition Method

6u(x,t) B 62u(x,t)
o ox

- (x,t) (51)

From (50) we have the following canonical form:

u(x,t) = sin(m)+jmds —-:[143 (x,s)ds

52
[ (52)

let’s suppose
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(1): Approximate Solution (2): Exact solution

0.01

(3): error between exact solution and approximate solution
1.5

0.5

°l=

0.2 0.4 0.6 0.8 1

(4): exact solution ] (5): solution approached
S
0.5 ) >
0 =
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x 10 (6): absolute error (7): exact solution in tive i ts
G
/ //_\\
05| 4 Ny
ol

(8): exact solution in tive ir

0 0.2 0.4 0.6 0.8 1

Figure 1. Simulation of problem 1.

(53)

(51) gives

iun(x,t):sin(m)+i[jwds—jAn(x,t)dsJ (54)

2
n=0 n=0\ o 6x 0
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One obtains the following Adomian algorithm:
uy (x,1) =sin (mx)
L0%u, (x,s) ‘
., (x,1)= J.Tds _.[An (x,¢)ds,¥n=0

] ]
where A, are given by
Ay (x.1) =y (x,) = sin’ ()
A (1) =3, (x,) (uy (x.1))” = (-3n" sin® me — 3sin’ my )¢
A, (x,t) =3ugu; +3ugu,
=6(n* sin’ mx + 127" sin® e + 6sin” e + 3n* sin® mx

2
. . . t
+187% sin” v — 187” sin® mx cos® Tx + 9sin® TDC)E

We get

uy (x,1) =sin(mx)
u, (x,7) (—

u, (

(x,1)=(n"sinmx + 3x’ sin’ mx — 67° cos” mx sin mx

7 sin o — sin® nx)t

. . 1
+3n” sin® wx + 3sin’ nx)(aﬁj

uy (x,t) = (787t2 cos” mxsin® x + 787" cos” mrsin mx —15sin” mx

. . . 1
— 457 sin® x — 397 sin® x — 78 sin m)(gfj

Thus the approximate solution of 50 is:

u(x,t) =uy (x,0)+u, (x,0) +u, (x,0) +uy (x,0)+--

=sin(mx)+ (—nz sin 7x —sin® Tr.x)t + (n4 sin 7x + 37° sin®

. . . 1
— 61 cos® mxsin mx + 37 sin® 7x + 3sin® ﬂ:x)(ztz
+(787t2 cos” mxsin® wx + 787 cos® mwx sin wx —15sin’ mwx
2 .3 4 -3 6 - 1 3
—45n°sin” mx — 397" sin" mx — 1 s1n1tx) gt +---

4.2. Resolution by the Finite Difference Method

Discretisation of the space

x, =ihor h= ,i=0,1L-,N+1

N+1
Let’s note

u(xl.,t):ui and g:(ul,uz,---,uN)T

The discretised problem is:

(55)

(56)

(57)

(58)

(59)

(60)
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(9): Finte differences: N = 30, T = 0.01, error = 4.8877e-004 (10): ADM

fl/
/ /

. //, , /////,,,',;Il/,,,,,f//,,,,,/”” R

l}' I
l/ i N ; o

/////,,I
Wi "///// N i ’I/ i
// ,//// /‘f’// /////
///#////;/” ll]l""'/l/?

(11): The error between exact solution and approximate solution
1

0.8

0.6 ‘ '
0.4 # #

0.2 ¥ »

o

0 0.2 0.4 0.6 0.8 1

Figure 2. Simulation of problem 2.

dt (61)

where A is the matrix of differentiation of the partial derivative of order two de-

fined by:
-2 1
1 -2 1
1 1 -2 1
A=h—2 (62)
1 2 1
1 -2

The method of Euler give us the following diagram of finite differences:

ﬂ:u_”+dt(A£—(u3)n)

(63)
u’ =sin(nx)
4.2.1. Numerical Simulation
We choose
A1 1 1 A
Os_t _;N=1009h= ’ max_lo A _rhz}"_———t (64)
A2 N+1 4 A,

We obtain Figure 2.
Here we have the numerical simulation of exact and ADM solution on

three-dimensional space and the error between these solutions on plane point by
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point.

5. Conclusion

In this paper, two examples have been investigated. In the first example, we got
the exact solution, using the ADM and the comparison has been done with the
numerical solution obtained by ADI method. We find that the solution by the
ADI method approaches the exact solution quite well, and the error is consisted
between 0 and 0.005. In the second example, using the ADM, we got the ap-
proached solution; we remark that, the error between the solution gotten by the

ADM and the one gotten by the finite differences method is very minimal.
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