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Abstract

In this paper, based on Hirota bilinear form, we aim to show the diversity of
interaction solutions to the (2 + 1)-dimensional Sawada-Kotera (SK) equa-
tion. By introducing an arbitrary differentiable function in assumption form,
we can obtain abundant interaction solutions which can provide the possibil-
ity for exploring the interactions between lump waves and other kinds of
waves. By choosing some particular functions and values of the involved pa-
rameters, we give four illustrative examples of the resulting solutions, and ex-
plore some novel interaction behaviors in (2 + 1)-dimensional SK equation.
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1. Introduction

As we all known, integrable nonlinear evolution equations have soliton solu-
tions, which reflect a common nonlinear phenomenon in nature. In the past few
decades, many researchers have paid attention to the study of exact solutions.
For instance, the rational rogue waves and lump waves exponentially localized
solutions in certain directions. Compared with soliton solution, lump wave is a
kind of special wave, rationally localized in all directions in the space. The lump
solution for its significant physical meanings was first discovered by Manakov et
al [1]. Many integrable equations have been found to possess lump solutions,
such as the KP equation [2] [3] [4], the two-dimensional nonlinear Schrédinger
type equation [3], the three-dimensional three wave resonant interaction equa-
tion [5] and the Ishimori equation [6].

With Hirota bilinear method, the lump solution can be transformed into a

new equation which is called the Hirota equation [7] [8] [9] [10] [11]. It is natu-
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ral and interesting to use this method to search for lump solutions of nonlinear
partial differential equations. Based on this method, the lump solutions of some
more integrable equations have been found, such as dimensionally reduced
p-gKP and p-gBKP equations [1], Boussinesq equation [12] and dimensionally
reduced Hirota bilinear equation [13]. Recently, lump solutions are being raised
more questions about interaction solutions [14], especially interaction solutions
between lumps and either solution or kinks [15] [16] [17].

In this paper, we will study the (2 + 1)-dimensional Sawada-Kotera (2DSK)

equation

u, —(u4x +5Suu +§u3 + SMXJ —Suu, + Sfuyydx - Suxfuydx =0 (1)
which was first proposed by Konopelchenko and Dubrovsky [18], where u is a
function of the variables x;, yand £ It was widely used in many physical branches,
such as two-dimensional quantum gravity, conformal field theory and conserved
current of Liouville equation [19] [20]. The 2DSK equation’s Lax pair was found in
Ref. [21] [22] [23], bilinear Bell polynomials were obtained in Ref. [24], symmetry
analysis was studied in Ref. [25] [26] [27] [28] and four sets of bilinear Backlund
transformations were constructed to derive multisoliton solutions in Ref. [29].

Through the transformation
6(ff = 12)
fZ

Equation (1) can be turned into the Hirota bilinear form

u=6(Inf) = , (2)

(DS -D,D,+5D}D,~5D} ) - f
=2[( Mo =6/ S5 #15 s fus =102 = (M = 111:) (3)
+5(3suS = 3 S+ Wy = SocS) =S = 7 )] =0

Therefore, if £solves bilinear Equation (3), then u = 6(ln f )ﬁ will solve the
2DSK Equation (1).

In order to get lump solutions, the following quadratic function can be as-
sumed [30]:

f=g"+h +a,, g=ax+a,y+at+a,, h=ax+a,y+at+a, (4)

where ¢, (1<i< 9) are real parameters to be determined. By a direct calcula-
tion, three families of lump solutions for 2DSK Equation (1) have been pre-

viously presented in Ref. [30].

5 (—alazz —2a,a,a, +a,a; )t

12
U =— (a12+a52)f—2 a| ax+a,y+

+a
2 2 4
a; +a;
) (5)
5 (—c122a5 +2a,a,a, +asa; )t
+as| asx+agy— 5 3 +ag R
a, +a;
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where fis defined in Equation (4)

2, 2)? 2 2 2
3(a] +a5) (ala2 +a5a6) 5(—a]a2 —2a,asa, + a,a; )t
f= 5 +lax+a,y+ — +a,
(a,a5 —aaq) a, +as
5(-aja, +2 +asa; )t ’
A, a5 + 20,aydg T dsAg
+| axx+a,y— CI) tag |,
a; +a;
3 (a2 +a2)t) ?
2| 34,4, —a; tag 10a,at
124, oo laxtaytat———"| +|aqy—— +ag
6 aq q
u, = 5 2 (6)
2, 2 2
3a)a, 5(‘“2 +a )t 10a,a,t
ot axtay+a+—————| +|ay— +ag
e q @
and
2, 2)? 2, 2)? 2, 2 10(d? - a2 > Y
,| (a5 +ag ala,+ag) x (a;+a;)y a, —ag )t ag(a; —a;
32| p 2 el et + +2a, -
a;a 2a5a; a, a, a,d
Uy = 5 - (7
2 2 2 383 (a2 + a2 3
2 | G\G — a4 )X 10a,a,t a;\a, +dg
(ax+ay+a,) + +a,y— tag | A
2a,a; a, 8ayay

In Ref. [30], it has been shown that the solutions (5) and (7) can exhibit the
bright lump wave structure (one peak and two valleys), while the solution (6)
displays a bright-dark lump wave (one peak and one valley).

In this paper, our intention is to further extend the assumption in Equation (4)
by introducing an arbitrary function which is more generalized than some other
assumption forms. It can provide the possibility for exploring the interactions
between lump waves and other kinds of waves in Equation (1). We will give some
examples to show the diversity of interaction solutions to the (2 + 1)-dimensional

Sawada-Kotera equation.

2. Interaction Solutions to the (2 + 1)-Dimensional
Sawada-Kotera Equation

We assume that fhas the combined solutions of the form
f=g+h +o(k)+a;, (8)

where @ 1isa function and three linear wave variables are
g=ax+a,y+at+a,,
h=ax+agy+a;t+a, )
k=a,x+a,y+a,t+a,,

where the parameters a,(1<i<13) are all real constants to be determined. It is

noted that this ansatz (8) can generate a class of lump and interaction solutions.

In particular, combined solutions (8) can reduce to the lump solutions when the
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function @(k) disappears.
With the aid of symbolic computation, substituting Equation (8) into Equa-
tion (3) and eliminating the coefficients of the polynomial yield the following

constraining equations on the function and parameters:

3, 45 4, 3,
a, =——asa |c| a, =—aya,c;, a;=—a,a |c|
2 579 171 3 179™1 » 6 179 |&1]°
2 4 2

45 1 9
4.2 3 5.2
a; =——asa,¢; , Ay =—ayC;, dy =—0ayC
7 59 ™1 » 10 9%1> ™11 9%1 >
4 2 4 (10)
s 2 6 4 _ 2
o =qo" =c ', " =0l ) =qa,

(a)")2 =¢ (a)’)2 —¢;, 0" =co—c,,

where ¢, (i=1,2,3) are all arbitrary real constants. Therefore, we can say that if
a)(k) and parameters obey constraining conditions (10), the resulting com-
bined solutions (8) will generate many classes of interaction solutions. Further-
more, if we require a)(k) +a,;, >0, the function fin Equation (8) is positive and
interaction solutions have no singularity.

In the following, to illustrate the resulting interaction solutions, we give four
examples to show the diversity of interaction solutions to the (2 + 1)-dimensional
Sawada-Kotera equation.

Case I: When ¢, =-1,¢,=0,c; =1 and (k)=sin(k), we have

6 . 1 9
u, :FKZaf +2a§2 —a§ 51n(a9x—za§y+za§f+alzjj
1
—Z{(af +a52)(4x+45a;‘t)+4a1a4 +4asag (11)
1 3 9 5 ’
+2a, cos agx—3a9y+za9t+a12 >

with

2
4
f= (a,x—%a5a§y+75ala;‘tj

2
4
+(a5x+%ala§y+75a5a§tj (12)
—L+sin a)c—la3 +2a5t+a
2(a12+a52) LA 9y 4% 12 |

Case I: When ¢, =c¢, =0 and o(k)=e 1“0 ") ye have

¢, =4, a,=—6asa;, a,=180a,ay, a, =6a,a;, (13)
a, =180asa;, a, =24}, a,, =364, a,, =0.
6 2 agx+2a3 ajt+a
o= o v 2 )
(14)

2
72(a9x+2a3y+36agt+a12) ) 2 4
—4(a1a4+a5a8—a9e +<a1 +a5)(x+180a9t) ,
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with

2 4 2
f= (alx —6asayy +180a,a4t + a4)
(15)
2 —2(agx+2a3y+36a3t+a
+(a5x+6ala§y+180a5a§t+a8) +e (e2cdyasai ]2).
Case IIl: When ¢, #0,¢,#0 and w(k)=]sinh(a,x+a,y+a,+ au)]2 , we
have
¢ =4, ¢c,=-2, ¢,=-4, a, =—6a,a,, a,=180a,a;,
~4a’ —4a; —4a; (16
a, =6aa;, a, =180aa;, a, =-2a;, a, =36a;, a, :12—529, (16)
8(a1 +a5)

6 2
Uy = F[(25112 +2al +2a; cosh(agx +2ayy +36a,t + alz)

2 3 5 2
+2a, smh(a9x+2a9y+36a9t+a12) f

(17)
—(Z(aI2 + asz)(x+180agt)+ 2a,a, +2asa,
3 5 : 3 5 2
+2cosh(a9x+2a9y+36a9t+alz)smh(agx+2a9y+36agt+al2)) },
with
2
f=(a,x—6a5a92y+180a1a3t+a4)
( 2 4 2
+ asx—6a1a9y+180a5agt+a8) (18)
2 2 2
a tas +ay . 3 5 2
+—————+sinh(a,x +2a,y +36ast +a,, | .
2a} +2a} ( ’ oY ’ 12)
Case IV: When ¢, =0,c;,#0 and
a)(k)=sinh(agx+amy+a”t+alz)+2cosh(a9x+a10y+a”t+a12),we have
3 45 3
¢ =1 c¢=-3 qa, :—Easag, a, zjalaé, ag zaalag,
45 a, 9a; 3a; (19)
@ :Tas%’ N DR @, R G = oy
Z(a] +a5)
6 1 9
u, :?{[Zaf +2a’ +(2cosh(a9x+5a;y+Za§t+a12j
+ : 1 3 9 5 2
sinh a9x+5a9y+za9t+a12 a, |f
1
_Z(<a12 +a52)(4x+45a;t)+4a,a4 +4asag (20)
15 .95
+2| cosh a9x+5a9y+za9t+a12
2
. 1 5 9
+2sinh a9x+5a9y+za9t+a12 a, | |,
with
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3 45 ’
f :(alx—5a5a§y+7alagt+a4j

3, 45 :

+ asx—5a1a9y+7a5a9t+a8
1)

3a;

1 9
— 2 4 2cosh| ax+—ay+=at+a j
2af+2a52 ( ) 5 47 12

. 1 5 9
+sinh a9x+za9y+za9t+a,2 .

Then, we will discuss the interaction between lump solutions and soliton solu-
tions for Equations (14), (17) and (20), respectively. In order to get the collision
phenomena, a; +a. +aj, #0 is essential. So the asymptotic behaviors of the
obtained solutions (14), (17) and (20) can be got: u, —> O(i = 1,2,3,4) as
t—> too.

For Equation (14), the collision behavior shows the single stripe soliton wave
feature. From the expression of u,, it is algebraically decaying and also expo-
nentially decaying. Hence it is a mixed exponential-algebraic solitary wave solu-
tion. It reflects the completely non-elastic interaction between lump solution and
single stripe soliton. Without loss of generality, we take a, =a, =0.

In order to investigate the interaction phenomenain ¢, >0 and a,, <0, we
can change a, in Equation (14). When q,, >0, as shown in Figure 1, the col-
lision behavior of lump solution and single stripe soliton will occur. It is clear
that when 7 — —oo, the solution u, represents two waves: the lump solution
and the single stripe soliton. When ¢ — 4o, the lump solution disappears, and
only the single stripe soliton exists. It reflects the completely non-elastic interac-
tion between two different waves. When a,, <0, oppositely, we can see from Fig-
ure 2 that when 7 — —oo, only the single stripe soliton exists. When ¢— +o0,
the lump solution appears and the solution u, represents the lump solution and
the single stripe soliton. It also reflects the completely non-elastic interaction
between two different waves. From above two behaviors, we can see that the in-
teraction phenomena both happen near ¢#=0, when q,, >0, the lump solution
is drowned or swallowed by the single stripe soliton after 7=0.3, and when
a,, <0, the lump solution rises up and appears before ¢=-0.3.

For Equation (17) and Equation (20), the collision behaviors show the soliton
wave feature. From the expression of u#, and u,, they are mixed exponen-
tial-algebraic solitary wave solutions, too. The difference is that they reflect the
elastic interaction between lump solution and soliton solution. After a series of
the same steps as u,, the collision behaviors indicate that the interaction phe-
nomena in g, >0 and qg,, <0 are consistent. It is clear that when ¢— —o,
only the soliton solution exists. When ¢— 0, the lump solution appears and the
solution u, and u, severally represent two waves: the lump solution and the
soliton solution. When ¢ — 4o, the lump solution disappears, and only the so-
liton solution exists. The process of interaction can be seen from Figure 3 and
Figure 4.
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Figure 1. Evolution plot of lump solution and single stripe soliton with a, = 0.1, a, = 0, a;

=-0.1,3,=0,a,=0.7,a,, = -1 in Equation (14). (a) t=-1; (b) t=-0.1; (c) t=—-0; (d) t =
0.1; (e) t=-03; (H t=1.
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Figure 2. Evolution plot of lump solution and single stripe soliton with a, = 0.1, a, =0, a;
=-0.1, 3,=0, a, = —0.7, a, = —1 in Equation (14). (a) t=-1; (b) t = -0.3; (¢) t = -0.1; (d)
t=0;(e)t=0.1; (f) t=—1.

(®) (c)

Figure 3. Evolution plot of lump solution and soliton solution with a, = 0.5, a, = 0, a; =
—-0.5, a,=0, a,= 0.9, a,, = 2 in Equation (17). (a) t = —-0.5; (b) t =0; (c) t = 0.5.
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(®) (c)

Figure 4. Evolution plot of lump solution and soliton solution with 2, = 0.8, a, = 0, a, =
—-0.8, a, =0, a, = 2, a;, = —1 in Equation (20). (a) t = —0.5; (b) t = 0; (c) t = 0.5.

3. Conclusion

In this paper, via the Hirota bilinear form, we have studied the (2 + 1)-dimensional
Sawada-Kotera equation. The lump solutions and the mixed exponential-algebraic
solitary wave solutions have been obtained. We have presented a class of interac-
tion solutions between lump solutions and other kinds of solitary wave solutions
for the (2 + 1)-dimensional Sawada-Kotera equation. This class of the resulting
interaction solutions requires a function satisfying four linear ordinary differen-
tial equations. All of these have provided abundant interaction solutions and
supplemented the existing lump and soliton solutions. Then, we will study other
high-dimensional nonlinear problems based on the interaction solutions pre-

sented in this paper.
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