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Abstract 
 
In this paper, the (quasi-)Baerness of skew group ring and fixed ring is investigated. The following two re-
sults are obtained: if R is a simple ring with identity and G an outer automorphism group, then RG is a Baer 
ring; if R is an Artinian simple ring with identity and G an outer automorphism group, then RG is a Baer ring. 
Moreover, by decomposing Morita Context ring and Morita Context Theory, we provided several conditions 
of Morita Context ring, which is formed of skew group ring and fixed ring, to be (quasi-)Baer ring. 
 
Keywords: Baer Ring, Quasi-Baer Ring, Morita Context Ring, Skew Group Ring, Fixed Ring, Simple Ring 

1. Introduction 
 
Throughout this paper all rings are associative with iden-
tity, all modules are unitary module. Recall that a ring 

 is called (quasi-)Baer if the right annihilator of every 
nonempty subset (resp. every right ideal) of  is gen-
erated by an idempotent as a right ideal [1]. These defi-
nitions are left-right symmetric. A ring  is called 
right (resp. left) principally quasi-Baer ring (simply, right 
p.q.-Baer ring) if the right (resp. left) annihilator of every 
principally right (resp. left) ideal of  is generated, as 
a right (resp. left) ideal, by an idempotent of . A ring 

 is called p.q.-Baer if  is both right and left 
p.q.-Baer [1]. Baer ring is a quasi-Baer ring. Conversely, 
it may not hold. Baer ring and quasi-Baer ring are right 
p.q.-Baer ring, but converse may not true. In [2], proper-
ties of the skew group ring 

R

R

R

R

R

R

R

A G  and the fixed ring 
GA  of a -Algebra C A  with a group  of ring 

automorphisms of 
G

A  has been investigated. By [1], we 
know that if  is a semiprime p.q.-Baer ring with a 
finite group  of X-outer ring automorphisms of , 
then  is a p.q.-Baer ring. Also in [1] example of a 
semiprime Baer ring  with  a finite group of 
X-outer ring automorphisms of  such that  has no 
nonzero 

R
G R

R G
R G

R R
G -torsion, but  is not a Baer ring was 

provided.  
RG

In [3], Morita K introduced Morita Context. An alge-

braic structure ( , , , , , )R V W S  
S

 [4] is called Morita 
Context if  and  are rings, R R SV  is a V R S  
bimodule, S RWW   is a  bimodule,  S R

R: SV W    is a -bimodule middle -linear 
homomorphism, R

R
: W V

S
S  

(w v )

 is a -bimodule 
middle -linear homomorphism with  

S
R

(v w)v v     (w, v)w w (v w )    , 
for any v, v V . Let  

, , ,
R V a v

C a R b S v
W S w b

V w W
              

     
. 

Then  is a ring under the addition of matrix and 
multiplication given by 

C

 
 

aa v w av vba v a v

wa bw w v bbw b w b




          
    


         

. 

This generalized matrix ring is called Morita Context 
ring [4]. In [4,5], properties of Morita Context ring with 
two module zero homomorphisms were investigated. Let 

 be a ring with identity and  a group. Then  R G

G

R G R

R R

 

 

  is a Morita Context ring. A module RM   

is called (resp. quasi-Baer) Baer module if for any subset 
(resp. submodule)  of M,  where  N  Rr N fR

2f f R  . In [6], a ring  is a Baer (resp. quasi- 
Baer) if and only if 

R

RR  is a Baer (resp. quasi-Baer) 
module.  

*Foundation item: Projective Supported by Provincial Education De-
partment of JiLin Eleventh-Five Year Science and Technology Re-
search Program [2010] (Grant: No. 272). 

This paper firstly provides counterexamples to prove 
that  is a Baer ring, but skew group ring R R G  and 
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fixed ring  may not hold Baer ring. Also the condi-
tions of skew group ring and fixed ring to be (quasi-) 
Baer ring are investigated. Moreover, by decomposing 
Morita Context ring as finite direct sum of Baer modules 
and Morita Context Theory, we obtain the ways to judge 
the (quasi-)Baerness of a Morita Context ring, which is 
formed of skew group ring and fixed ring. 

GR

 
2. Preliminary 
 
Definition 2.1 Let  be a ring and  a group,  R G

, 0 for finite manyg g g
g G

r



g G

r g

R G g r R r g G
 

     
 

.  

Defined addition and multiplication in  as follows:  R G
for any , and ,g g

g G

r g
 

 h
h G

r h R G


  ,  

 g g
g G g G

r g g r r g
  

     g g
g G

r

g h
h G

r
 
 

R G

,  

1g
g h

g G g G h G

r g h r r gh


 

     
  

  , 

Then  is a ring which is called skew group ring. 
There exists a ring , which is a Baer ring, but 

 is not a Baer ring.  
R

R G

Example 2.1 Let 
0

F F
R

F


 
 


  with a field F  of  

characteristic 2. Then  is a Baer ring. For any  R

0

a b

c

 
 

 
R , define  g Aut R  by  

1
1 1 1 1

0 0 1 0 0

a b a b
g

c c


    
    
     1




 
 

 
. Then 2 1g    

since field F  of characteristic 2. Let . Then 
 is not a quasi-Baer ring. So it is not a Baer ring.  

{1, }G g
R G

In fact, for the principally right ideal   1 g R G   
of , R G

   1

, .
0 0 0 0

R Gr g R G

x y x x y
g x y F

 

            
     

G



R G

 

Suppose that  for some 
. Note that the idempotents of 

    1R Gr g R G e R    
2e e  R G  are  

0, 1, 
1

0 0

0

0 0

a b
g

 
 

 

 
 
 

 and 
0 0

0 1 0 0

a b
g

   
   

   
 with  

,a b F

R G

. Thus . So the only 
choice for  is 0. If  is a quasi-Baer ring, then 

R G , which is a contradiction. There- 
fore  is not a Baer ring. 

   1R Ge r g R G  
R G

 0R G 


e

  1 

R

r g

A ring  is called simple ring if  and  
has no proper ideal. A right module 

2 0R  R
M  over a ring  

is called simple provided  and 
R

0MR  M  has no 

proper submodules.  
A ring  is said to be a semisimple if the intersec-

tion 
R

 J R  of all the maximal right ideals of  is 0. A 
nonzero module 

R

RM  over a ring  is called semis-
imple if 

R
M  is the direct sum of a family of simple 

modules.  
Simple ring with identity is a semisimple ring [7].  
Definition 2.2 [8] An automorphism g of a ring  is 

said to be inner if there exists a unit 
R

 u U R  such 
that   1g x uxu , for all x R

 
.  

A subgroup G  of Aut R  is said to be an outer 
automorphism group if identity mapping is the only inner 
automorphism in . G

Lemma 2.1 [8] Let  be a simple ring with identity 
and  an outer automorphism group. Then 

R
G R G  is a 

simple ring; If  is an Artinian ring, then R R G  is an 
Artinian simple ring. 

Semisimple ring  is a left Artinian ring if and only 
if it is a right Artinian ring [7].  

R

Lemma 2.2 [7] A module M  over a right Artinian 
semisimple ring  with identity is a semisimple. R

Lemma 2.3 [9] Semisimple ring is a Baer ring.  
Also Semisimple module is a Baer module [10]. 
Definition 2.3 Let  be a ring and G  a group, R

 : G Aut R   a homomorphism of group. Then  

 ,R r R r r g G    G g is said to be a fixed ring of  

R  under G  where    gr g
R

r . 
Example 2.2 Let  be a ring,  

      1, ,G f Aut R f r ara r R a U R       and  

G
id  . Then  

 
  
  

1

,

     ,

    , ,

G gR r R r r g G

r R ara r a U R

r R ar ra a U R



    

   

    

 

i.e.,  is the set of all the elements, which are com-
mutative with the units of .  

GR
R

Lemma 2.4 [8] Let  be a ring with identity and  
a group. Then 

R G
 G

R GR E d R  n
R

. 
Lemma 2.5 [9] Let  be a ring with identity and 

RM  a semisimple right module. Then  REnd M  is a 
Baer ring.  
 
3. Main Results 
 
Theorem 3.1 Let  be a simple ring with identity and 

 an outer automorphism group. Then  is a Baer 
ring. 

R
G R G

Proof. It is evident from lemma 2.1 and lemma 2.2. 
Definition 3.1 [1] Let  be a semiprime ring. For R
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 g Aut R , let   ,r g
g x Q R xr rx r R      . 

Then automorphism g of ring  is called X-outer if R
0g  . A subgroup  of G  Aut R  is called X-outer if 

every 1 g G

 U R

   is a X-outer. 
Theorem 3.2 Let  be a semiprime ring and  a 

X-outer automorphism group. If  is a simple ring 
with identity, then  is a Baer ring. 

R

R G

R

G
R

,

Proof. Simple ring with identity is a semisimple ring. 
It is evident from lemma 2.2. 

Example 3.1 There exists a Baer ring  with  
is not Baer ring. Let  be a ring defined in example  

R GR

2.1. Then . For 
1 0

0 1

  
   

  

1 1

0 1

  
 
   0

a b
R

c

 
 

 

a c




1 0

0 1

 
 
 

R

, 

if , then . Thus 

 by example 2.2. 

All the idempotents of  are   and . 

However, for ,  

, where  

1 1 
 
 




1 1

1 0

 
  
 

1 1 1

0 0



  

GR

0 1

0 0
GR

0
,

G

0 0

a b 
 
 

0 0

0 0
GR


 



0 1

0 0
GR

  
  
  

2 Ge e R 

G

R

1

a 
 
 
1

1 0 0

0

0

0 0
r e



 

R

0

b

c c

0
,
 
 


1   
 

G

0
, ,

1

 
 
 

 
 

 
0

0 0

 
 
 

R

GR

R

  
 
  

0

0 0 

G




. Therefore,  is not a Baer ring.  R
Theorem 3.3 Let  be a simple ring with identity 

and  an outer automorphism group. If  is an 
Artinian ring, then  is a Baer ring. 

R

Proof. By lemma 2.1  is a simple ring since 
 is a simple ring with identity and  an outer auto-

morphism group. If  is an Artinian ring, then 
G

R G  
is an Artinian simple ring with identity. Consequently, 

 is an Artinian semisimple ring. By lemma 2.4, R G
R G  is a semisimple module. So R   R G  is a 

Baer ring by lemma 2.5. Moreover,  is a Baer ring 
by lemma 2.3.  

End
GR

R 

Theorem 3.4 Let  be a Morita Context  
R V

W S

 
 

r v R

w s

 
 

 

0

V

C









 

W









ring. If  and  are right Artinian simple ring, then 
 is a Baer ring. 

R
C

1 1

0 0

r v 
 

 

0 0

0 0

r v 
 
 

S

Proof. For any , , 

, we have  

V

S





0

 
 
 


 C





0 0

0 0

r v 
 
 

0 0

R


1

0

r



V

 

1

0 0

v R
 


, and  

0 0

0 0 0 0

0 0

( )

0 0 0

r v r v

w s

r r v w r v v s R V

  
  
  

   
  
 

. 

So  is a right ideal of . Similarly,  

is a right ideal of . Because for any  

,  

0 0

R V

 

r v

w s

 
 

 

0 0

W S

 
 
 

C
V

S





R

W





0 0 0 0

0 0 0 0

r v r v R V

w s w s W S

        
           

        
, and  

0 0
0.

0 0

R V

W S

   
    

   

0 0

R V R V

W S

   
    

   

k

 Thus  

.  is the direct sum of 

minimal right ideals 

0 0

W S






R


J  since  is a right Artinian 

simple ring, where 

R

1, ,k m  , . Since  m

0 0
k kJ J V 

 
 

0 0

R V 
 
 

0 0

W S

 
 
 

C

 is a minimal right ideal of , it follows 

that  is the direct sum of simple module. It is 

similar to . Thus C  is the direct 

sum of several simple module. Consequently,  

is a semisimple module. Since semisimple module is a 
Baer module and  a Baer module. Therefore, it is a 
Baer ring. 

C

R V

W S


 




 
R V

W S

 
 
 

Baer ring is a quasi-Baer ring. Accordingly, if RR  
and  are simple module, then  is a quasi-Baer 
ring. 

SS C

Example 3.2 Let R  be a ring with identity and G  
group. Obviously, R is a  bimodule. Let 

 a
 GR R G 

 ,R G . Then  is a  
bimodule. For any , define:  

RR Hom R  
, ,R



G


R G

r s
R

, R  

GR G R 

: GR
R R R G   , s s      ; 

: G
R GR R R 
  ,       1 1R Rr r r       . 

Then 
G

R G R

R R

 

 







 is a Morita Context ring. By lem- 

ma 2.1 if  is an Artinian simple ring with identity and 
 an outer automorphism group, then  and   

R
G R G



GR

are simple ring. By theorem 3.4  is a Baer  
G

R G R

R R
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i.e.,  Rr I

S

 is a right ideal of  generated by an 

idempotent. Therefore  is a quasi-Baer ring. Simi-
larly,  is a quasi-Baer ring. 

R

R

ring. Thus it is a quasi-Baer ring. 

Theorem 3.5 Let  be a semisimple Art- 
R V

C
W S


 
 

 inian ring. Then  and  are quasi-Baer ring. R S
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