/
oo Resmurch
0.00 Publishing

Journal of Applied Mathematics and Physics, 2018, 6, 1549-1557
http://www.scirp.org/journal/jamp

ISSN Online: 2327-4379

ISSN Print: 2327-4352

Lyapunov-Type Inequalities for
Conformable BVP

Xia Wang, Run Xu*

School of Mathematical Sciences, Qufu Normal University, Qufu, China

Email: ¥983417471@qq.com

How to cite this paper: Wang, X. and Xu,
R. (2018) Lyapunov-Type Inequalities for
Conformable BVP. jJournal of Applied
Mathematics and Physics, 6, 1549-1557.
https://doi.org/10.4236/jamp.2018.67131

Received: June 8, 2018
Accepted: July 24, 2018
Published: July 27, 2018

Copyright © 2018 by authors and

Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

In this paper, we present Lyapunov-type inequality for conformable BVP
Ty(1)+q(1)y()=0

with the conformable fractional derivative of order 1<a <2 and 2<a <3

with corresponding boundary conditions. We obtain the Lyapunov-type

inequality by a construction Green’s function and get its corresponding

maximum value. Application to the corresponding eigenvalue problem is also
discussed.
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1. Introduction

Lyapunov-type inequality is an important and useful tool for studying
differential equations. The classical Lyapunov-type inequality for differential

equations was studied in [1]:

{y"(t)=—q(t)y(t), a<t<b, wy
y(a)=y(b)=0,
if (1.1) has a nontrivial solution, then
b 4
ds 1.2
Jla(s)]ds >-— (1.2)

Furthermore, the constant 4 in (1.2) is sharp.
More authors paid attention to study Lyapunov-type inequality for differential

equations and got many results. In recent years, a series of achievements have
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been made in the Lyapunov-type inequalities of fractional differential equations.
We refer to [2]-[12]. In [3], Ferreira studied the following equations:

{fD“y(l)+q(t)y(t)=0, a<t<bl<a<? (L3)

y(a)=0=y(b),

if (1.3) has a nontrivial solution, then
J-b

In [7], Abdeljanad and Baleanu obtained a Lyapunov-type inequality for ABR

q(s)|ds>

fractional boundary value problem

{(ABfDay)(f)“](f)y(t):O, a<t<b, 2<a<3,
y(a)=y(b)=0,

if (1.4) has a nontrivial solution, then

(1.4)

b 4
T(s)ds s
'[” (S) >b—a

where

(a-2) (a-2) 9(s))(0) |

In [10], Abdeljawad studied a generalized Lyapunov-type inequalities for
conformable BVP
T;x(t)+r(t)x(t) =0, c<t<d,l<a<2,
x(c) = x(d) =0,

T(S):[;;ah(’)h;;z(aﬂ_z

(1.5)

if (1.5) has a nontrivial solution, then

L |r(s)|ds > (a-

a

a
l)afl (d _C)afl .

Furthermore, Abdeljawad proved a Lyapunov-type inequalitiy for a sequential
conformable BVP

Ty - Tix(t)+r(t)x(t)=0, a<t<b,%<a§l, (L6)
x(c)=x(d)=0,

if (1.6) has a nontrivial solution, then

'[d
In this paper, we establish a Lyapunov-type inequalities for conformable BVP

{T;y(t)-i-q(t)y(t)zo, a<t<bl<a<?2,
v(a)=y'(b)=0

2a-1

(1) ds > 2] (30{—1}0:.

(d_C)Za—l za_l

(1.7)

and
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{T;f(t)_{_p(t)f(t)zo, a<t<b,2<a<3, (1.8)

f(a)=r"(a)=f"(b)=0,
where 7, is conformable fractional derivative starting at a of order «, and
p,q are real-valued continuous. The introduction and background of
conformable fractional are given in [2] [10]. Then, we give the definition and

lemma about conformable fractional derivative in the following.
Definition 1.1. [4] Let n<a <n+1.Then

(1:8)(0) = [ (e =s) (s=e) " (s}

is called the left conformable fractional derivative starting at cof order « .
Lemma 1.1. [4] Let f:[c,0)—>R be (n+1) times differentiable for ¢>c,

n<a <n+1.Then, we have the following result:
o e . f(e)(t=c)
(15 721)(0)= 1 ()5, T

2. A Lyapunov-Type Inequality for Conformable Fractional
Derivative of 1<a <2

Theorem 2.1. yeC[a,b] isa solution of the BVP (1.7) if and only if y satisfies
the integral equation

y(1)=['G(t.5)q(s) y(s)ds. (2.1)
where G(t,s) is the Green’s function defined as

G(t’s):{(t_a)(S—a)L”, a<t<s<b,

o (2.2)
(s—a) , a<s<t<h.

Proof. Applying the integral /% in the (1.7), we have
I Ty (0) ==15(q (1) y (1))
Then, using definition 1.1 and lemma 1.1, we obtain
y(O)=co+e (t-a)=[ (t=s)(s—a) " q(s)y(s)ds. (2.3)

Since y(a)=0, we getimmediately that ¢,=0.
By the boundary condition )'(5)=0, we obtain

¢ = I:(s —a)a_2 q(s)y(s)ds.
Hence, equation (2.3) becomes
p(0)=(t-a)[" (s=a) g(s)(s)ds [ (1-s)(s~a)"* g (s) y(s)ds. 24)

Then, equation (2.4) can be written in the form of (2.1), where the Green’s
function is defined in (2.2).

The proof is completed.

Corollary 2.1. The function G defined in Theorem 2.1 satisfied the following

property:
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max G (t,5) = G(t,1)=(t—a)"" . (2.5)

selab]
Proof. We define the function
& (t.s)=(t-a)(s-a)"”
and
2 (6,5)=(s—a)".
For a<t<s<b, differentiating g, (7,s) with respect to s, we get
g/(t,5)=(t—a)(a-2)(s—a)"" <0. (2.6)
While for a <s<r<b, differentiating g, (#,s) with respect to s, we get
2 (t,s)=(a—1)(s—a) >0. (2.7)

Hence, g (7,s) is a decreasing function, g,(z,s) is an increasing function
in s. Consequently, G (¢, s) gets the maximum at s = ¢, we obtain (2.5).

Corollary 2.2. If (1.7) has a nontrivial continuous solution, then
[P(t=a)"|g(s)|ds 21. (2.8)

Proof. Let yeC[a,b] be a nontrivial solution of the BVP (1.7), where the

norm

[¥]1= sup {l» ()]}

te[a,b]

Form (2.1), we have

()] <16 (e.9)]|a ()| (s) s

< bmax G(t,s)|q(s)||y(s)|ds (2.9)

a sela,b]
<["(t=a) g (s)||y(s)|ds.

Taking the norm leads to

o= ([ (2= @) a(s)]as ol

Then,
[P(t=a)"|q(s)ds21.

This completes the proof.
Corollary 2.3. If the BVP (1.7) has a nontrivial continuous solution, then

["la(s)|ds=(b-a)™. (2.10)
Proof. In (2.8), let
f()=(t-a)", te(ab).
Differentiating f(¢) on (a,b), we have
7'(t)=(a-1)(t-a)" >0,
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hence, f(¢) isa increasing function, we have

max f(¢)< f(b) =(b—a)‘H.

tela.b]
Then,
b a-1
L (b—a) |q(s)|ds >1.
Hence, we get the inequality (2.10). The proof is complete.
Example 2.1. If the BVP
T:y(t)+ly(t):0, O<t<lLl<a<?2,
y(0)=y'(1)=0
has a nontrivial solution, then
|4|=1. (2.11)
Proof. Assume that A is an eigenvalue of (1.7). By using Corollary 2.3, we
have
[alds=|4]>1.
0

Hence, we get the desired result (2.11). The proof is complete.

3. A Lyapunov-Type Inequality for Conformable Fractional
Derivative of 2<a<3

Theorem 3.1. f e C[a,b] is a solution of the BVP (1.8) if and only if fsatisfies

the integral equation

7(6)=['H(t.s) p(s) £ (5)ds. (3.12)
where H(z,s) is the Green’s function defined as
(’_a)z(zb(;s)(;_a)a_3, a<t<s<b,
—a
H(t,5)= s s (3.13)
(b—s)(t—a) _(t—s) (s—a)'H, a<s<t<bh.
2(b-a) 2

Proof. Applying the integral [ in the (1.8), we have
15T (1) =—=1 (p(2) £ (1))
Then, using definition 1.1 and lemma 1.1, we obtain
f(t) =a,+a (t - a) +a, (t - a)2 —%J:(t —5)2 (s —a)m3 p(s)f(s)ds. (3.14)

Since f(a)= f'(a)=0, we get immediately that a,=a, =0.
By the boundary condition f(5)=0, we obtain

4, = Z(bl_a)jj(b-s)(s-a)“'3 p(s) £ (5)ds.

Hence, equation (3.14) becomes
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£ =L 5) (s -a) p(s) £ (5)ds

(3.15)
_%'[;(t—s)z (s—a)a_3 p(s)f(s)ds.

Then equation (3.15) can be written in the form of (3.12), where the Green’s
function is defined in (3.13). The proof is completed.
Corollary 3.1. The function H defined in Theorem 3.1 satisfied the following

property:

tri%ii(]H(t,s) =H(b,s)= (b-a)(b —;)(S—a)a ,

a-3
maxH(b,s) Sw
sefa.b] 2
Proof. We define the function

(¢ —a)z (b—s)(s —a)w3

2(b—a)

h, (t,s):

and

2(b-a) 2

hQ(t’s){(b-s)(t-a)z _(t—s)zi(s_a)zm.

For a<t<s<b, differentiating /, (¢,s) with respect to  we get

B (1,5) = (’_a)(b;)a(s_“)w >0, (3.16)

Hence, A (t,s) isan increasing function in ¢
While for a <s<r<b, differentiating £, (#,s) with respect to £ we get

]

b-a
Let
gy Le=i=a)

b—s b—s
—(t—s)=| ——1|t— a+s,
b-a b-a b-a

g(n=2"51<0.

then, we have

Hence,
g(t) > g(b) =0.

That we obtain 4,(7,s) is an increasing function in & Consequently,
H (t,s) getsthe maximumat ¢=5.We have
(b=a) (b=5)(s-a)"" _(b-a)(b-3)(s-a)""

(bs)= 2(b-a) ) 2
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and

R

Hence, A, > h,, we obtain

maxH(t,s) :}'-I(b,s):h1 (b,s) = (b—a)(b—s)(s—a)afs .

tefa.b] 2

Furthermore, we have

H(b,s) (b=a)(b=s)(s=a)"" < (b—a) (s—a)"” .

- 2 = 2

Hence,
a-3
max H (b,s) (bma)(s—a)”
se[a,b] 2

The proof is completed.

Corollary 3.2. If (1.8) has a nontrivial continuous solution, then

2

[ (s—a) p(s)|ds > oo (3.17)
Proof. Let [ eC[a,b] be a nontrivial solution of the BVP (1.8), where the
norm
7= sup {I7 ()}
Form (3.1), we have
@< [ s ()] (s)]ds
< bmaxH(b,s)|p(s)||f(s)|ds (3.18)

a se[a,b]

3_[: (b-a) (2s—a)(Z 1p(s)]| 7 (5)]ds.

Taking the norm leads to
»(b— a)2 (s a)”k3

||f||s[L - |p<s>|dsj||f||.

Then,
J‘:’ (b-a) (2$—a)a Ip(s)|ds>1.

Hence, we get the inequality in (3.17). This completes the proof.
Example 3.1. If the BVP

{Taaf(t)Jrif(t):O, 0<t<l,2<a<3,

1(0)=71(0)=s"(1)=0

has a nontrivial continuous solution, then

DOI: 10.4236/jamp.2018.67131 1555 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2018.67131

X. Wang, R. Xu

|A|22(a-2). (3.19)
Proof. Assume that A is an eigenvalue of (1.8). By using Corollary 3.2, we
have
[ls7(a]ds>2.
0

Then, we obtain

1 a3 _ 1

4[5 ds =[2| —=>2.

We get the desired result (3.19). The proof is complete.

4. Conclusion

On the base of [10], by changing and increasing the edge value conditions, we
establish some new Lyapunov-type inequalities for conformable BVP with the
conformable derivative of order 1<a <2 and 2<a<3. In Section 2 and
Section 3, by Green’s function and its corresponding maximum value, we obtain

new results about Lyapunov-type inequalities for conformable BVP.
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