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Abstract 
A self-consistent chiral Dirac-Hartree-Fock (CDHF) approximation gener-
ated by an effective model of the ( , ,σ ω π ) quantum hadrodynamics (QHD) 
is extended to include Lorentz-scalar self-consistent vertex corrections. The 
scalar vertex corrections are constructed with self-consistency of QHD and 
Bethe-Salpeter equation, and the resulting vertex corrections are diagram-
matically equivalent to self-consistent Hedin approximation, which is termed 
Hedin-Dirac-Hartree-Fock (HDHF) approximation. The effective model of 
the ( , ,σ ω π ) quantum hadrodynamics maintains the requirement of thermo-
dynamic consistency and density-functional theory (DFT) to a good approx-
imation. The HDFT approximation is applied to properties of nuclear matter 
and neutron stars. 
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1. Introduction 

The relativistic mean-field models of Quantum Hadrodynamics (QHD) have es-
sentially provided a realistic description of bulk properties of nuclear matter, fi-
nite nuclei and finite Fermi systems [1]-[6], and astrophysical high density mat-
ter such as neutron stars [7] [8] [9] [10] [11]. The successes and difficulties of 
QHD have been examined by many researchers. In order to overcome difficul-
ties, QHD has been extended to effective theories, such as the chiral QHD 

How to cite this paper: Uechi, H. (2018) 
The Chiral Dirac-Hartree-Fock Approxi- 
mation in QHD with Scalar Vertex Cor- 
rections. Open Access Library Journal, 5: 
e4739. 
https://doi.org/10.4236/oalib.1104739 
 
Received: June 25, 2018 
Accepted: July 21, 2018 
Published: July 24, 2018 
 
Copyright © 2018 by author and Open 
Access Library Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/ 

  Open Access

 

DOI: 10.4236/oalib.1104739  Jul. 24, 2018 1 Open Access Library Journal 
 

https://doi.org/10.4236/oalib.1104739
http://www.oalib.com/journal
https://doi.org/10.4236/oalib.1104739
http://creativecommons.org/licenses/by/4.0/


H. Uechi 
 

( , ,σ π ω ) hadronic theories [12] [13] [14] [15] [16]. Historical motivations, suc-
cesses and difficulties, evolutions and revolutions, reinterpretations and rebut-
tals are substantially reviewed and discussed in the reference [15] and chaps. 1-3 
of the review book [16]. 

The mean-field approximations defined by replacing meson quantum fields 
with classical mean fields, ˆi iσ σ→  ( , , ,i σ ω π=  ), are all equivalent to the 
Hartree (tadpole) approximation when nonlinear interactions are correctly re-
normalized as effective masses of nucleons and mesons, effective coupling con-
stants, effective sources of equations of motions [1] [7] [8] [9] [10]. The renor-
malization of interactions is correctly defined and numerically checked by the 
requirement of thermodynamic consistency, conserving approximations, or the 
density functional theory (DFT) [17] [18] [19] [20] [21]. Based on the argument, 
mean-field (Hartree) approximations should be extended to Hartree-Fock approx-
imation, which is discussed in a relativistic Chiral Dirac-Hartree-Fcok approxi-
mation denoted as CDHF [22]. 

Contributions of Fock-exchange terms are more important than those of the 
Hartree (mean-field) approximation at saturation density, while the Hartree ap-
proximation is important at high densities. We introduce Lorentz-scalar 3-point 
vertex corrections to CDHF approximation by assuming an effective interaction 
for two-body scattering amplitude, which is termed Hedin-Dirac-Hartree-Fock 
(HDHF) approximation. The HDHF approximation is applied to calculate 
properties of nuclear and neutron stars. 

The Hartree-Fock energy density with scalar vertex corrections is explained in 
Section 2, and then, self-energies with vertex corrections and relations to dy-
namical variables are self-consistently defined by functional derivative of energy 
density in Section 3. The Bethe-Salpeter equation to determine scalar vertex 
corrections with the first-order effective interaction is explained in Section 4. 
The results of calculations for nuclear matter and neutron stars are shown in 
Section 5, and conclusion is in Section 6. The derivation of scalar vertex func-
tions is discussed in detail in Appendix A. 

2. The Energy Density and Lorentz-Scalar 3-Point Vertex  
Corrections, ( )k q, ,−Γ κ  

We discussed the self-consistent Chiral Dirac-Hartree-Fock (CDHF) approximation 
shown diagrammatically in Figure 1 and examined that the Fock-exchange con-
tributions are important at the saturation density of nuclear matter [22] compared 
to mean-field approximations [1] [7] [8] [9] [10]. Retardation effects produced by 
exchange terms are also important for calculations of imcompressibility and sym-
metry energy, equation of state for high density matter. 

Hence, we extend the CDHF approximation by including Lorentz-scalar ver-
tex corrections that maintain self-consistency and thermodynamic consistency of 
QHD [1] [10] [11], requirements of the density functional theory [17] [18] [19] 
[20] [21]. The exact self-energies of many-body approximations cannot automatically  
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Figure 1. The Hartree-Fock self-energy drawn by propagators of baryons, ( )DG k , and 

mesons, ( )iD k . One should note that baryon, ( )DG k  (solid lines) and meson interac-

tion lines (dotted lines), ( )iD k  ( , ,i σ π ω= ), are given by effective masses of nucleons 

and mesons, respectively. 
 

be constructed by Feynman diagram method, since truncations of higher order 
interaction processes, retardation and nonlinear interactions make self-consistency 
ambiguous and doubtful. The self-consistency must be examined and controlled 
in terms of conserving approximations when sophisticated higher order correc-
tions are introduced [21] [25]-[31]. 

The chiral mean-field Lagrangian is sufficiently discussed in Refs. [12] [16] 
[22]. Based on the Hartree-Fock energy density, HF , discussed in Ref. [22], the 
current energy density with vertex corrections is defined and denoted as HFV : 

( ) ( )HFV B H FV, , ,σ ω σ ω π= + +                    (1) 

where ( )B Fk , ( )H ,σ ω  and ( )FV , ,σ ω π  are the baryon, direct (Hartree), 
and Fock contributions with vertex corrections, respectively. 

The baryon energy density is given by the self-consistent single particle energy 
of protons and neutrons (p, n): 

( )
( )

( )B
3

3
,

2 d ,
2π

FBk
i i B

i B n p
n E k kE kε

=

= =∑ ∑ ∫
             

(2) 

where in  is the particle occupation number and 
BFk  is a baryon Fer-

mi-momentum ( ,B n p= ); ( )BE k  is the self-consistent baryon single particle 
energy. The baryon density is calculated in the ground state of nuclear matter 
( 0T = , zero-temperature) as: 

3
2 ,

6πB i F
i

n kζ
ρ = =∑

                      
(3) 

where ζ  is the spin-isospin degeneracy factor and 2ζ =  (neutron matter), 
4ζ =  (nuclear matter). 

The Hartree energy density, ( )H ,σ ω , is, 

( ) ( )

( )

H
2 2 2 2 2 2 2 2

0

2 2 2 2 2
0 0

1 1 1,
2 2 2 2 2

1 ,
2 2 2 2

g gm m m m
M M

g g gm m a a
M M M

σ σ π ω

σ π

σ ω σ σ σ σ ω

σ ω σ ω

 = − − − − 
 

 + − + − 
 



    

(4) 

where the constant, 2 22a m mω π= , is required in the new nuclear ground state 
due to symmetry-breaking mechanism [10]. The Fock energy density with vertex 
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corrections is 

( )
( ) ( )

( ) ( ) ( ) ( )( ) ( ){
( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( )}

FV * *

2 * * * *

2 * * * *

2 * * * *

1 1, ,
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, , ,

2 , 2 , ,

1 , , , ,

i j
i j i j

i j i j i j i j

i j i j i j i j

i j i j i j i j

n n
E k E q

g D RI k q k q M k M q k q

g D RI k q k q M k M q k q

g D RI k q k q M k M q k q

µ
σ σ σ µ σ

µ
ω ω ω µ ω

µ
π π π µ π

σ ω π
ζ

κ κ

κ κ

ζ κ κ

− −

− −

− −

=

× + Γ

+ − Γ

− − − + Γ

∑∑

(5) 

where 0
0k q k qµ

µ = − ⋅k q  ( )0,1,2,3µ = , and i jκ − −= = −k qκ . The terms 

( ),i jRI k qα  ( , ,α σ ω π= ) are retardation and nonlinear interaction corrections: 

( ) ( ) ( ) ( ){ } ( )21, , ,
2i j i j i jRI k q V k q E k E q Dα α α κ − = − + −         

(6) 

and ( ),i jV k qα  ( , ,α σ ω π= ) are meson nonlinear interactions produced by 
spontaneous symmetry breaking (see Ref. [22] for explicit expressions). 

The self-consistent scalar vertex corrections are denoted as ( ), ,k qα κ −Γ  
( , ,α σ ω π= ) for sigma, omega, and pi mesons; self-energy corrections are in-
troduced diagrammatically as shown in Figure 2, and they are defined by, 

( ) ( ) ( )5, , , , , , , , ,i j i j a i jig k q ig k q g k qσ σ ω µ ω π πκ γ κ γ τ κ− − −Γ − Γ Γ
    

(7) 

which lead to the exchange energy density (5), and θ  is the angle between 
momentums, k  and q . 

3. Dynamical Variables, Self-Energies ( )kΣ , and Vertex 

Corrections ( )k q, ,Γ κ  

Self-energies are derived from the requirement of thermodynamic consistency: 
( )i in E kδ δ =  which generates relations between dynamical variables, 

( ( )M k∗ , ( )k k∗ , ( )E k ) and self-energies ( ( ) ( ) ( )0, ,s vk k kΣ Σ Σ ). Although 
self-energies are obtained from Feynman-diagram method, they are not identical 
when nonlinear interactions and retardation interactions such as Fock-exchange, 
ring, ladder,   corrections are included [21] [22] [23] [32] [33]. In other 
words, solutions produced by Feynman-diagram method break thermodynamic 
consistency when nonlinear interactions and retardation interactions become 
important. 

By performing the first functional variation to   with respect to in , one  
 

 
Figure 2. The scalar 3-point vertex corrections to the HF self-energy drawn by propaga-
tors of baryons, ( )DG k  (solid line) and mesons, ( )iD k  ( , ,i σ π ω= ) (dotted line). 
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can produce the equation for single particle energy and self-energies as: 

( ) ( )
( )

( )
( )

( )
( )

0

0
,j j j

i
ji i i ij j j

M k k k
E k

n n n nM k k k

δ δ δδ δ δ δ
δ δ δ δδ δ δ

∗ ∗

∗ ∗

 Σ
 = + + ⋅ +

Σ  
∑

k

k
   

 
(8) 

and by requiring the terms in the functional differential form in the right-hand 
side equal to 0, the self-consistent single particle energy, ( )iE k , is rigorously 
obtained, and coupled functional integro-differential equations for self-energies 
are generated. As specific examples, solutions from Feynman-diagram method 
and thermodynamic consistency are identical within Hartree and static-limit of 
HF approximations [23]. This is equivalent to saying that the functional deriva-
tives of energy density with respect to ( )M k∗ , ( )k∗k , ( )0 kΣ  on the 
right-hand side of (8) vanish by way of meson equations of motion, and one ex-
actly obtains, ( )i in E kδ δ = . 

The requirement of thermodynamic consistency generates solutions identical 
to those derived from Feynman-diagram method, however, when retardation 
and nonlinear interactions are significant, solutions constructed from Feyn-
man-diagram method become different from those constructed by (8). The re-
quirement of thermodynamic consistency improves and produces consistent so-
lutions compared to the solutions obtained by Feynman-diagram method. 
However, in general, the functional derivatives of the right-hand side of (8) do 
not completely vanish. One gets residual interactions connected to 3-body, 
4-body,  , N-body interactions. If self-energies are properly constructed so 
that thermodynamic consistency ( )i in E kδ δ =  holds or is controlled, it sug-
gests that 3-body, 4-body,  , N-body interactions become small and correctly 
renormalized as quasiparticle interactions. 

The Lorentz-scalar vertex functions, ( ), ,i k qκ −Γ , are self-consistently calcu-
lated by way of Bethe-Salpeter equations, diagrammatically depicted as Figure 3 
[34] [35]. The analytical expressions are lengthy and need some discussions to 
solve numerically, which are explained in Appendix A. 

The effective mass of nucleons, ( )M k∗ , with the current scalar vertex correc-
tions is given by 

 

 
Figure 3. The Bethe-Salpeter integral equation to determine iΓ , ( , ,i σ ω π= ). The solid lines are self-consistent Green’s function, 

for baryons, ( )DG k ; the wavy lines are for mesons, ( )iD k , and ( )1, ,I q qκ  is the effective interactions of quasiparticles within 

Fermi energy, ( )FE k . 
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( ) ( )
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− − Γ

∑

    

(9) 

where ( ) ( ), 0FiM k M k∗ → →  is used, and κ − −= = −k qκ . The scalar den-
sity, σρ′ , is defined as, 

( ) ( )
( )

2 2 2
2
02 .

4F
i

i
i i

M kg m mk n a
Mm E k

σ σ π
σ

σ

ρ ω
∗

∗ ∗

 − ′ = − 
  
∑

           
(10) 

The modified momentum, ( )k∗k , is, 

( ) ( )
( ) ( ) ( ){

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )}
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+ − Γ

∑
qkk k

k

    

(11) 

where ( ) ( )0Fi ik k∗ → →k k  is used. The 0-component self-energy, ( )0 kΣ , is: 

( ) ( ) ( ) ( ){
( ) ( ) ( )

( ) ( ) ( ) ( )}

2
0 2

2

2
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1 , , ,

2 , , ,

1 , , , .
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∑

    

(12) 

The meson propagators are given by, 

( ) ( ) ( )( ) ( ) ( ) ( )
2 221 . , ,i j i j i j i jD k q E k E q mα α α σ ω π− ∗− = − − − − − =k q k q (13) 

The self-energies are then related to dynamical variables and classical fields as: 

( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) ( )( )
( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( )( )
( ) ( ) ( )( )

HFV H FV HFV HFV

HFV FV FV
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HFV H FV HFV HFV

1 220 2
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0 0
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k k g k
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ω ω
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∗ ∗ ∗ ∗

∗ ∗

≡ + Σ + Σ = − +

≡ + Σ = −

Σ = Σ + Σ = − +

≡ ≡ +

≡ + Σ = + Σ

k k k

k

k

k

ω

  

(14) 

and 0k  is the self-consistent single particle energy, ( )E k . The subscript, HFV, 
denotes HF with vertex corrections. 

4. The Scalar Vertex Corrections, ( )i jk q, ,−Γ κ , and Effective 

Interaction ( )I q q

1, ,κ  

The calculation of scalar vertex interactions requires the effective interaction of 
nucleons in Fermi-sea denoted as ( )1, ,I q qκ  which is given as the kernel for 
Bethe-Salpeter equation (see Figure 4), and the effective interactions are related  

 

DOI: 10.4236/oalib.1104739 6 Open Access Library Journal 
 

https://doi.org/10.4236/oalib.1104739


H. Uechi 
 

 

Figure 4. The diagrams for effective interactions ( )1, ,I q qκ . Some of the first-order, lower-order interactions are only shown. 

 
to functional derivatives of self-energy, ( )ikΣ , with respect to baryon Green’s 
function, ( )jG k : ( ) ( )i jk G kδ δΣ . Because Green’ function is functionally 
connected to the particle distribution, in , the effective interaction can be con-
sidered equivalent to the effective two-body quasiparticle interactions: 

( )2 ,i j i jn n I k kδ δ δ =  . The effective quasiparticle interaction is given by the 
self-consistently renormalized nucleon and meson propagators given by ( )DG k  
and ( )D kα  ( , ,α σ ω π= ). 

As the first approximation to ( )1, ,I q qκ , we assume the first-order diagrams 
of ( )1, ,I q qκ  given by ( )Dα κ −  and ( )1Dα ξ  (the first diagram on the 
right-hand side in Figure 4). It results in corresponding classes of infinite partial 
sum of effective quasiparticle interactions. The requirement of self-consistency 
makes the assumption physically meaningful and controllable. It should be 
noted that ( )Dα κ −  ( , ,α σ ω π= ) is given in (13) with the single particle ener-
gy, ( )E k , and effective masses of mesons, ( ),Fm k kσ

∗ , which are defined 
self-consistently when energy density is self-consistently determined. 

The scalar vertex function by σ-meson is derived from Figure 3, (see, [1] [21] 
[22] [36]) as, 

( )
( )

( ) ( )( )

( ) ( ) ( )

4
2 1

14

1 1 1

d, , 1
2π

Tr , , ,D D

qk q g D D

G q G q k q

σ σ σ σ

σ

κ κ ξ

κ κ

− − −

− −

Γ = + +

 × + Γ 

∫

       

(15) 

where κ − −= = −k qκ , 1 1 1κ − −= = −k qκ  and 1 1 1ξ − −= = −q qξ . The ana-
lytical expression is given by: 

( )

( )
( ) ( )( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )
( )

1
1

2 3
1 1 1 11

13
1 1

1 >
, , <0 1 1 0 1 1

, ,
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2 2π

1 1 , , ,
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k q q k

k q

q M q Mg q D D
E q E

k q
k E q E i k E E q i

σ

µ
µσ

σ σ

σ κ

κ

κ κζ
κ ξ

κ

κ
κ κ

−

−

∗ −∗ ∗ ∗ −
− −

∗ ∗ −

−
− −

Γ

+
= + +

 
 × − Γ
 + − + + − − 

∫

 

(16) 

where ( )( )1 1 11 κ−∗ − −= + Σκ κ , and ( )1Dσ κ− −  is the σ-meson propagator given by 
(13). 

The dynamical variables, ( ), M kµ
∗ ∗k , ( )E k∗  and ( )E k , are defined in (14), 

confined within Fermi energy by 1 1 Fkκ − = − >k q , and 1, , Fk q q k< . Because of 

 

DOI: 10.4236/oalib.1104739 7 Open Access Library Journal 
 

https://doi.org/10.4236/oalib.1104739


H. Uechi 
 

restrictions of momentums, the correction of integrations cannot be large, which 
is carefully checked in numerical calculations. The integrations of angles 1,θ θ  
and 2θ  for vectors, ( ),k q , ( )1,k q , ( )1,q q , and the angle 1ϕ  should be 
carefully performed as explained in an addition theorem for spherical harmonics 
(kq-surface is fixed for the evaluation of q1-integration). 

One could solve (16) by iteration starting from the initial value ( ) ( )0 , , 1k qσ κ −Γ = , 
until the integral equation converges. However, convergence of the integral equ-
ation depends on those of self-energies and single particle energy of the Hedin 
DHF approximation (HDHF), which would also depend on the selection of ini-
tial starting values. The initial starting values for the current HDHF are taken 
from the chiral DHF approximation [22], and convergence of calculation is de-
fined by the difference between iteration values of single particle energies, 

( ) ( ) 8
1 10i iE k E k −
+− <  (i is for an iteration number), at each Gauss-point mo-

mentum. Gauss-point integration method is used to evaluate integrations and 
convergences by changing the number of Gauss points. Care must be taken be-
cause momentum integrations are restricted in certain small regions of Fer-
mi-sphere by conditions to 1 , ,− k qκ  and 1q . 

It may suggest that contributions to ( ), ,k qσ κ −Γ  from restricted momen-
tum integrations be small, and it can be observed directly from the numerical 
calculation that small momentums compared to Fk  do not produce contributions 
to the right-hand integrations of (16), and momentums close to Fermi-momentum 

Fk  only give contributions, resulting in the scalar vertex function close to 1 in 
low density regions. The convergence of Hedin DHF approximation (HDHF) 
can be well controlled by taking initial starting values from the chiral DHF ap-
proximation. 

The scalar vertex functions for ω  and π  mesons are similarly obtained as, 

( )

( )
( ) ( )( ) ( ) ( )

( ) ( )
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( )

1
1

3
1 1 1 12 1

13
1 1

1
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E q E
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 
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 + − + + − − 

∫



(17) 

and 

( )

( )
( )
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1 1 1 12 1
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<
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 
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∫

 

(18) 

Though numerical calculations demand computing time, it is possible to eva-
luate the whole system of integral equations by using a modern personal com-
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puter. Three vectors ,k q  and 1q  are in the space of 3-dimensional 1q
-integration, and restrictions on momentums, addition theorem of spherical 
harmonics, reduction to 1q -integral equation will be explained in Appendix A. 

5. Numerical Results for Nuclear Matter and Neutron Stars 

As vertex corrections, ( ), ,i k qκ −Γ , are obtained as explained in sec. 3, they are 
employed to derive self-energies, ( ) ( ) ( )0, ,s vk k kΣ Σ Σ . The convergence of 
calculation is defined by single particle energies, ( ) ( ) 8

1 10i iE k E k −
+− <  (i is 

for an iteration number), at each Gauss-point momentum as explained in sec. 4. 
When single particle energies do not maintain the criteria, ( ), ,i k qκ −Γ  calcula-
tions are repeated until ( ) ( ) 8

1 10i iE k E k −
+− <  is satisfied. 

Then, the results are used to compute energy density,  . However, if satura-
tion conditions are not satisfied, the whole calculation is repeated by adjusting 
values of coupling constants and effective mass of sigma meson, , ,g g mω σ  [22]. 
After convergences of calculations, self-consistency must be checked with the 
energy density. If the requirement of self-consistency is maintained, it is physi-
cally reliable, and if not, it indicates that something is not physically correct and 
the approximation must be rejected [26]. 

Self-consistency, or equivalently thermodynamic consistency in the current 
HDHF approximation and saturation mechanism are checked and controlled, 
indicating that the approximation and numerical scheme be physically and nu-
merically acceptable (convergences in single particle energies are confirmed up 
to a high density 1~ 2.0 fmFk − ), and saturation of binding energy is shown in 
Figure 5. Therefore, the current HDHF approximation can be employed to 
study properties of nuclear matter and neutron stars, which are calculated with 
parameter values listed in Table 1. 

 

 
Figure 5. The binding energies of nuclear matter with LHA (linear Hartree approximation), 
CHA (chiral Hartree approximation) and the current Hedin-Dirac-Hartree-Fock (HDHF) 
approximations are shown. 
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Table 1. The Fermi-liquid properties of nuclear matter at saturation; the maximum mass 
and radius of neutron stars. The linear ,σ ω  mean-field approximation (LHA) [1]) and 
the chiral Hartree approximation (CHA) [10]) are listed for comparison. The current scalar 
vertex corrections is denoted as Hedin-Dirac-Hartree-Fock (HDHF) approximation [34] [35]. 
The parameters in the current HDHF approximation are the same as those of CDHF, 

1.110g = , 8.712gω = , 70.0 MeVmσ = , 783.0 MeVmω = , 138.0 MeVmπ =  [22]. K 

is nuclear incompressibility at saturation density; max
starM M



 and starR  are the maxi-
mum mass and radius of pure neutron stars. 

 NM M∗  m mσ σ
∗  m mω ω

∗  m mπ π
∗  K (MeV) max

star
M M



 star
R  (km) 

LHA 0.54 1 1 - 530 3.03 13.5 

CHA 0.60 1.09 1.04 - 371 2.60 12.8 

HDHF 0.76 1.32 1.05 1.02 218 2.22 11.6 

 
The calculation of neutron stars requires neutron matter which should be de-

fined by consistent nuclear matter calculation by changing isospin degrees of 
freedom, and therefore, thermodynamic consistency is also required for applica-
tions to high-density astronomical objects to obtain physically consistent results. 

In solid state physics, scalar vertex corrections may be important [20] [34], 
but the scalar vertex corrections to DHF in nuclear physics are not so significant 
(about 1% corrections at most around saturation density), though mechanism of 
vertex corrections is complex. This is physically expected for the lowest-order 
effective-interaction corrections, because the mediator particle in QED is mass-
less photon, whereas mediator particles for hadronic interactions are massive 
mesons. In addition, since the momentum integrations of vertex corrections 
from (16)-(18) are restricted and the first-order effective interaction in 
( )1, ,I q qκ  suppresses the momentum transfer, the scalar vertex corrections to 

DHF become relatively small (Figure 6 should be compared to Figure 5 in 
CDHF approximation [22]). 

Momentum integrations of scalar vertex corrections are strictly confined and as 
long as energy-momentum transfers are small compared to masses of mesons, cur-
rent effective-interaction corrections to the DHF approximation may not be so large, 
which can be observed by comparing data of the Chiral-Dirac-Hartree-Fock (CDHF) 
[22] and the current HDHF approximations. Even if complicated nonlinear cor-
rections are included in a hadronic model, scalar vertex corrections are not so 
significant when they are self-consistently renormalized in the level of current 
effective interactions. The corrections from higher-order effective interactions 
should be investigated further based on self-consistency. 

6. Conclusions 

The condition of nuclear matter saturation, 15.75 MeVB nMε ρ − = − , at the 
baryon density 30.148 fmBρ

−= , ( 11.30 fmFk −= ), must be shown at the outset, 
in order to obtain consistent results and conclusions in nuclear physics [26]. The 
theoretical meaning of saturation in many-body theory of nuclear matter has 
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(a) 

 
(b) 

Figure 6. (a) The mass vs. central energy density of pure neutron stars; 
(b) The masses and radii for pure neutron stars. 

 
been studied by many researchers, which has resulted in a useful concept as 
thermodynamic consistency [21] [24], conserving approximations [27] [28], and 
the requirement of density functional theory (DFT) [17] [18]. 

When numerical calculations and programmings demand considerable time 
to execute, one of important problems would be to show: how time-demanding 
numerical results are physically reliable. Self-consistency helps checking numer-
ical accuracy and physical analysis. The saturation condition and thermody-
namic consistency are not taken for granted in any models and approximations, 
in the cases that coupling constants and masses, complicated nonlinear and 
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many-body interactions, diagrammatic extensions to higher order approxima-
tions are introduced. 

We investigated scalar vertex corrections by employing a class of self-consistent 
interaction chosen for the effective quasiparticle interaction ( )1, ,I q qκ . Cor-
rections to Dirac-Hartree-Fock approximation exerted from the current scalar 
vertex interactions are not significant in all densities. However, scalar vertex in-
teractions exerted from higher-order classes of effective interactions should be 
investigated further. 

The HDHF approximation will be extended by including Ring, Ladder and 
other classes of diagrams and electromagnetic interactions. Properties of nuclear 
matter and neutron stars, applications to nuclear fission [37] [38] and radiation 
mechanism will be investigated in the near future. 
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Appendix A. ( )k q, ,Γ κ -Function Expressions 

The scalar vertex corrections, (15)-(18), are evaluated in detail. The coordinate 

zk  in momentum space k is fixed by choosing the direction of momentum k  
as the z-coordinate: zk k . The angles ( )1 2 1, , ;θ θ θ ϕ  are shown as in Figure 7. 
In order to integrate with respect to ( )1 1,θ ϕ  variables, the kq-surface is taken as 

x zk k -plain, which means that the angle ϕ  is assumed as 0ϕ ≡  when 1q - 
integration is performed.  

The following relation, 

 2 1 1 1cos cos cos sin sin cos ,θ θ θ θ θ ϕ= +              (A1) 

is denoted as, 

( )( )2 2
2 1 1 11 1 cos ,z zz z z ϕ= + − −

               
(A2) 

where 1 1cos , cosz zθ θ= =  and 2 2cosz θ= . 
The Equations (16)-(18) are to be evaluated, and because they have a similar 

integration-core structure, it suffices to evaluate ( ), ,k qσ κ −Γ : 

( )

( )
( ) ( )( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )
( )

1
1

2 3
1 1 1 11

13
1 1

1
, ,0 1 1 0 1 1

, ,

d1
2 2π

1 1 , , ,

F

F
F

k

k
k q q k

k q

q M q Mg q D D
E q E

k q
k E q E i k E E q i

σ

µ
µσ

σ σ

σ κ

κ

κ κζ
κ ξ

κ

κ
κ κ

−

−

∗ −∗ ∗ ∗ −
− −

∗ ∗ −

−
>− −

<

Γ

+
= + +

 
 × − Γ
 + − + + − − 

∫

 

(A3) 

where ( )1 22 2
1 1 1 1 12k q kq zκ − = − = + −k q  and  

( )1 22 2
1 1 1 1 22q q qq zzξ − = − = + −q q . 

 

 
Figure 7. The coordinate zk  is fixed by: zk k , and kq-surface is taken as x zk k -plain. 
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The meson propagators are given by [1], 

( ) ( ) ( ) ( )( ) ( ) ( ) 12 2 2, , iD D k q E k E q m k qσ σκ θ
−− ∗= = − − − − −k q   (A4) 

( ) ( ) ( ) ( )( ) ( ) ( ) 12 2 2
1 1 1 1 1 1 1, , , .iD D q q E q E q m q qσ σξ θ ϕ

−− ∗= = − − − − −q q (A5) 

The propagator ( )1Dσ ξ −  has φ-variable, which is written explicitly as, 

( )
( )( )

1 1, ,
2 , 2

D k q
kq z A k q kqα

α

θ =
−

              
(A6) 

( )
( )( ) ( )( )1 1

2 21 1 1 1 1 1

1 1, , ,
2 1 1 cos , 2

D q q
qq zz z z A q q qq

α

α

ϕ
ϕ

=
+ − − −

  

(A7) 

where ( ) ( ) ( ) ( )( )22 2 2
1 1 1 1,A q q q q m q q E q E qα α

∗= + + − − − , ( , ,α σ ω π= ). The 
momentum-dependence of the effective mass is supposed as  

( ) ( )1 1m q q m q qα α
∗ ∗− → −  for numerical calculations (angle dependences of 

1 1,θ ϕ  are neglected). The momentum dependence of ( ) ( )1 1,M Eκ κ− −∗ ∗  and 

( )1E κ −  should be ( ) ( )1 1,M q E qκ κ− −∗ ∗− −  and ( )1E qκ − − , but q-angle and 
momentum dependence in these terms are neglected, which may be checked 
numerically admissible from the fact that numerical results are compatible with 
thermodynamic consistency. 

In order to perform 1ϕ -integration, it is assumed that ( ), ,k qσ κ −Γ  does not 
depend on 1ϕ  explicitly. Hence, the term ( )1Dσ ξ −  has only the 1ϕ -dependence. 
The integration is performed as, 

( ) ( )2π
1 1 1 10 2 2

1 1

2π 1 2πd , , , ,
2 2

D q q F z z
qq qqB C

σϕ ϕ = ≡
−

∫
        

(A8) 

with ( )1 1 1, 2B zz A q q qqσ= −  and ( )( )2 2
11 1C z z= − − . The simplified form 

of ( ), ,k qσ κ −Γ  is obtained as: 

( )

( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )
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1 1 1 1 112

1 1 12 0 1
1 1 1
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∫ ∫
q
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κ
(A9) 

and if conditions of momentums are not satisfied, the q1-integration will vanish, 
resulting in ( ), , 1k qσ κ −Γ = . The relation: 

( )1 1 π ,i x
x i x

δ
ε
=

±


                   
(A10) 

is used to rewrite the following term as (  and ( )xδ  respectively stand for 
Cauchy’s principle-value integration and the delta function), 

( ) ( ) ( ) ( ) 2 2
00 1 1 0 1 1

21 1 ,q

q

W
k Wk E q E i k E E q i

κ

κκ κ− −
− →

−+ − + + − − 
   

(A11) 

where ( ) ( )qW E E qκ κ= −  and ( )0k E k= . We are interested in the ground 
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state energy of nuclear matter and so, the real part of (A11) is considered. The 
scalar vertex correction for σ-meson is finally written as, 

( )

( ) ( )
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( ) ( ) ( )

1
1

2
1 12
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(A12) 

It should be noted that ( )1 1 1 1 1 1 1q kz q κ κ∗ −∗ ∗ −∗ −⋅ = −q κ . 
The other ω  and π  scalar vertex corrections are given by: 
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(A13) 

and 

( )
( ) ( ) ( )
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(A14) 

The integral equations, (A12)-(A14), may be solved iteratively with a starting 
value, ( ) ( )0 , , 1k qσ κ −Γ = . One should be careful that the time and iterations for 
the convergence of αΓ  depend on those of self-energies whose starting values 
are chosen from the result of CDHF approximation [22]. The convergence of 
numerical values is checked by changing Gauss-integration method. 
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