/
oo Resmurch
0.00 Publishing

Modern Economy, 2018, 9, 1127-1136
http://www.scirp.org/journal/me

ISSN Online: 2152-7261

ISSN Print: 2152-7245

Factor Substitution and Employment

Hideki Nakamura

Faculty of Economics, Osaka City University, Osaka, Japan

Email: hnakamur@econ.osaka-cu.ac.jp

How to cite this paper: Nakamura, H.
(2018) Factor Substitution and Employ-
ment. Modern Economy; 9, 1127-1136.
https://doi.org/10.4236/me.2018.97074

Received: May 4, 2018
Accepted: June 26, 2018
Published: June 29, 2018

Copyright © 2018 by author and

Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

This paper explores how employment among an educated workforce depends
on production technology represented by factor substitution and fac-
tor-augmenting technical progress. We consider a variant of the Diamond
overlapping generations model that can explain the empirical finding about
the elasticity of substitution being less than unity observed in some developed
economies. Depending on factor substitution, a decline in the wage rate has
positive and negative effects on employment. When the elasticity of substitu-
tion is less than unity, a low wage rate can imply a low employment rate as
well as a low human capital level. Given the elasticity of substitution, being
less than unity, labor-augmenting technical progress can decrease the em-
ployment rate and human capital level via a decrease in the marginal product
of labor.

Keywords

Factor Substitution between Capital and Labor, Factor-Augmenting
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1. Introduction

While the aggregate production function plays an important role in economic
growth theories, many studies assume a Cobb-Douglas production function be-
cause of its tractability. However, some studies found little evidence in some de-
veloped economies to support the assumption of a Cobb-Douglas production
function (see [1] [2] [3] [4]).

This study examines how production technology represented by factor subs-
titution and factor-augmenting technical progress affects the economic devel-
opment of a country which cannot attain full employment of educated workers.

Our model has two important features. The first feature is a constant elasticity of
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substitution (CES) production function in a variant of the [5] overlap-
ping-generations model. While in a dynasty model, individual savings come out
of total income, it implies relatively high economic growth with a higher elastic-
ity of substitution. However, it may not be able to explain the empirical finding
that the elasticity of substitution between capital and (skilled) labor lies below
unity in developed economies. Thus, we employ a CES production function in a
model in which individual savings come out of wage income. The second feature
is downward rigidity in the wage rate. Given the wage rigidity, we can examine
the dynamics of employment rate and human capital level.!

In our model, a decline in the wage rate has not only a positive effect, but also
a negative effect on the employment rate. Because the decline in the wage rate
decreases the threshold in the capital/labor ratio for attaining full employment, it
increases the employment rate. However, the decline in the wage rate implies a
low income level. It decreases the employment rate because of a low capital/labor
ratio. Thus, the total effect of wages on employment depends on factor substitu-
tion. When the elasticity of substitution lies below unity, a low wage rate can
imply a low employment rate as well as a low human capital level because the
negative effect can outweigh the positive effect.

Given the elasticity of substitution, being less than unity, labor-augmenting
technical progress can decrease the employment rate and human capital level via
a decrease in the marginal product of labor because the marginal product of cap-
ital increases more rapidly than output per capita. Factor substitution itself has
an ambiguous effect on the employment rate and human capital level.

To begin, we posit the following. [8] showed that in the Diamond model, low
growth can be implied by a relatively high elasticity of substitution. This paper
tries to examine the effect of production technology on employment among an
educated workforce because in many developed economies, prolonged economic
stagnation has been observed and educated individuals do not always work as
skilled workers. We show that under complementary relationships between cap-
ital and labor, both the employment rate and the human capital level can be low
with a low wage rate or with labor-augmenting technical progress.®

The remainder of this paper is organized as follows. In Section 2, we explain
our model. In Section 3, we investigate the employment and education asso-

ciated with factor substitution. We conclude the paper in Section 4.

2. Model

Assume that individuals live for three periods. In the first period, individuals re-
ceive education. In the second period, individuals work. During this period, they

decide their own consumption and savings as well as their children’s level of

'For simplicity, we consider the employment rate which is an average of the employed and unem-
ployed workers. In the Appendix, we provide a microfoundation of wage rigidity using the efficiency
wage hypothesis (see [6] [7]).

2[9] examined the divergence of unemployment rates between the United States and Europe. He ex-
plained the divergence of unemployment rates across economies by technology adoption, and not by
unemployment insurance.
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education. In the third period, individuals consume their own income.
We describe the formation of human capital. Whereas educational investment

increases the human capital stock, the returns on education are diminishing:
Vs
h,:(0+et) , (1)

where 0<o and O<y<l. £

, is the human capital stock, and ¢, is the edu-

cational level. We assume the positive amount of human capital stock
represented by o.

We consider the utility maximization problem of an individual born in period
t—1. We assume that parental preferences depend on consumption in periods ¢
and ¢+1 and the potential income level, that is, the human capital level, of
their children. Parents use their income for consumption in period ¢ for educa-
tional expenditure on their children, and for savings. The utility maximization

problem of an individual born in period ¢-1 is as follows:

B, B p,

max ut = Cyi (Wht+1) " cfrﬂ’ (2)
Cyt €St

st wxh =c, +we +s5,, (3)

Cors1 =TS¢5 4)

where O<ﬁy <1, 0<pB, <1, 0<p, <1,and 0<¢g. For simplicity, we assume
that S +75, +f,=1. wis the wage rate and r is the gross interest rate. ¢,

and ¢

.1 are the consumption levels of the second and third periods, respec-

tively, s, is the savings, and x, is the employment rate with 0<x, <1. We

t
assume the cost of education is proportionate to the wage rate.

The first-order conditions of the utility maximization problem are as follows:

¢, = ,Byw(xtht +0), (5)
s, = B,w(xh +o0), (6)
e, = Byxh —(B,+B,)o. (7)

Educational expenditure with respect to income is convex because of the con-
stant term in the human capital stock. We assume a positive amount of educa-

tional investment in the initial period:
Byrxohy > (B, + B, )o. (A1)
From (1) and (7), the dynamics of human capital are represented as follows:
h,., :(,Bh;/)y (x,h, +0)7. (8)

The existence of unemployment retards the accumulation of human capital.
Next, we consider perfectly competitive firms. We assume a CES production
function:
-/p

v=[ 6K 4 (1=b)(BN) 7| = £ (KRN, 9)

K

where 0<b<l, -l<p<w, and k,=——. N, is the number of employed

Tt
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1
workers. The elasticity of substitution between capital and laboris o =—.

I+p
We assume downward rigidity in the wage rate. Given the factor prices, the

first-order conditions are as follows:
w:f(k)—f’(k)kEG(k), (10)
r=f'(k). (11)

3. How Does Production Technology Affect Employment and
Education?

We assume that in the initial period, the marginal product of labor is less than

the wage rate:

G(ky)<w, (A2)

K
where k, = h—}’) . Pis the population size of each generation.
0

The threshold in the capital/labor ratio for attaining full employment can be
represented by k. We obtain:

w YA e
k=G’1(w)=bl/p (n] -(1-b) =k(w). (12)
where k'(w)>0. That is, an increase in the wage rate increases the threshold
for attaining full employment.
Savings in period #form the physical capital in period 7+1 as follows:

K, =sP= ,Bow(xtht + o)P.

From this, we have:

K

t+l

h, N,

117 T+l

ht+1N

THI = k(W) xt+lht+1 .

N
Note that x,,, =—tL.
P

While the income level in period #is proportionate to x,4, , the dynamics in

x,h, are represented as follows:

xt+1

h, = ]50::) (xtht + 0). (13)

Equation (13) shows the negative and positive effects of a decline in the wage
rate on the income level when individuals are not fully employed. On the one
hand, the numerator of (13) represents the negative effect of the declining wage
rate on the income level because savings depend on wage incomes. The deno-
minator of (13), on the other hand, represents the positive effect of the declining
wage rate on the income level via the threshold in the capital/labor ratio for at-
taining full employment.

We consider the existence of a stable steady state of the economy in which

unemployment exists:
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Bw
k(w)

<1 and x<1. (A3)

We see the dynamics of the human capital level and employment rate from (8)
and (13). As shown in Figure 1, the dynamics of the income level are autonom-
ous. Given the initial level, xy%,, the income level increases with x4, and
converges to wxh. Under Assumption (A3), the human capital level and em-

ployment rate at the steady state are respectively represented as follows:

ﬂ[)w !
o
h=(Br) k(—;)ww : (14)
k(v
ﬂ[)w ﬂ()w 7
kW ] k)
X_W(ﬂhy) WM : (15)

k(w) k(w)
We use the normalization procedure to examine unemployment with factor

substitution. We arbitrarily choose baseline values for three variables: the capi-

tal/labor ratio, k ; the output/labor ratio, y; and the marginal rate of

substitution, m= or, or, , which are evaluated at k (see [10]). The
oK,/ OhN,

normalized CES production function is:

Y,=C(0)| b(0)K, 7 +(1=b(a)) (N, )‘pT/p, (16)
Xpethys 45°
o xOho xh xr}zt

Figure 1. Dynamics of income level when individuals are not fully employed.
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— = _\Vp
ke (k" +m
where b(c)==——— and C(o —_ .
(o) =i (<) y(mm}
We now examine the effects of wage and factor substitution on the employ-

ment rate and human capital level.
Lemma 1: (Comparative statics). Suppose Assumptions (Al)-(A3) hold. 1)
oh > ox > Oxh >

We have ——0, — =0, and —=—0 when
ow < ow < ow <
1-o
1-b
[ﬁJ (1-0)21-b(0). (17)
w <
2) When O——_1>£,weobtain %<0, ﬂ<0,and %<O (k>l;).
o k oo oo oo
Proof: 1) From (14) and (15), %, @, and % depend positively on
ow ow ow
dkw
. ﬂio can be represented as:
k(w) dw <

(1—110)]06)(1‘“)?—’)(0)-

Note that 1-o=—2—.
I+p
2) The differentiation of the marginal product of labor with respect to the
elasticity of substitution is as follows:
0G(k:o)| L OG(k:o) ok _
oo ok oo

(18)

given k

- m oG (k:
i 1>z,we have M
o k oo

0G(k:o)

<0 for

When —p >k£, that is, when

given k

any k >k . Furthermore, we have >0. Thus, from (18), given that

U—_1>z,we have %>O , which implies %<0, ﬁ<0, and %<0. |

ok oo 0o 0o oo

The threshold of the capital/labor ratio for attaining full employment depends
positively on the wage rate. Thus, a decline in the wage rate can increase the em-
ployment rate and human capital level because of a decrease in the threshold.
However, the decline in the wage rate decreases savings. It can decrease the em-
ployment rate and human capital level because of a low level of capital accumu-
lation. When o >1, the positive effect always outweighs the negative effect be-
cause the marginal product of labor increases slowly with capital accumulation.
Thus, a low wage rate can improve the employment rate and human capital lev-
el. However, under the complementary relationship between capital and labor

(o <1), the negative effect can outweigh the positive effect because of a large

*This part of the proof is the same as that of [8] [11].
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marginal product of labor. Thus, a low wage rate does not necessarily imply an
improvement in the employment rate and human capital level.

Additionally, a rise in education quality can decrease the employment rate but
raise the human capital level. This implies the trade-off between the human cap-
ital level and the employment rate.

We also examine the effect of factor substitution itself on the employment rate
and human capital level. Although a high elasticity of substitution between capi-
tal and labor can potentially imply a high output/labor ratio, the marginal prod-
uct of labor increases less rapidly. Thus, when capital and labor are relatively
substitutable, an increase in the elasticity of substitution decreases the employ-
ment rate and human capital level because of a decrease in the marginal product
of labor.

Proposition 1: (Effect of wage and factor substitution on unemployment).
Suppose Assumptions (Al)-(A3) hold. If the elasticity of substitution between
capital and labor lies below unity, the unemployment problem cannot be neces-
sarily solved by a low wage rate because of the existence of both positive and
negative effects. Furthermore, the elasticity of substitution itself has an ambi-
guous effect on the employment rate and human capital level.

Finally, we consider the effect of factor-augmenting technical progress:
— _ _1/
K{b(a)(eKKt) ?+(1-b(0))(A,hN,) p} " (19)

where 6, >0 and A, >0 . Increases in &, and /A, represent capi-
tal-augmenting progress and labor-augmenting technical progress, respectively.
Proposition 2: (Effect of factor-augmenting technical progress on employ-
ment). Suppose Assumptions (Al)-(A3) hold. Capital-augmenting technical
progress always increase the employment rate and human capital level. Howev-
er, if the elasticity of substitution between capital and labor lies below unity, la-
bor-augmenting technical progress can decrease the employment rate and hu-

man capital level because of a decrease in the marginal product of labor.

oG (k
Proof: We obtain Ok <0 from (%) >0 . Thus, we have h >0,
a K K K
0G(k
o >0, and Ok >0 . Furthermore, we always have (%) >0 where
00, 06, o4,
o >1. However, when the following inequality holds with p >0, that is, with
o<1,
(1-b(0))4,” < pb(c)(6ck) ", (20)
oG (k
we obtain ﬁ>0 from ( )<0 . That is, we have ﬂ<0, a—x<0, and
L L L L

% <0 with condition (20). ||

L
Capital-augmenting technical progress always decreases the threshold of the

capital/labor ratio for attaining full employment because of an increase in the
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marginal product of labor. However, the effect of labor-augmenting technical
progress depends on factor substitution. When capital and labor are comple-
ments, labor-augmenting technical progress can decrease the marginal product
of labor because the marginal product of capital increases more rapidly than the
output/labor ratio. Thus, the employment rate and human capital level can de-

crease because of labor-augmenting technical progress.

4. Concluding Remarks

This study explored how factor substitution and factor-augmenting technical
progress affect employment among educated workers because of little evidence
to support the assumption of a Cobb-Douglas production function. We found
that a low wage rate can imply a low employment rate as well as a low human
capital level when the elasticity of substitution lies below unity. Given the elas-
ticity of substitution, being less than unity, labor-augmenting technical progress
can decrease the employment rate and human capital level via a decrease in the
marginal product of labor.

We can obtain some policy implications about employment and education.
The government should be reminded that under complementary relationships
between capital and labor, a decline in the wage rate or labor-augmenting tech-
nical progress can decrease both the employment rate and the human capital
level. Furthermore, the government should not improve only the educational
level when there are unemployed educated individuals. It could worsen the un-
employment problem because of the trade-off between the human capital level

and the employment rate.
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Appendix

This appendix provides a microfoundation of wage rigidity using the efficiency

wage hypothesis. We rewrite the utility maximization problem as follows:

5, B B,
. nzaéx ut = cyi (Wht+l) ! c£+1 _§t¢xthﬂ (Bl)
vt o€ 55151

where 0<¢. & is the efficiency at work. For simplicity, & is assumed to
equal zero or unity. £ =1 and & =0 imply working hard and shirking, re-
spectively.

If individuals work hard, they obtain labor income, denoted by wx4, . If they
shirk, the probability of detection is exogenously given by ¢ (0<¢g <1). Thus,
under shirking, workers can obtain labor income with the probability of 1—g¢
and can be dismissed with the probability of g. We assume that even when
workers are dismissed, they can take up unskilled jobs in which the income level
of unskilled labor is vwx,h, (0<v<1).

The decision with regard to efficiency at work can be examined separately
from the choice of consumption and savings levels and of the education of
children because we consider disutility in the additive form. We specify the util-

ity level with efficiency at work as follows:

u, = Bw(xtht + 0) - &.ox,h,, (B2)

where B= ﬂyﬂ” (ﬁhy)ﬂ"y (ﬁor)ﬂ” .
We examine the condition for working hard. The utility level under no shirk-

ing is represented as follows:

u/|§,:1 :Bw(xzhz +0)_¢xzht' (B3)

The expected utility under shirking, on the other hand, can be represented as:

(1 —q)ut|§l:0,nd + qu,|§!:0’d = (l —q)Bw(x,h, + 0)+qu(vx,h, +0), (B4)

where u,| and | are the utility levels with no dismissal and dis-

&=0,nd
missal, respectively.

&=0d

Thus, (B3) and (B4) imply the following condition for working hard:
u, |§t:] - [(1 - q)ut |§,:0,nd +qu, |§,:0,d] 20.

The threshold for efficiency wage is represented as:

w= L (B5)

Bg(1-v)
If the wage rate is sufficiently high to satisfy the threshold in (B5), individuals
will not shirk, because they can obtain a higher utility level. Any rise in disutility
under no shirking or decline in the probability of detection increases the thre-

shold. A rise in unskilled labor income increases the threshold.
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