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Abstract 

In this paper, we consider an impulsive competitive system with infinite delay 
and diffusion. Firstly, on basis of inequality estimation techniques and com-
parison theorem of impulsive differential equations, we obtain some sufficient 
conditions for the permanence and extinction of the system. Then, we estab-
lish sufficient conditions for the globally attractive of the system by con-
structing appropriate Lyapunov function. Besides, under different impulsive 
conditions, we discuss the effect of time delay and diffusion on dynamic be-
havior of the competitive system.  
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1. Introduction 

In practical world, owing to many natural and man-made factors (e.g., fire, 
drought, flooding, crop-dusting, deforestation, hunting, harvesting, etc.), the bi-
ological species or ecological environments usually undergo some discrete 
changes of relatively short duration at some fixed times. Such sudden changes 
can often be characterized mathematically in the form of impulses. With the de-
velopment of impulsive differential equations, many experts have adequate ma-
thematical models to investigate the dynamical behaviors of such ecosystems 
with impulsive effects [1] [2] [3] [4] [5]. On the other hand, the Lotka-Volterra 
competition systems are very important and significant mathematical models in 
a non-autonomous environment. Many interesting results of the competitive 
systems on the existence of positive periodic solutions, permanence, extinction, 
global stability had been studied extensively (see [6] [7] [8] [9] [10]). For exam-
ple, Wang [10] investigated the following competitive system with impulsive ef-
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fects: 
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The author obtained sufficient conditions on the uniform persistence and ex-
tinction of the system by applying the theorem of differential equations. 

In ecological environment, because of the natural enemy, severe competition, 
deterioration of the patch environment, spatial heterogeneity and human activi-
ties, species dispersal in two or more patches becomes one of widespread phe-
nomena of nature. It is an important subject to study the effects of dispersion on 
the dynamics of species living in patchy environments. Many works on popula-
tion dynamics in patch environment have been investigated [11] [12] [13] [14]. 
Moreover, in real ecology environment, the existed number on the history will 
affect indirectly the number of the species at the moment. Therefore, in order to 
establish more realistic models, the past history of systems should be taken into 
account, which has led to the introduction of time-delays in differential equa-
tions. Such biological system with infinite delay can be found in [15] [16] [17].  

Motivated by above arguments, we establish an impulsive competitive system 
with infinite delay and diffusion as follows：  
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∫

∫



  (1.1) 

where ( )( )1,2ix t i =  and ( )y t  represent the population densities at time t, 
respectively. Let 0 10 , 1, 2,k kt t t k+= < < =   and kt →∞  as k →∞ . Species 

1x  competes with y in patch 1, while 1x  can disperse between patch 1 and 
patch 2, and y is confined to patch 1. ( ) ( )12 21,D t D t  denotes the diffusion coef-
ficients of species x. 1 2,k kh h  and kg  are impulsive coefficients at time kt , re-
spectively. 

We consider system (1.1) with the following initial conditions 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ] [ )

1 1 2 2 3, , ,

, , 1, 2,3, ,0 , 0, .i

x x y

PC R R i R R

θ φ θ θ φ θ θ φ θ

φ + − + − +

= = =

∈ = = −∞ = +∞
        (1.2) 

where ( ){ }1 2 3, ,PC PCφ φ φ φ+ = = ∈ , ( ) 0iφ θ ≥  for all Rθ −∈  and ( )0 0iφ
+ >  
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for 1,2,3i = . PC  is the space of bounded function ( )sφ : 3R R− →  which is 

continuous everywhere expect at the point kt t I= ∈  and ( ) ( ),k kt tφ φ+ −  exists 

with ( ) ( )k kt tφ φ− =  and with norm sup
R

θ
θ

φ φ
−∈

= . 

In this paper, for any continuous function ( )f t , we denote  

( ) ( ){ }max ii I
f t f t

∈
= , ( ) ( ){ }min ii I

f t f t
∈

= . 

Throughout this paper, we assume that the system (1.1) satisfies ((C1), (C2) 
see [12], (C3) see [17]): 

(C1) all functions are positive, continuous and bounded defined on R+ ,
( ) ( )12 210 ,D t D t D< ≤ . 

(C2) 1 2,k kh h  and kg  are positive constants for all 1,2,k =  .  
(C3) ( )( )1,2ik s i =  is a non-negative, piece-wise continuous function de-

fined on R−  and satisfy ( )
0

d 1ik s s
+∞

=∫ . 
Applying some inequality techniques, comparison theorem of impulsive dif-

ferential equations and Lyapunov function, we study the dynamic behaviors of 
an impulsive competitive system with infinite delay and diffusion, included 
permanence, extinction and globally attractive. This paper is organized as fol-
lows. Section 2 contains some preliminaries and presents the proof of the lem-
ma. In Section 3, we establish some sufficient conditions which guarantee the 
system is permanence. In finally section, we give some conditions on the extinc-
tion of the system. In Section 4, we study the globally attractive of system (1.1). 

2. Preliminaries 

We consider the following impulsive non-autonomous logistic model 

( ) ( ) ( ) ( ) ( )( )
( ) ( )

,

, 1, 2, ,

k

k k k

x t x t t t x t t t

x t h x t k

α β
+

 ′ = − ≠


= = 

              (2.1) 

where ( )tα  and ( )tβ  are bounded and continuous functions defined on R+ , 
( ) 0tβ ≥  for all t R+∈  and impulsive coefficients kh  are positive constants 

for any 1, 2,k =  . Then we have the following Lemma 2.1. 
Lemma 2.1. Suppose that there is a constant 0σ >  such that 

( )( )liminf d 0
t

tt
s s

σ
β

+

→∞
>∫                   (2.2) 

( )liminf d ln 0
k

t
ktt t t t

s s f
σ

σ
α

+

→∞ ≤ < +

 
+ > 

 
∑∫               (2.3) 

and function  

( ), ln
k

k
t t t

h t h
µ

µ
≤ < +

= ∑                      (2.4) 

is bounded on t R+∈  and [ )0,µ σ∈ . Then we have 
1) There exist constant 0M >  and 0m >  such that 

( ) ( )liminf limsup
t t

m x t x t M
→∞ →∞

≤ ≤ ≤               (2.5) 
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for any positive solution ( )x t  of system (2.1). 
2) If all conditions of (1) hold, further if  

( )1limsup d ln 0
k

t
ktt t t t

s s f
σ

σ
α

+

→∞ ≤ < +

 
+ ≤ 

 
∑∫               (2.6) 

then we have ( )lim 0
t

x t
→∞

=  for any positive solution ( )x t  of system (2.1). 
The proof of this Lemma can be found in [18], here we omit it. 
Next we consider the following impulsive periodic single species logistic sys-

tem with diffusion 

( ) ( ) ( ) ( )( ) ( ) ( )( )

( ) ( )
1

, ,

, 1, 2, , , 1, 2, ,

n

i i i i ij j i k
j

i k ik i k

x t x t r t a t D x t x t t t

x t h x t i n k
=

+

 ′ = − + − ≠

 = = =

∑

 

      (2.5) 

Assume that ( ) ( ) ( )( ), , ,i i ijr t a t D t i j I∈  are positive, continuous and 
bounded functions defined on R+ . ( )2 1 0ijD D D i j≥ ≥ > ≠ , 0iiD =  for all 

( ), 1, 2, ,i j I I n∈ = 
 and t R+∈ , 0ikh >  for all i I∈ , 1,2,k =  , then we 

have the following conclusions. 
Lemma 2.2. Suppose that there is a positive constant σ  such that  

( )( )liminf d 0
t

tt
a s s

σ+

→∞
>∫                   (2.6) 

( ) ( )
1

liminf d ln 0
k

nt
ij ktt j t t t

r t D t t h
σ

σ

+

→∞ = ≤ < +

 
− + > 

 
∑ ∑∫           (2.7) 

and function  

( ), ln
k

k
t t t

h t h
µ

µ
≤ < +

= ∑ , ( ), ln
k

k
t t t

h t h
µ

µ
≤ < +

= ∑             (2.8) 

is bounded on t R+∈  and [ )0,µ σ∈ . Then we have 
1) There are constants 0M >  and 0m >  such that  

( ) ( )liminf limsupi it t
m x t x t M

→∞ →∞
≤ ≤ ≤  

for any positive solution ( )ix t  of system(2.1). ,t R i I+∈ ∈ . 
2) If all conditions of (1) hold, further if  

( )( )1liminf d 0
t

tt
t t

σ
β

+

→∞
>∫ ,                   (2.9) 

where ( ) ( ) ( )
1

1
min 0

n
ij

ii I j

D t
t a t

m
β

∈ =

  = − ≥ 
  

∑  for all , ,t R i j I+∈ ∈ , then system 

(2.2) is globally attractive. 
Proof: Firstly, we prove system (2.5) is permanent. Let ( ) ( )( )1 , , ix t x t  be 

any solution of system (2.5). Define the function ( ) ( ){ }1 max ii I
V t x t

∈
= , when

kt t≠  calculating the upper-right derivative of ( )1V t , we have 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )1 1 1i i i iD V t x t r t a t x t V t r t a t V t+ ≤ − ≤ −  

when kt t= , we have 
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( ) ( ){ } ( ){ } { } ( ){ } ( )1 1max max max maxk i k ik i k ik i k k ki I i I i I i I
V t x t h x t h x t h V t+ +

∈ ∈ ∈ ∈
= = ≤ =  

Consider the following auxiliary system 

( ) ( ) ( ) ( ) ( )( )
( ) ( )

,

, 1, 2,

k

k k k

D w t w t r t a t w t t t

w t h w t k

+

+

 = − ≠


= = 

             (2.10) 

with initial condition ( ) ( )10 0w V= . Obviously, from condition (2.6), (2.8) and 
Lemma 2.1, there exists a constant 0M >  such that ( )limsup

t
w t M

→∞
≤ . Then 

according to comparison theorem of impulsive differential equations, we derive 
( ) ( ) ( )1limsup limsup limsupi

t t t
x t V t w t M

→∞ →∞ →∞
≤ ≤ ≤  for i I∈ .     (2.11) 

Now we prove there is a constant 0m >  such that ( )liminf it
x t m

→∞
≥ . Defined

( ) ( ){ }2 min ii I
V t x t

∈
= , calculating the right-lower derivative of ( )2V t  when 

kt t≠ , similar to above conclusion, we can obtain 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )2 2 2i i i iD V t x t r t a t x t V t r t a t V t+ ≥ − ≥ −  

when kt t= , we have 

( )
{ }

( ){ } { }
( ){ }

{ }
{ }

{ }
( ){ } ( )2 2= 1,2 = 1,2 = 1,2 = 1,2

min min min mink i k ik i k ik i k k ki i i i
V t x t h x t h x t h V t+ += = ≥ =  

by comparison theorem of impulsive differential equations, we derive
( ) ( )2V t v t≥  for all t R+∈ , where ( )v t  is the solution of the auxiliary equation 

( ) ( ) ( ) ( ) ( )( )
( ) ( )

2 ,

, 1, 2, ,

k

k k k

D v t v t r t a t v t t t

v t h v t k

+

+

 = − ≠


= = 

            (2.12) 

with initial condition ( ) ( )2 0 0V v= . Clearly, from condition (2.7), (2.8) and 
Lemma 2.1, there is a constant 0m >  such that ( )liminf

t
v t m

→∞
≥ . Therefore we 

have  
( ) ( ) ( )2liminf liminf liminfit t t

x t V t v t m
→∞ →∞ →∞

≥ ≥ ≥  for i I∈ . 

Next we consider the globally attractive of system (2.5). Construct a Lyapunov 
function 

( ) ( ) ( )
1

ln ln
n

i i
i

V t x t x t
=

= −∑   

when kt t= , we always have  

( ) ( ) ( ) ( )
1

ln ln
n

k ik i k ik i k k
i

V t h x t h x t V t+
=

= − =∑   

then ( )V t  is continuous for all t R+∈ . In addition, when t R+∈  and kt t≠
we have 

( ) ( ) ( ) ( ) ( ) ( )1 1ln lni i i i i ix t x t x t x t x t x t
B A

− ≤ − ≤ −        (2.13) 

Moreover, calculating the derivative of ( )V t , we also have  

( ) ( ) ( )( ) ( )
( )

( )
( )

( ) ( ) ( )( ) ( )

1 1
1

1 1 1

sgn
n

i i

i i i

n n n

i i i ij
i i j

x t x t
D V t x t x t

x t x t

a t x t x t D t

+

=

= = =

 ′ ′ 
= − −  

 

≤ − − +

∑

∑ ∑∑









         (2.14) 
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where ( )
( ) ( )

( )
( )
( ) ( ) ( )

( ) ( )
( )

( )
( ) ( ) ( )

, ,

, .

j j
ij i i

i i
ij

j j
ij i i

i i

x t x t
D t x t x t

x t x t
D t

x t x t
D t x t x t

x t x t

  
− >     = 

  − <   
 













 

For all t R+∈ , we think about under the following two cases: 
Case 1: if ( ) ( )i ix t x t>  , then 

( ) ( )
( ) ( ) ( )( ) ( ) ( ) ( )ij ij

ij j j j j
i

D t D t
D t x t x t x t x t

x t A
≤ − ≤ −   

Case 2: if ( ) ( )i ix t x t<  , then 

( ) ( )
( ) ( ) ( )( ) ( ) ( ) ( )ij ij

ij j j j j
i

D t D t
D t x t x t x t x t

x t A
≤ − ≤ − 



 

From Case 1, Case 2 and (2.14), we can obtain 

( ) ( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( )

( ) ( )

1 1 1

1 1

n n n
ij

i i i j j
i i j

n n
ij

i i i
i j

D
D V t a t x t x t x t x t

A
D

a t x t x t
A

t AV tβ

+

= = =

= =

≤ − − + −

 
≤ − − − 

 
≤ −

∑ ∑∑

∑ ∑

 

    (2.15) 

By (2.15) and condition (2.9), we have ( ) ( ) ( )( )0
0 exp d 0

t
V t V A s sβ≤ − →∫  

as t →∞ . Furthermore, by (2.13), we have ( ) ( )( )lim 0i it
x t x t

→∞
− = , that is, sys-

tem (2.5) has globally attractive positive solution. This completes the proof of 
Lemma 2.2. 

3. Permanence 

Note that system (1.1) always has a positive solution for all t R+∈  if it has a 
positive initial condition. Here we state and prove the permanent of system 
(1.1). 

Theorem 3.1. There exists a constant 0M >  such that ( )limsup i
t

x t M
→∞

≤  
and ( )limsup

t
y t M

→∞
≤  for any positive solution of system (1.1) if there exists a 

constant 0ω >  such that 

( )( )liminf d 0
t

tt
b s s

ω+

→∞
>∫                   (3.1) 

( )( )3liminf d 0
t

tt
b s s

ω+

→∞
>∫                   (3.2) 

and function  

( ), ln
k

k
t t t v

h t hµ
≤ < +

= ∑ , ( ), ln
k

k
t t t

g t g
µ

µ
≤ < +

= ∑             (3.3) 

are bounded on t R+∈  and [ )0,µ ω∈  for all , 1, 2,t R k+∈ =  . 
Proof. Firstly, we prove that there is a constant 1 0M >  such that

( ) ( )1limsup 1,2i
t

x t M i
→∞

≤ = . Define the function ( ) ( ) ( ){ }1 2max ,V t x t x t= , we 
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have two cases when kt t≠ . 
1) If ( ) ( )1V t x t= , we have 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )

0
1 1 1 1 1 1

12 2 1

1 1 1 1

dD V t x t a t b t x t c t k s y t s s

D t x t x t

x t a t b t x t

V t a t b t V t

+

−∞
= − − +

+ −

≤ −

≤ −

∫

    (3.4) 

2) If ( ) ( )2V t x t= , we have 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )

2 2 2 2 21 1 2

2 2 2 2

D V t x t a t b t x t D t x t x t

x t a t b t x t

V t a t b t V t

+ = − + −

≤ −

≤ −

     (3.5) 

clearly, from (3.4) and (3.5), we get 

( ) ( ) ( ) ( ) ( )( )D V t V t a t b t V t+ ≤ −  for all t R+∈  

On the other hand, when kt t= , we have 

( )
{ }

( ){ } { }
( ){ }

{ }
{ }

{ }
( ){ } ( )

1,2 1,2 1,2 1,2
max max max maxk i k ik i k ik i k k ki i i i

V t x t h x t h x t h V t+ +

= = = =
= = ≤ = . 

Consider the following auxiliary equation 

( ) ( ) ( ) ( ) ( )( )
( ) ( )

,

, 1, 2,

k

k k k

D v t v t a t b t v t t t

v t h v t k

+

+

 = − ≠


= = 

             (3.6) 

with initial condition ( ) ( )0 0v V= . Since the condition of Lemma 2.1 holds 
from (3.1) and (3.3), using Lemma 2.1, we get that there exists a constant 

1 0M >  such that ( ) 1limsup
t

v t M
→∞

≤ . Applying the comparison theorem of im-
pulsive differential equation, we obtain ( ) ( )V t v t≤  for all t R+∈ . Finally, we 
have  

( ) ( ) ( ) 1limsup limsup limsupi
t t t

x t V t v t M
→∞ →∞ →∞

≤ ≤ ≤  for 1, 2i =      (3.7) 

Then we prove that there is a constant 2 0M >  such that ( ) 2limsup
t

y t M
→∞

≤ . 
From the third and sixth equations of system (1.1), we obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )

( ) ( )

0
3 3 2 2 1

3 3

d

,

, 1, 2,

k

k k k

y t y t a t b t y t c t k s x t s s

y t a t b t y t t t

y t g y t k

−∞

+

 ′ = − − −


≤ − ≠


= =


∫



 

considering the following subsystem 

( ) ( ) ( ) ( ) ( )( )
( ) ( )

3 3 ,

, 1, 2,

k

k k

u t u t a t b t u t t t

u t g u t k+

 ′ = − ≠


= = 

             (3.8) 

with initial condition ( ) ( )0 0u y= . Obviously, the condition of Lemma 2.1 
holds from (3.2) and (3.3), we obtain that there is a constant 2 0M >  such that
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( ) 2limsup
t

u t M
→∞

≤ . Similar to the prove process of the bounded of species x, we 
have ( ) 2limsup

t
y t M

→∞
≤ .  

Let { }1 2max ,M M M= , evidently, we have  

( ) ( )limsup 1,2i
t

x t M i
→∞

≤ = , ( )limsup
t

y t M
→∞

≤  

The proof of Theorem 3.1 is completed. 
Theorem 3.2. Assume that all conditions of Theorem 3.1 are satisfied. In ad-

dition, there is a constant 0ω >  such that  

( )liminf d ln 0
k

t
ktt t t t

a s s h
ω

ω

+

→∞ ≤ < +

 
+ > 

 
∑∫              (3.9) 

( ) ( ) ( ) ( )( )( )0 *
3 2 2 1liminf d d ln 0

k

t
ktt t t t

a t c t k s x t s s s g
ω

τ
ω

+

−→∞ ≤ < +

 
− + + > 

 
∑∫ ∫   (3.10) 

( )( )2liminf d 0
t

tt
t t

ω
β

+

→∞
>∫                    (3.11) 

and function 

( ), ln
k

k
t t t

h t h
µ

µ
≤ < +

= ∑ , ( ), ln
k

k
t t t

g t g
µ

µ
≤ < +

= ∑            (3.12) 

are bounded on t R+∈  and [ )0,µ ω∈ , where  

( ) ( ) ( ) ( )
2

2 =1,2 1
min 0ij

ii j

D t
t a t i j

p
β

=

  = − ≥ ≠ 
  

∑  for all t R+∈ . 

Then the system is permanent. 
Proof. Above all, we must prove that there exists a constant 0m >  such that 

( ) ( )liminf 1,2it
x t m i

→∞
≥ = , ( )liminf

t
y t m

→∞
≥ . 

Firstly, we prove ( ) ( )liminf 1,2it
x t m i

→∞
≥ = . Defined ( ) ( ) ( ){ }1 2min ,V t x t x t=

and  

( ) ( ){ }sup , : , , 1, 2iH x t s y t s t R s R i+ −= + + ∈ ∈ =        (3.13) 

When kt t≠ , consider the following two cases. 
Case 1: If ( ) ( )1V t x t= , we can choose a constant 0τ >  such that 

( )1 dH k s s M
τ−

−∞
<∫ , then we have 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( )((
( ) ( ) )) ( ) ( ) ( )( )

0
1 1 1 1 1 1

12 2 1

1 1 1 1 1 1

0
1 12 2 1

d

d

d

V t x t a t b t x t c t k s y t s s

D t x t x t

x t a t b t x t c t k s y t s s

k s y t s s D t x t x t

τ

τ

−∞

−

−∞

−

′ = − − +

+ −

= − − +

+ + + −

∫

∫

∫

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )( )
( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( )

0
1 1 1 1 1 1 1

1 1 1 1 1

1

d d

2

2 ,

x t a t b t x t c t H k s s k s y t s s

x t a t c t M b t x t

V t a t c t M b t V t

τ

τ

−

−∞ −
≥ − − + +

≥ − −

≥ − −

∫ ∫
 

Case 2: If ( ) ( )2V t x t= , we have  
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( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )

2 2 2 2 21 1 2

2 2 2 2

.

V t x t a t b t x t D t x t x t

x t a t b t x t

V t a t b t V t

′ = − + −

≥ −

≥ −

  

By Case 1 and Case 2, we derive ( ) ( ) ( ) ( ) ( )( )V t V t a t b t V t≥ − .  
When kt t= , we can obtain 

( )
{ }

( ){ } { }
( ){ }

{ }
{ }

{ }
( ){ } ( )

1,2 1,2 1,2 1,2
min min min mink i k ik i k ik i k k ki i i i

V t x t h x t h x t h V t+ +

= = = =
= = ≥ = . 

Research the following equation with impulsive 

( ) ( ) ( ) ( ) ( )( )
( ) ( )

,

, 1, 2,

k

k k

v t v t a t b t v t t t

v t h v t k+

 ′ = − ≠


= = 

              (3.14) 

By condition (3.9) and (3.12), we know that condition of Lemma 2.1 is satis-
fied. Consequently, there exists a constant 1 0m >  such that  

( ) ( ) ( ) 1liminf liminf liminfit t t
x t V t v t m

→∞ →∞ →∞
≥ ≥ ≥  for 1, 2i = .     (3.15) 

Then we investigate the following system: 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )
( ) ( )

( ) ( )

1 1 1 1 1 12 2 1

2 2 2 2 2 21 1 2

1 1 1

2 2 2

,

, 1, 2, ,

k

k k k

k k k

u t u t a t b t u t D t u t u t
t t

u t u t a t b t u t D t u t u t

u t h u t
k

u t h u t

+

+

 ′ = − + −  ≠
 ′ = − + − 
 =  = 

= 



 (3.16) 

From Lemma 2.2 and condition (3.1), (3.10), (3.12) and (3.13), we can know 
that there are positive constants p and P such that  

( )*
ip x t P≤ ≤  

where ( )( )* 1, 2ix t i =  is globally attractive for the system (3.16). In addition, we 
assume that ( ) ( )( )1 2,u t u t  is a positive solution of system (3.16) with initial 
condition ( ) ( )0 0i iu x= . Evidently, we obtain that there exists a constant 

0 0ε >  small enough such that 

( ) ( ) ( )* *
0 0i i ix t u t x tε ε− ≤ ≤ +                  (3.17) 

Similar to the discussion in [18], we obtain that condition (3.10) is indepen-
dent of the choice of ( )*

ix t . 
From condition (3.10), there are constant 0 0ε >  small enough and 0T >

large enough such that 

( ) ( ) ( ) ( ) ( ) ( )( )( )0 *
3 3 0 2 0 2 2 1

0

2 d d

ln
k

t

t

k
t t t

a t b t c t c t k s x t s s s

g

ω

τ

ω

ε ε

ε

+

−

≤ < +

− − − +

+ >

∫ ∫
∑

  (3.18) 

for all t T≥ . By (3.12), we can get a positive constant G such that  

( ), ln
k

k
t t t

g t g G
µ

µ
≤ < +

= ≤∑ .               (3.19) 
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From system (1.1), we consider the following subsystem, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )

( ) ( )
( ) ( )

0
1 1 1 1 1 1 1

12 2 1

2 2 2 2 2 21 1 2

1 1 1

2 2 2

d

,

, 1, 2, .

k

k k k

k k k

x t x t a t b t x t c t k s y t s s

D t x t x t t t

x t x t a t b t x t D t x t x t

x t h x t
k

x t h x t

−∞

+

+

 ′ = − − + 
 + − ≠

 ′ = − + − 


 =  = = 

∫



 

By (3.16), (3.17) and comparison theorem of impulsive differential equations, 
we get that  

( ) ( ) ( )*
1 1 1 0x t u t x t ε≤ ≤ +  for all 1t T T≥ ≥ .           (3.20) 

Next we prove there is a constant 2 0m >  such that ( ) 2liminf
t

y t m
→∞

≥ .  

In the beginning, we prove ( ) 0limsup
t

y t ε
→∞

≥ . Suppose that the proposition is 

not true, we have ( ) 0limsup
t

y t ε
→∞

< , that is ( ) 0y t ε<  for all 2 1t T T≥ > . Fur-

thermore, we can choose a constant 0τ >  such that 

( )2 0dH k s s
τ

ε
−

−∞
≤∫                    (3.21) 

Consequently, we have 

( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )( )( )
( ) ( ) ( ) ( ) ( ) ( ) ( )( )( )

0 *
3 3 2 2 2 1 0

0 *
3 3 0 2 0 2 2 1

d d

2 d

y t

y t a t b t y t c t H k s s k s x t s s

y t a t b t c t c t k s x t s s

τ

τ

τ

ε

ε ε

−

−∞ −

−

′

≥ − − + + +

≥ − − − +

∫ ∫

∫

(3.22) 

For any 2t T τ≥ +  and kt t≠ , we can choose an integer 0l ≥  such that

2t T l vτ ω= + + + , where [ )0,v ω∈  is a constant. Integrating (3.22) from 

2T τ+  to t, due to (3.18) and (3.19), we derive 

( ) ( ) ( ) ( ) ( )(
( ) ( ) ( ) )

( ) ( ) ( ) ( )(
( ) ( ) ( ) )

2

2

2

2

2 3 3

0
2 2 1

2 3 3 0 2 0

0 *
2 2 1

exp

d d ln

exp 2

d ln

k

k

t

T

k
T t t

t

T

k
T t t

y t y T a t b t y t

c t k s x t s s s g

y T a t b t c t

c t k s x t s s g

τ

τ

τ

τ
τ

τ

τ ε ε

+

−∞
+ ≤ <

+

−
+ ≤ <


≥ + −




− + + 



≥ + − −




− + + 


∫

∑∫

∫

∑∫

 

( ) ( ) ( )(( )

( ) ( ) ( ) ( ) )

( )

( ) ( )

2 2

2 2 2

2 2 2 2 2

2 3 3 01

0 *
2 0 2 2 1

1

2 0

exp

2 d

ln

exp ,
k k k

T T l t

T T l T l

k
T t T T l t T l T l t t

y T a t b t

c t c t k s x t s s

g

y T l G

τ ω τ ω

τ τ ω τ ω

τ

τ τ ω τ ω τ ω τ ω

τ ε

ε

τ ε βω

+ + + +

+ + + − + +

−

+ ≤ < + + + + − ≤ < + + + + ≤ <


≥ + + + + −



− − +


+ + + + 


≥ + − −

∫ ∫ ∫

∫

∑ ∑ ∑
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where ( ) ( ) ( ) ( ) ( ) ( )( )0 *
3 3 0 2 0 2 2 1sup 2 d

t R
a t b t c t c t k s x t s s

τ
β ε ε

+
−∈

= + + + +∫ . There-

fore, we can get ( )y t →∞  as t →∞ , which is contradiction with 

( ) 0limsup
t

y t ε
→∞

< . Obviously, we have 

( ) 0limsup
t

y t ε
→∞

≥ . 

Then we prove there exists a constant 0α >  such that ( )liminf
t

y t α
→∞

≥ . As-
sume that the proposition is not true, then there exists a sequence  

( ){ } , 1, 2,m t PC mφ +∈ =   such that ( ) 0
2liminf , kt

y t
k
ε

φ
→∞

≤  for all 1,2,k =  . 

From (3.19), we have  

e eG G
kg− ≤ ≤ .                       (3.23) 

we choose an integer eGK >  such that for all k K≥  and any solution ( )y t  
of system (1.1) satisfied:  

1) If ( ) 0
ly t

k
ε

≥ , then ( ) ( ) 0 0
2e G

l k ly t g y t
k k
ε ε+ −= ≥ ≥ , for some 1,2,l =  , 

2) If ( ) 0
2ly t

k
ε

≤ , then ( ) ( ) 0 0
2eG

l k ly t g y t
kk

ε ε+ = ≤ ≥ , for some 1,2,l =  . 

From above inequality, there exist two time sequences ( ){ }k
qs  and ( ){ }k

qt  
such that for each 1, 2,k K K= + +  , we have 

( ) ( ) ( ) ( ) ( ) ( )
1 1 2 20 k k k k k k

q qs t s t s t< < < < < < < <   

and 

( ){ } ( ){ },k k
q qs t→∞ →∞  as t →∞                 (3.24) 

( )( ) ( )( )0 0 0
2, , , ,k k

q k q ky s y s
k kk
ε ε ε

φ φ+≥ < ≤               (3.25) 

( )( ) ( )( )0 0 0
2 2, , , ,k k

q k q ky t y t
kk k

ε ε ε
φ φ+≤ < ≤               (3.26) 

( )0 0
2 , ky t

kk
ε ε

φ≤ ≤  for all ( ) ( )( ), .k k
q qt s t∈               (3.27) 

Let ( ) ( ) ( ){ }sup , , , : , , 1, 2k
i k kH x t s y t s t R s R iφ φ + −= + + ∈ ∈ =  for each

1, 2,k K K= + +  , we choose a constant ( ) 0kτ >  such that 

( ) ( )
( )

( ) ( )
( )

1 0, d d
k k

k
kk s x t s s H k s s

τ τ
φ ε

− −

−∞ −∞
+ ≤ <∫ ∫ ,              (3.28) 

by (3.20), for each 1, 2,k K K= + +  , there is a ( )
1

kT T>  such that  

( ) ( )*
1 1 0, kx t x tφ ε≤ +  for all ( )

1
kt T≥ .              (3.29) 

Clearly, from (3.22), there is an ( )
1 0kN >  such that ( ) ( ) ( )

1
k k k

qs T τ> +  for
( )
1

kq N≥ . Hence for any ,k k
q qt s t ∈    and lt t≠ , ( )

1
kq N≥ . By (3.27) and (3.28), 

we can obtain 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

( ) ( )( )( )

0
3 3 2 2 1

3 3 2 2 1

0 *
2 1 0

, , , , d

, , , d

d

k

k

k k k k

k k k

y t y t a t b t y t c t k s x t s s

y t a t b t y t c t k s x t s s

k s x t s s

τ

τ

φ φ φ φ

φ φ φ

ε

−∞

−

−∞

−

′ = − − +

 ≥ − − + 


+ + + 

∫

∫

∫

 

( ) ( ) ( ) ( ) ( ) ( )
( )

( ) ( )( )( )

( ) ( ) ( ) ( ) ( ) ( )( )

3 3 0 2 2

0 *
2 1 0

0 *
3 3 0 2 0 2 1

, d

d

, 2 d ,

k

k

k
k

k

y t a t b t c t H k s s

k s x t s s

y t a t b t c t k s x t s s

τ

τ

φ ε

ε

φ ε ε

−

−∞

−

−∞

 ≥ − − 

+ + + 

≥ − − − +

∫

∫

∫

 

choose an integer ( )k
ql  such that ( )k k k

q q qt s l ω= + . Integrating above inequality 

from ( )k
qs  to ( )k

qt , we obtain 

( )( ) ( )( ) ( ) ( ) ( )( )

( )

( ) ( )( )
( ) ( )

( )( ) ( )( )

( )

3 3 0 2 0

0 *
2 1

, , exp 2

d ln

, exp 2

k
q
k

q

k
k k

q k q

k
q
k

q

tk k
q k q k s

k
s t t

tk
q k s

y t y s a t b t c t

k s x t s s g

y s G

τ

φ φ ε ε

φ β

+

−
≤ ≤


≥ − −



− + +



≥ − −

∫

∑∫

∫

 

Consequently, from (3.25) and (3.26), we have  

( ) ( ) ln
2

k k
q q

kt s
Gβ

− ≥
+

                     (3.30) 

For any ( )k
qt s≥  and ( )

1
kq N≥ , we have 

( ) ( )
( )

( ) ( )
( )

1 1
2 2, d d

k kT T tk
kk u t y u u H k s sφ

−

−∞ −∞
− ≤∫ ∫            (3.31) 

and 

( ) ( )( )

( )

( )
( )

1
2 2, d d .

k k
q q
k

s s t
kT

k u t y u u H k s sφ
−

−∞
− ≤∫ ∫            (3.32) 

For each 1, 2,k K K= + +  , there exist an 2 1
k kN N≥  and a constant 0L >  

such that 

( ) ( )
( ) ( )

1
2 0

1d
2

k k
qT skH k s s ε

−

−∞
≤∫  for all ( )

2
kq N≥                (3.33) 

and 

( )2 0
1d
2

L
H k s s ε

−

−∞
≤∫                      (3.34) 

We can choose an integer ( ) 0k
qr ≥  such that ( ) ( ) ( ) ( )k k k k

q q q qt s L r wω= + + + , 

where ( ) [ )0,k
qw ω∈  is a constant. By (3.30), there exists a large enough 1K K≥  

such that 
( )

0 02k
qr Gε βω ε− − ≥ .                   (3.35) 
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For all ( )
1 2, kk K q N≥ ≥ , ( ) ( ),k k

q qt s L t ∈ +   and lt t≠ , by (3.27) and 

(3.31)-(3.34), we have 

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )( )

( )( )

( ) ( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( )( )( )

( )

1

1

1

3 3 2 2 1

0
3 3 2 2

*
2 2 1 0

,

, , , d

, d

d d

k k
q

kk
q

k

k
q

k
q

k

T s t
k k kT s

T tk
k

s t t

s

y t

y t a t b t y t c t k u t x u u

y t a t b t c t H k s s
k

H k s s k u t x u u

φ

φ φ φ

ε
φ

ε

−∞

−

−∞

−

−∞

′

  ≥ − − + + −  
  

 ≥ − − 


+ + − + 


∫ ∫ ∫

∫

∫ ∫

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )( )

0 *0 0
3 3 0 2 0 1

0 *
3 3 0 2 0 2 2 1

, d
2 2

, 2 d .

k t

k t

y t a t b t c t k s x t s s

y t a t b t c t c t k s x t s s

ε ε
φ ε ε

φ ε ε

−

−

  ≥ − − + + + +  
  

= − − − +

∫

∫
 

Integrating above system from ( )k
qs L+  to ( )k

qt , we derive 

( )( )
( )( ) ( ) ( )(( ) ( )

( )

( ) ( )( )
( ) ( )

( )

( )

( ) ( ) ( ) ( )( ) )

( ) ( ) ( )( ) ( )( ) ( ) ( )( ) ( )

0
2

3 3 01

0 *
2 0 2 1

1

,

, exp

2 d d

ln

k k k k
q q q q
k k k k k

q q q q q

k k k k kk k k k
q q q q qq q q q

k
q k

s L s L r tk
q k s L s L r s L r

t

k
s L t s L s L r t ts L r t s L r

y t
k

y s L a t b t

c t c t k s x t s s s

g

ω ω

ω ω

ω ωω ω

ε
φ

φ ε

ε

+

+ + + +

+ + + − + +

−

+ ≤ ≤ + + + + ≤ ≤+ + − ≤ ≤ + +

≥

≥ + + + + −


− − +

 
 + + + +  

 

∫ ∫ ∫

∫

∑ ∑ ∑





( )( ) ( )0 0 0
0 02 2 2exp 2 exp ,k

qr G
k k k
ε ε ε

ε βω ε



≥ − − ≥ >
 

which is a contradiction. This contradiction shows that there exists a constant

2 0m >  such that ( ) 2liminf
t

y t m
→∞

≥ . Hence, choose a constant { }1 2min ,m m m= , 
then we finally have 

( ) ( ) ( )liminf 1,2 , liminfit t
x t m i y t m

→∞ →∞
≥ = ≥  

Therefore Theorem 3.2 holds. This completes the proof. 

4. Extinction  

In this section, we investigate the extinction of system (1.1). We note that, under 
conditions of Theorem 3.2, system (1.1) is always permanent. 

Theorem 4.1. Assume that there is a constant 0η ≥  such that 

( )limsup d ln 0
k

t
ktt t t t

s s h
η

η
γ

+

→∞ ≤ < +

 
+ ≤ 

 
∑∫             (4.1) 

( ) ( )( )3 2limsup d ln 0
k

t
ktt t t t

a s mc s s g
η

η

+

→∞ ≤ < +

 
− + ≤ 

 
∑∫         (4.2) 

and function  
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( ), ln
k

k
t t t

h t h
µ

µ
≤ < +

= ∑                      (4.3) 

( ), ln
k

k
t t t

g t g
µ

µ
≤ < +

= ∑                     (4.4) 

are bounded function on t R+∈  and [ )0,v η∈ , where  
( ) ( ) ( ) ( )1 2t a t a t D tγ = + + , then we can obtain 

( ) ( ) ( )lim 0, lim 0, 1,2it t
x t y t i

→∞ →∞
= = =               (4.5) 

for any positive solution ( ) ( ) ( )( )1 2, ,x t x t y t  of system (1.1). 
Proof. Firstly, we prove the extinction of species x. Define ( ) ( ) ( )1 2V t x t x t= + . 

When kt t≠ , calculating the right-upper derivative of ( )V t , we have 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( )( )

1 2

0
1 1 1 1 1 1

12 2 1 2 2 2 2

21 1 2

1 1 1 1 12 21

d

D V t x t x t

x t a t b t x t c t k s y t s s

D t x t x t x t a t b t x t

D t x t x t

x t a t b t x t D t D t

+

−∞

′ ′= +

= − − +

+ − + −

+ −

≤ − − +

∫

 

( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( ) ( ) ( )( )

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )( )( )
( ) ( ) ( ) ( )( )

2 2 2 2 21 12

1 2 1 1 1

1 2 2 2 2

1 2 1 2 1 2+2 2

2 ,

x t a t b t x t D t D t

x t x t a t b t x t D t

x t x t a t b t x t D t

x t x t a t a t D t b t x t x t

V t t b t V tγ

+ − − +

≤ + − +

+ + − +

≤ + + − +

= −  

when kt t= , we get 

( ) ( ) ( ) ( ) ( ) { } ( ) ( )1 2 1 1 2 2 1 2max ,k k k k k k k k k k k kV t x t x t h x t h x t h h V t h V t+ + += + = + ≤ =  

By the comparison theory of impulsive differential equations, we have 
( ) ( )V t v t≤  for all 0t ≥ , where ( )v t  is a solution of the auxiliary equation 

( ) ( ) ( ) ( ) ( )( )
( ) ( )

2 ,

, 1, 2, ,

k

k k k

v t v t t b t v t t t

v t h v t k

γ
+

 ′ = − ≠


= = 

              (4.6) 

with the initial condition ( ) ( )0 0v V= . Since system (4.6) satisfies all conditions 
of Lemma 2.1 from conditions (4.1) and (4.3), we obtain ( )lim 0

t
v t

→∞
=  for any 

positive solution of system (4.6). Then we get 

( ) ( ) ( ) ( )lim lim lim 0, 1,2 .it t t
x t V t v t i

→∞ →∞ →∞
≤ ≤ = =             (4.7) 

In the following, we prove the extinction of species y. From third equation 
and sixth equation of system (1.1), we have 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( )

0
3 3 2 2 1 d ,

, 1, 2,

k

k k k

y t y t a t b t y t c t k s x t s s t t

y t g y t k

−∞

+

 ′ = − − − ≠

 = =

∫


  (4.8) 

By Theorem 3.2, there exist 0m >  and 0 0T >  such that ( )1x t m>  for all
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0t T≥ . Obviously, when kt t≠ , for any 0t T≥ , we obtain  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( )

0
3 3 2 2 1

3 3 2

dy t y t a t b t y t c t k s x t s s

y t a t b t y t mc t
−∞

′ = − − −

≤ − −

∫  

Then we consider the following auxiliary system  

( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( )

3 3 2 ,

, 1, 2,

k

k k k

w t w t a t b t w t mc t t t

w t g w t k+

 ′ = − − ≠


= = 

          (4.9) 

with the initial condition ( ) ( )0 0w T y T= . Since all condition of Lemma 2.1 
holds from condition (4.2) and (4.4), we can obtain ( )lim 0

t
w t

→∞
=  for any posi-

tive solution of system (4.9). Clearly, we have  

( ) ( )lim lim 0.
t t

y t w t
→∞ →∞

≤ =                    (4.10) 

From (4.7) and (4.10), we finally obtain (4.5) holds. This completes the proof 
of Theorem 4.1. 

5. Globally Attractive 

In this section, by constructing appropriate Lyapunov function, we establish the 
sufficient conditions on the globally attractive of system (1.1). 

Theorem 5.1. Assume that all conditions of Theorem3.2 hold, further, there 
exists a constant 0λ >  such that 

( )( )liminf d 0
t

tt
s s

λ
ψ

+

→∞
>∫ ,                   (5.1) 

where 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

21
1 2 20

1

12
2 3 1 10

1

min d ,

, d

t R

D t
t b t k s c t s s

m

D t
b t b t k s c t s s

m

ψ
+

+∞

∈

+∞


= − − −




− − − 


∫

∫
 

and ( ) 0tψ ≥ . Then system (1.1) is globally attractive, that is, for any two posi-
tive solutions ( ) ( ) ( )( )1 2, ,x t x t y t  and ( ) ( ) ( )( )1 2, ,x t x t y t    of system (1.1), the 
following limit hold. 

( ) ( ) ( ) ( ) ( ) ( )1 1 2 2lim 0, lim 0, lim 0.
t t t

x t x t x t x t y t y t
→∞ →∞ →∞

− = − = − =        (5.2) 

Proof. For any two positive solutions ( ) ( ) ( )( ) ( ) ( ) ( )( )1 2 1 2, , , , ,x t x t y t x t x t y t   , 
by Theorem 3.2, we obtain that there exist constants 1 1,m M  such that 

( ) ( ) ( ) ( )1 1, , , , 1, 2.i im x t x t y t y t M i≤ ≤ =                  (5.3) 

Then we have for any t R+∈  and kt t≠ , 

( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1

1 1ln ln 1,2i i i i i ix t x t x t x t x t x t i
m M

− ≤ − ≤ − =       (5.4) 

( ) ( ) ( ) ( ) ( ) ( )
1 1

1 1ln lny t y t y t y t y t y t
m M

− ≤ − ≤ −           (5.5) 

Define a Lyapunov function 
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( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1 2 2ln ln ln ln ln lnV t x t x t x t x t y t y t= − + − + −    

for any impulsive time kt , we have  

( ) ( ) ( ) ( ) ( ) ( )
2

1 1
1

ln ln ln ln ,k ik i k ik i k k k k k k
i

V t h x t h x t g y t g y t V t+
=

= − + − =∑    

( )1V t  is continuous for all t R+∈ . For any t R+∈  and kt t≠ , calculating 
the derivative of ( )1V t , then we get 

( ) ( ) ( )( ) ( )
( )

( )
( )

( ) ( )( ) ( )
( )

( )
( ) ( ) ( )( ) ( )

( )
( )
( )

1 1
1 1 1

1 1

2 2
2 2

2 2

sgn

sgn sgn

x t x t
D V t x t x t

x t x t

x t x t y t y t
x t x t y t y t

x t x t y t y t

+ ′ ′ 
= − −  

 
′ ′ ′ ′   

+ − − + − −      
   







 

 

 

 

( ) ( )( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) ( ) ( )
( )

( )
( )

( ) ( )( ) ( ) ( ) ( )( )( ) ( ) ( )
( )

( )
( )

( ) ( )( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )

1 1 1 1 1

2 2
1 1 120

1 1

1 1
2 2 2 1 1 21

2 2

3

2 2 1 10

sgn

d

sgn

sgn

d

x t x t b t x t x t

x t x t
c t k s y t s y t s s D t

x t x t

x t x t
x t x t b t x t x t D t

x t x t

y t y t b t y t y t

c t k s x t s x t s s

+∞

+∞


≤ − − −


 

− − − − + −    
  

+ − − − + −      
+ − − −

− − − − 

∫

∫

 









 



 



 (5.6) 

Let  

( ) ( ) ( )( ) ( ) ( )
( )

( )
( )

( ) ( ) ( )( ) ( ) ( )
( )

( )
( )

2 2
12 1 1 12

1 1

1 1
21 2 2 21

2 2

sgn ,

sgn .

x t x t
D t x t x t D t

x t x t

x t x t
D t x t x t D t

x t x t

 
= − −  

 
 

= − −  
 













 

for ( ) ( )12 21,D t D t , we consider the following cases: 
1) If ( ) ( )( )1,2i ix t x t i> =  for all 0t ≥ , then 

( ) ( ) ( )
( )

( )
( )

( )
( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( )
( )

( )
( )

( )
( ) ( ) ( )( ) ( ) ( ) ( )

2 2 12 12
12 12 2 2 2 2

1 1 1 1

1 1 21 21
21 21 1 1 1 1

2 2 2 1

,

.

x t x t D t D t
D t D t x t x t x t x t

x t x t x t m

x t x t D t D t
D t D t x t x t x t x t

x t x t x t m

 
≤ − ≤ − ≤ −  

 
 

≤ − ≤ − ≤ −  
 



 





 



 
2) If ( ) ( )( )1,2i ix t x t i< =  for all 0t ≥ , then 

( ) ( ) ( )
( )

( )
( )

( )
( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( )
( )

( )
( )

( )
( ) ( ) ( )( ) ( ) ( ) ( )

2 2 12 12
12 12 2 2 2 2

1 1 1 1

1 1 21 21
21 21 1 1 1 1

2 2 2 1

,

.

x t x t D t D t
D t D t x t x t x t x t

x t x t x t m

x t x t D t D t
D t D t x t x t x t x t

x t x t x t m

 
≤ − ≤ − ≤ −  

 
 

≤ − ≤ − ≤ −  
 



 

 



 

 

 
3) If ( ) ( )( )1,2i ix t x t i= =  for all t R+∈ , similar to the arguments above, we 
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can get the same conclusion as (1) and (2). From (1), (2) and (3), we have 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

12
12 2 2

1

21
21 1 1

1

,

.

D t
D t x t x t

m
D t

D t x t x t
m

≤ −

≤ −





                  (5.7) 

Due to (5.6) and (5.7), we can obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1 1 1 1 10

12
2 2 2 1 1

1

21
1 1 3

1

2 2 1 10

d

d .

D V t b t x t x t c t k s y t s y t s s
D t

x t x t b t x t x t
m

D t
x t x t b t y t y t

m

c t k s x t s x t s s

+∞+

+∞

≤ − − + − − −

+ − + − −

+ − + − −

+ − − −

∫

∫

 

 

 



   (5.8) 

Moreover, we define 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
2 1 10

3 2 2 1 10

d d ,

d d .

t

t s
t

t s

V t k s c u s y u y u u s

V t k s c u s x u x u u s

+∞

−

+∞

−

= − −

= − −

∫ ∫

∫ ∫





 

Obviously, ( )2V t  and ( )3V t  are continuous for all 0t ≥  and kt t≠ . Cal-
culating the upper right derivative, we derive that 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 1 10

1 10

3 2 2 1 10

1 2 1 10

d

d ,

d

d .

D V t k s c t s y t y t s

k s c t y t s y t s s

D V t k s c t s x t x t s

k s c t x t s x t s s

+∞+

+∞

+∞+

+∞

= − −

− − − −

= − −

− − − −

∫

∫

∫

∫









           (5.9) 

Define ( ) ( ) ( ) ( )1 2 3V t V t V t V t= + + , then we can follows from (5.8) and (5.9) 
that 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 2 3

1 1 1 1 10

12
2 2 2 2 2

1

21
1 1 3

1

2 2 1 10

d

d

D V t D V t D V t D V t

b t x t x t k s c t s y t y t s
D t

x t x t b t x t x t
m

D t
x t x t b t y t y t

m

k s c t s x t x t s

+ + + +

+∞

+∞

= + +

≤ − − + − −

+ − − −

+ − − −

+ − −

∫

∫

 

 

 



 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )
( ) ( )

21
1 2 2 1 10

1

12
2 2 2

1

3 1 10

1

d

d

.

D t
b t k s c t s s x t x t

m
D t

b t x t x t
m

b t k s c t s s y t y t

t m V tψ

+∞

+∞

 
≤ − − − − − 

 
 

− − − 
 

− − − −

≤ −

∫

∫







 

Integrating above inequality, we further have  
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( ) ( ) ( )( )1 0
0 exp d

t
V t V m s sψ≤ − ∫  for all t R+∈ . Then from (5.1) we have

( )
0

d
t

s sψ →∞∫  as t →∞ . Thus, we have ( ) 0V t →  as t →∞ . Finally, from 
(5.4) and (5.5) we know (5.2) holds. This completes the proof of Theorem 5.1. 

6. Conclusions 

In this paper, we investigated an impulsive competitive system with infinite de-
lay and diffusion, in which 1x  can disperse between patch 1 and patch 2, but 
competitor y is confined to patch 1. We also gave some sufficient conditions on 
permanence, extinction and global attractivity of system (1.1). From Theorem 
3.1-Theorem 5.1, we can see that the impulse and dispersal have an influence on 
permanence, extinction and global attractivity. Moreover, we note that the infi-
nite delay is harmless for the extinction, but it affects the permanence and global 
attractivity of system (1.1).  

Further, we can observe that impulsive perturbations play an important role 
in the permanence and extinction from Theorem 3.1-Theorem 4.1. In ecological 
environment, many natural and man-made factors which can be described im-
pulse in mathematical always lead to rapid decrease or increase of the population 
number. So we consider the following two cases. 

Theorem 3.1 shows that if the density-coefficients ( )( )1,2ib t i =  are greater 
than zero and the impulsive coefficients ( )1,2ikh i =  are bounded, the species x 
and y are always ultimately bounded. In following discussion, we also assume 
that satisfies this condition. 

Discuss 1 On condition that the impulses lead to decrease of the number of 
species (such as fire, drought, hunting, harvesting, flooding deforestation), then the 
impulsive coefficients satisfy 0 1ikh< ≤  and 0 1kg< ≤  for all ( )1,2, 1,2,i k= = 

. 
1) Theorem 3.2 shows that if the impulsive perturbations 1 2,k kh h  are rela-

tively small compared to the intrinsic growth rate of x, the species x can keep 
permanence; if the impulsive perturbations kg  are relatively small, in addition, 
the delay, competition coefficients of y and dispersal coefficients of x relatively 
small make the intrinsic growth rate of y to increase, then the species y keeps 
permanence. 

2) Theorem 4.1 shows that if the impulsive perturbations 1 2,k kh h  are rela-
tively large compared to the intrinsic growth rate and dispersal coefficient of x, 
then the species x tends to extinction; if the impulsive perturbations kg  are 
relatively large and the intrinsic growth rate of y is relatively small, the species y 
tends to extinction. 

Discuss 2 On condition that impulses lead to increase of the number of spe-
cies (such as feed, replenishment, input or other protective measures from hu-
man), that is the impulsive coefficients satisfy 1 2, , 1k k kh h g ≥  for all 1,2,k =  . 

1) Theorem 3.2 shows that the species x always keep permanence; if the delay, 
competition coefficients of y and dispersal coefficients of x are relatively small 
making the intrinsic growth rate of y to increase; regardless of impulsive influ-
ence which is large or small, the species y keeps permanence. 
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2) Theorem 4.1 shows that the species x never tends to extinction; if the im-
pulsive perturbations kg  and the intrinsic growth rate are relatively small; be-
sides, the competition coefficient is relatively large, then the species y tends to 
extinction. 

Acknowledgements 

This paper is supported by Natural Science Foundation of Guangxi 
(2016GXNSFAA380194). 

References 

[1] Bainov, D.D. and Simeonov, P.S. (1993) Impulsive Differential Equations: Periodic 
Solutions and Applications. Longman, Harlow. 

[2] Akman, O., Comar, T. and Henderson, M. (2018) An Analysis of an Impulsive 
Stage Structured Integrated Pest Management Model with Refuge Effect. Chaos, So-
litons & Fractals, 111, 44-54. https://doi.org/10.1016/j.chaos.2018.03.039 

[3] He, M., Chen, F. and Li, Z. (2016) Permanence and Global Attractivity of an Impul-
sive Delay. Applied Mathematics Letters, 62, 92-100.  
https://doi.org/10.1016/j.aml.2016.07.009 

[4] Shao, Y.F., Dai, B.X. and Luo, Z.G. (2010) The Dynamics of an Impulsive One-Prey 
Multi-Predators System with Delay and Holling-Type II Functional Response. Ap-
plied Mathematics and Computation, 217, 2414-2424.  
https://doi.org/10.1016/j.amc.2010.07.042 

[5] He, M.X., Chen, F.D. and Li, Z. (2016) Permanence and Global Attractivity of an 
Impulsive Delay Logistic Model. Applied Mathematics Letters, 62, 92-100.  
https://doi.org/10.1016/j.aml.2016.07.009 

[6] Tan, R.H., Liu, W.F., Wang, Q.L. and Liu, Z.J. (2014) Uniformly Asymptotic Stabil-
ity of Almost Periodic Solutions for a Competitive System with Impulsive Perturba-
tions. Advances in Difference Equations, 2014, 2.  
https://doi.org/10.1186/1687-1847-2014-2 

[7] Ut, V. and Le, E.P. (2013) A Model for the Problem of the Coopera-
tion/Competition between Infinite Continuous Species. Ricerche Di Matematica, 
62, 139-153. https://doi.org/10.1007/s11587-013-0148-6 

[8] Hu, H.X., Wang, K. and Wu, D. (2011) Permanence and Global Stability for Non-
autonomous N-Species Lotka-Volterra Competitive System with Impulses and Infi-
nite Delays. Journal of Mathematical Analysis & Applications, 377, 145-160.  
https://doi.org/10.1016/j.jmaa.2010.10.031 

[9] Shao, Y.F. (2012) Globally Asymptotical Stability and Periodicity for a Nonauto-
nomous Two-Species System with Diffusion and Impulses. Applied Mathematical 
Modelling, 36, 288-300. https://doi.org/10.1016/j.apm.2011.05.044 

[10] Wang, W.B., Shen, J.H. and Luo, Z.G. (2009) Partial Survival and Extinction in Two 
Competing Species with Impulses. Nonlinear Analysis Real World Applications, 10, 
1243-1254. https://doi.org/10.1016/j.nonrwa.2007.11.012 

[11] Liu, Z.J. and Zhong, S.M. (2012) An Impulsive Periodic Predator-Prey System with 
Holling Type III Functional Response and Diffusion. Applies Mathematical Model-
ling, 36, 5967-5990. https://doi.org/10.1016/j.apm.2012.01.032 

[12] Liu, Z.J., Zhong, S.M., Teng, Z.D. and Zhang, L. (2013) Permanence and Global At-
tractivity of Impulsive Ratio-Dependent Predator-Prey System in a Patchy Envi-

https://doi.org/10.4236/jamp.2018.66116
https://doi.org/10.1016/j.chaos.2018.03.039
https://doi.org/10.1016/j.aml.2016.07.009
https://doi.org/10.1016/j.amc.2010.07.042
https://doi.org/10.1016/j.aml.2016.07.009
https://doi.org/10.1186/1687-1847-2014-2
https://doi.org/10.1007/s11587-013-0148-6
https://doi.org/10.1016/j.jmaa.2010.10.031
https://doi.org/10.1016/j.apm.2011.05.044
https://doi.org/10.1016/j.nonrwa.2007.11.012
https://doi.org/10.1016/j.apm.2012.01.032


H. R. Chen, Y. F. Shao 
 

 

DOI: 10.4236/jamp.2018.66116 1407 Journal of Applied Mathematics and Physics 

 

ronment. Applied Mathematics and Computation, 219, 9791-9804.  
https://doi.org/10.1016/j.amc.2013.03.108 

[13] Liu, Z.J. and Zhong, S.M. (2010) Permanence and Extinction Analysis for a Delayed 
Periodic Predator-Prey System with Holling Type II Response Function and Diffu-
sion. Applied Mathematics and Computation, 216, 3002-3015.  
https://doi.org/10.1016/j.amc.2010.04.012 

[14] Cai, L.M., Li, X.Z., Yu, J.Y. and Zhu, G.T. (2009) Dynamic of a Nonautonomous 
Predator-Prey Dispersion-Delay System with Bedding-DeAngelis Functional Re-
sponse. Chaos, Solitons and Fractals, 40, 2064-2075.  
https://doi.org/10.1016/j.chaos.2007.09.082 

[15] Zhang, L. and Teng, Z.D. (2008) Permanence for a Delayed Periodic Predator-Prey 
Model with Prey Dispersal in Multi-Patches and Predator Density-Independent. 
Journal of Mathematical Analysis & Applications, 338, 175-193.  
https://doi.org/10.1016/j.jmaa.2007.05.016 

[16] Yang, X.X., Wang, W.B. and Shen, J.H. (2011) Permanence of a Logistic Type Im-
pulsive Equation with Infinite Delay. Applied Mathematics Letters, 24, 420-427.  
https://doi.org/10.1016/j.aml.2010.10.026 

[17] Teng, Z.D. and Chen, L.S. (2003) Permanence and Extinction of Periodic Preda-
tor-Prey Systems in a Patchy Environment with Delay. Nonlinear Analysis Real 
World Applications, 4, 335-364. https://doi.org/10.1016/S1468-1218(02)00026-3 

[18] Hou, J., Teng, Z.D. and Gao, S.J. (2010) Permanence and Global Stability for Non-
autonomous N-Species Lotka-Volterra Competitive System with Impulses. Nonli-
near Analysis Real World Applications, 11, 1882-1896.  
https://doi.org/10.1016/j.nonrwa.2009.04.012 

 
 

https://doi.org/10.4236/jamp.2018.66116
https://doi.org/10.1016/j.amc.2013.03.108
https://doi.org/10.1016/j.amc.2010.04.012
https://doi.org/10.1016/j.chaos.2007.09.082
https://doi.org/10.1016/j.jmaa.2007.05.016
https://doi.org/10.1016/j.aml.2010.10.026
https://doi.org/10.1016/S1468-1218(02)00026-3
https://doi.org/10.1016/j.nonrwa.2009.04.012

	The Dynamics of an Impulsive Competitive System with Infinite Delay and Diffusion
	Abstract
	Keywords
	1. Introduction
	2. Preliminaries
	3. Permanence
	4. Extinction 
	5. Globally Attractive
	6. Conclusions
	Acknowledgements
	References

