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Abstract
The modified generality degree distance, is defined as:

H,(G)= Y d*(u,v)(ds(u)ds(v)), which is a modification of the ge-
{u,v}gV(G)

nerality degree distance. In this paper, we give some computing formulas of
the modified generality degree distance of some graph operations, such as,
composition, join, etc.
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1. Introduction

Throughout this paper all graphs considered are finite and simple graphs. Let G
be such a graph with vertex set ¥ (G) and edge set E(G), and denoted by
n and m the values of |V(G)| and |E (G)| , respectively. For vertices
u,veV(G), the distance between u and v in G, denoted by d;(u,v), is the
length of a shortest (u,v)-path in G, and let d,(v) be the degree of a vertex
veV (G). The complement of G, denoted by G, is the graph with vertex set
V(G), in which two distinct vertices are adjacent if and only if they are not ad-
jacent in G, and denoted by m the value of ‘E(G)‘ .Weuse C,, P, and K,
to denote the cycle, path and complete graph on 12 vertices, respectively. Other
terminology and notation will be introduced where it is needed or can be found
in [1].

A Topological index of a graph is a real number related to the graph; it does
not depend on labeling or pictorial representation of a graph. In chemistry, to-
pological index is used for modeling physicochemical, pharmacologic, biological

and other properties of chemical compounds [2]. One of the oldest and
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well-studied distance-based graph invariants is the Wiener number W (G), also
termed as Wiener index in chemical or mathematical chemistry literature,
which is defined [3] as the sum of distances over all unordered vertex pairs in G,
namely,

W(G): Z dg (u,v).

{u,v}gV(G)

Dobrynin and Kochetova [4] and Gutman [5] introduced a new graph inva-
riant with the name degree distance or Schultz molecular topological index,
which is defined as follows:

DD(G)= Y (dg(u)+dg(v))d,(u,v).

sl (6)

In [6], Gutman and Klavzar defined product-degree distance as follow:

DD'(G)= Y, (d(u)dy (v)dy ().
{uvier(c)

Note that the degree distance and product-degree distance are degree-weight
versions of the Wiener index. We encourage the interested readers to consult [7]
[8] [9] for Wiener index. In [4] [10] [11] [12] [13] [14], there are more conclu-
sions for degree distance, which shows that the research of degree distance is a
hot topic. In [15], Sagan ef al computed some exact formulae for the Wiener
polynomial of various graph operations containing Cartesian product, composi-
tion, join, disjunction and symmetric difference of graphs, whose concepts will
be presented in later part. In [16], Hamzeh ef al consider the generalized degree
distances of some graph operations. The generalized degree distance of a graph
is defined as follow [17]:

H,(G)= >, dl(u,v)(dG(u)—i-dG(v)). (1)

1 I(6)

For a real number A, the modified generalized degree distance, denoted by
H: (G) , is also defined in [17]:

H,(G)= > d* (u,v)(dG (u)d; (v)) (2)
{umier ()

If 1=0, H,(G)=4m and H,(G)=4m*. When A=1, H,(G)=DD(G)
and H;(G) =DD*(G), which implies that the generalized degree distance is
equal to the degree distance (or Schultz index), and the modified generalized
degree distance is equal to the product-degree distance. Therefore the study of
this new topological index is important and we try to obtain some new results
related to this topological index.

In this paper, we show that the explicit formulas for H Z (G) of some graph
operations containing the composition, join, disjunction and symmetric differ-
ence of graphs, and we apply the results to compute the modified generality de-
gree distance of some special graphs.

Next, we introduce four types of graph operations:

The join G=G,+G, of graphs G, and G, with disjoint vertex sets V),
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V, and edge sets E,, E, is the graph union G,UG, together with all the
edges joining 7, and V.

The composition G =G,[G,| of graphs G, and G, with disjoint vertex
sets ¥, and V, andedgesets E, and E, isthe graph with vertex set V| xV,
and u=(u,,v,) is adjacent with v=(u,,v,) whenever (u, is adjacent with
u,)or (u, =u, and v, isadjacent with v,), see [18].

The disjunction Gv H of graphs G and H is the graph with vertex set
V(G)xV(H) and (u,v,) is adjacent with (u,,v,) whenever wu, € E(G)
or vv,eE(H).

The symmetric difference G® H of two graphs Gand His the graph with
vertex set V' (G)xV (H) and
E(G®H)={(u;,u,)(w.v,)|uy, € E(G)or uv, € E(H) but not both .

In the final of this section, we present several well-known indices: the first
Zagreb index M,(G) and the second Zagreb index M,(G) [19], the first
Zagreb conindex M, (G) and the second Zagreb coindex M, (G) [20], which
will be used in our results.

M, (G)= (G)dG(u)z, M (G)=Y (dg(u)+dg(v)).

uel| uveE(G)

M,(G)= X (dG(”)dG(V))’ Mz(G): > (dG(”)dG(V))-

uveE(G) uw¢E(G)

Infact, M,(G) can be also expressed as a sum over edges of G,

M\(G)= X )(dG (u)+dg (V))

uvek

2. Main Results

The purpose of this section is to compute the modified generalized degree dis-
tance for four graph operations. We begin with the following crucial lemma re-
lated to distance properties of some graph operations.

Lemma 2.1. [18] [21] Let G and H be two graphs, then we have:

) (Gva)=|y(c[a])|=|r (GeH)|=|r(G)-|r(H)

>

B

E(Gv )| =|EG)| |y (&) +|E() -]V (G)[ -2|E(G)|:|E(H)

|E(G +H)| = |E(G)| +|E(H)| +|V(G)| ~|V(H)|,
[5G )| =B (1 + £ (G ~4|E(G (1),
|E(G[H])|=|E(G)] |y (H)[ +|E(#)-|7 ().

2) The join, composition, disjunction and symmetric difference of graphs are
associative and all of them are commutative except from composition.
0 wu=v
3) dgy(u.v)=41 wveE(G)oruve E(H)or(ueV(G)&V eV (H))

2 otherwise,
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dg(a,c) axc

0 a=c&b=d
1) dg((@b),(e.d))=1, a=c&bdcE(H)
2 a=c&bd§EE(H),
0 a=c&b=d
1
2
0
1
2

5) deH((a,b),(c,d)) ace E(G)orbd e E(H)

otherwise,

a=c&b=d

ac e E(G)or bd € E(H ) but not both
otherwise,

6) dgoy ((a.0).(c.d))=

7) dg.y(a)= {

8) dyyy((asb))=|V (H)|dg (a)+d, (b)),

9) dgoy ((a:b))=|V (H)|d, (a)+|V(G |d, (b)-2d,(a)d, (b),

10) dg,; ((a.0))=|V (H)|dg (a)+|V (G)|d, (b)-dg (a)d, (b).

Proof. The parts 1) - 5) are consequence of definitions and some well-known
results of the book of Imrich and Klavzar [18]. For the proof of 6) - 10) we refer
to [21]. n

For a given graph G,, we denote n, and m, by the number of vertices and
edges, respectively. Then we can obtain the modified generalized degree distance
of the join graph G, + G, as following:

Theorem 2.1. Let G, and G, be two graphs. Then

H; (G, +G,)=2"(n,M,(G,)+nM,(G,)+M,(G)+M,(G,))
+2% (myim, + niimy )+ m,M, (G,)+mM, (G,) + M, (G,)

+ M, (G,)+4mm, +mn, (2m, +nn, +2m, )+ nym, +nim,.

Proof. In the graph G, + G, , we can partition the set of pairs of vertices of
G, +G, into three subsets 4,4, and A4,.In 4, we collect all pairs of ver-
tices zand vsuch that uisin G, and visin G,. Hence, they are adjacent in
G, +G,.Thesets 4, and A4; are the set of pairs of vertices z and vwhich are
in G, and G,, respectively. Therefore, we can partition the sum in the formu-
laof H, (G, +G,) into three sums S, suchthat S, isover 4 for i=12,3.
By 3) and 7) of Lemma 2.1, we have

=3 Y dig (u v)((d () + ;) (dg, (v)+m))
uel (G vl (Ga)

=4mm, + n,n, (2m1 +nn, +2m, )

S; = Z dé]+62 (”’V)((dGl (u)+n2)(d61 (v)+n2 ))

{uvicr ()
= uv;(:q)((dcl (u)+n, )(dGl (v)+n, )) + W%“Gl)zl ((dcl (u)+n, )(dGl (v)+n, ))

=2/ (M, (G,)+mM,(G,)+mim, )+ M, (G,) +m,M,(G,)+mm,.
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S; = G1+GZ ((C’IG2 +”1)( ( )+n1))

{u,v}gV(Gz
= > ((d +n1) dg, (v +n1))+ > 2 ((a’G2 (u)+nl)<dG2(v)+nl))
uweE(Gy) uw¢E(Gy)

—21( 2 (Gy)+mM (G2)+n1m2)+M (Gy)+nmM,(G,)+nm,.

Therefore,
H,(G +G,)=8 +5+5;
=2" (M, (G,) +mM,(G,)+ M, (G,)+ M, (G,))+ 2" (n3im +njim, )
+n2M1(G1)+n1M1(G2) ( ) ( )+4mm2
+nn, (Zm, +nn, +2m, ) +mom, +nim,.
n
In the above theorem, if A=1, then we can obtain DD’ (G1 +G2). Replace
separately G, and G, by K, and G in Theorem 2.1, we can obtain the fol-

lowing result.

Corollary 2.2. Let G be a connected graph with n vertices and m edges. Then
H; (K, +G)=2"(M,(G)+M,(G)+in)+(M,(G)+M,(G))+n’ +2nm+m.

We can observe that M,(C,)=4n for n>3, M (P)=4n-6 for n>1,
and M, (C,)=2n(n-3), M,(P,)=2(n-2)". Hence, we can compute the
formulae for modified generalized degree distance of fan graph K, +P, and
wheel graph K, +C, (see Figure 1) in the following.

Example 2.1. H, (K, +P,)=2""(9n" =39n+44)+(3n* +Tn-15).

H, (K, +C,)=2""9n(n-3)+3n(n+3).
Next, we compute the exact formula for the modified generalized degree dis-

tance of the composition of two graphs. Before starting the discussion, we
first denote by 4(G) thesum 7 id/ (u.u;)d, (u;). It is easy to deduce that
i#j ’

i d (s ) do () = X jadg (w0, ) dg (u) -
By calculations we obtain “the expressions for A(P,) and A(C,) as follow-

ing:

n-1

A(P)=>2(2n-2i-1)i",

i=1

Py + K,

Figure 1. The graphs P, +K, and C, +K,.
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n—1
A(C,)= > 2 4ni*, n is odd,

n

21 At +z 2 4nz n is even.

we can also obtain the expressions for H, (Pn) and H, (Cn ):

H.(P)=2(n-1) +§s(i_1)(n_i)*.

n—1

278ni1, n is odd,

4n( j +Z 2 8nz nis even.

These formulae are similar to the known results in [22]:
n—1 n—1
W, (B)=nS -3
i=1 i=1
ny. 2 i, n is odd,
) - A+ n—2
n . .
(EJ + nz nis even.

Theorem 2.3. Let G, and G, be two graphs. Then

w,(C

n

*

H;(G,[G,])=2" (mm,M, (G,)+nM, (G, ) +2n,mM, (G,))
+2n,(m,M, (G,)+mM,(G,))+nM,(G,)
+4n;m, A(G))+4m;W, (G, ) +ny H, (G,).

Proof. Set V(Gl)z{ul,up'-~,un]} and V(Gz)z{vl,vp'--,vnz}. By 4), 8) of

Lemma 2.1 and definition of H) (G), we have
H; (G [G]) = Xy atentflaton) (4) (o) () oy (¥))
= (09 )-(9)) s, () i, ()
(modg, () +dg, ()

- Z kf 1 £ )dél[Gz] ((up’vk)’(up’vl))(nZZ él (up)+n2d01 (up)

-(dG (v )+d (v,))+dG2 (v,{)a’G2 (v,))
+Zkl 12:1 17G|[G,] ((“i’vk)’(”j’vl))(ngdﬁ (ui)dGl (”J)
+nyd, (u.)dG (v, ) +myd, (uj )dGz (vk ) +d,, (vk )dG2 (v, ))

+z e e )dél[cz] ((“i"’/r)’(uj’vl))<n22d(271 (up)

Vivi#E

+ ;12dGl (up )(a’G2 (vk ) + dG2 (v, )) + dG2 (vk )aVG2 (v, ))

= 2" (mm,M, (G,)+nM, (G, ) +2mmM,(G,))+2n, (m,M, (G, )

+mM, (Gz)) +nM, (G,)+4nm,A(G,))+4mW, (G,)+niH, (G,)
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In Theorem 2.3, H,(G,[G,])=DD"(G,[G,]) if =1, and in the above
proof, when u, =u, & vy, € E(G,), dgq, (ul.,vk),(uj,v,)) =1; when u, #u;,
dGl[Gz]g(ui,vk),(uj,v,) =d; (ul.,u .); when u, =u, &vyv, ¢ E(G,),

J
dGI[GZ] (ul.,vk),(uj,vl

) =2 byLemma 2.1 4).
By composing paths or cycles with various small graphs, we can obtain classes

of polymer-like graphs. As an application, we give the formulae of H, (Pn [K, ])
and H;(C,[K,]), where P,[K,] and C,[K,] are open fence graph and
closed fence graph (see Figure 2), respectively.
Example 2.2. H,(P,[K,])=25n-32+2*(H;, (P,)+A(P,))+4W,(P,).
H;(C,[K,])=25n—8+2*(H; (C,)+ A(C,))+4W,(C,).
The following theorem characterizes the modified generalized degree distance

of the disjunction of two graphs.
Theorem 2.4. Let G, and G, be two graphs. Then

H;(G1 \/Gz)

=2* (n2 (7122 +2n,m, —4m2)1l7[2 (G)+n (nlz +2n,m, —4m1)]\712 (G,)
+nyim, M, (G))+ niim M, (G,)+2mn, (m,M, (G,) +mM, (G,))
+2’1((MI(GZ)—nZZVII(Gz))ﬂz(Gl)+(M1(Gl)—nlﬂl(Gl))ﬂz(Gz)
+(mm,M, (G M, (G,) - M, (G,)M,(G,)-n,M,(G,) M,(G,))
+1\7[2 (Gl)]\712 (Gz))+4n§m12m2 +4nlmim, +2nm, (nf —2m2)Ml (G1)
+2n,m, (nlz —Zm,)M] (G2)+(n22 —mz)(nf —4m2)M2(G1)
+(”12_m1)(”12_4m1)M2(G2)_”1”2M1(GI)MI(GZ)
+nM, (GI)MZ (G2)+n2M1 (Gz)Mz (Gl)_Mz (GI)MZ (GZ)'

Proof. By the definition of G, v G, , we first present the following four sums:

P, [K,] G [K,]

Figure 2. The graphs P,[K,] and C,[K,].
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S :Z{x,y}QV(Gl)zuveE (G5) ( o (X)+ndg, (u)—dg (x)dg, (”))
(mdg, (y)+mdg, (v ) o (»)dq, (v))
= Z{x,y}gV(G])ZuveE (Gs) ( ) ( )
+ Z{x,y}gV(Gl)ZuveE (G5) dg, (u)dg, (v
+ Z{x, Ner (G )ZWEE(GZ)”lnz
- Z{x,y};V(Gl)ZuveE(Gz)
)

n,d,
- Z {x,y}gV(Gl )Z MVEE(Gz nld
dg,

)
)dg, (v)+dg, (v)dg, (u))
x)dg (v)(dg, (u)+dg, (v))
u)dg, (v)-(dg, (x)+dg, ()
dg, (y)dGz (“)dcz (v)

~2m ) M, (G,)

)dg
(g (x
a
6 ( y
+Z{x,y}gV(Gl)ZuveE(G2) (x
= 4nimim, + 2mm, (n = 2m, )M, (G, ) +(n}
8522 b punier (o2, (3) + idg, (1) = dg (x) dg, (u)
'(”qu (v)+ndg, (v)—dg (v)d, (v))
= nyeE(G])Z{u Vier (G )”zdcl (x)dcl (v
+ nyeE(Gl)z{u,v}gV(Gz)nl dg, (u)dg, (v)
+nyeE(Gl)z{uv}cV(Gz)nlnz(d (x)dg, (v ) ( )dcz(
=2 et e punperen™a (¥)dg, (1) (dg, (u) +dg, (v)
=2 et pusirion i, (1) do, (v)-(do () 6 (v
2 ko 2afumier(on@a () dg () de, () dg, (v)
= 4n2mm, + 2mm, (n2 —2m, )M, (G,)+(n —2m, ) M, (G))
=% ( g (x) i, (1) g (), ()
(md <>+nl 0)=do ()4, ()
=2 et 2mmer(on) 2% (¥)dg, ()
+ 2 net(a) ZMGZ o (u)d, (v)
2 perton mer(en i (4o, () o, (v) +d () (u))
=2 et Dowerioy e, (¥)dg (v)(do, (1) +dg, (v))

)
_Z;cyeE(Gl)zweE(G2 nldGz (u ( )(dsl (x + dcl (y )

d
)

)
)
)

+ 2 e ne(cn) B (¥) o, (¥) e, (u) de, (v)
=nym,M, (G))+mmM, (G, )M, (G,)-n,M,(G,) M, (G,)
+mmM,(G,)=mM,(G)M,(G,)+M ( )M, (G,)
leéE (G1) ZuveEGz ( ( )"'”1 G, (”) ( ) (u))
( +nd ( ) y)d ))

+ Z)cyeéE(Gl)zueV(Gz)z/1 (nzdcl (x) + nldcz (u) - dGl (x)dGZ (u))
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-(nszl (y)+n,d 3 (v)—dG] (y)a’G2 (v))
+ZXEV<GI)ZME(GZ) (”zd (x)+mdg, ()= dg (x)dg, (”))
(g () i, (v) =g (7)o, (7))

=2* ((n; +2n;m, —4n2m2)]\712 (G, )+(n1 +2n] i, —4n ml)

(G.)

+2nn, (m2]l7[1(G1)+m1]\71(G2))+n1rﬁM( )-i—n2 (Gl))
+2*((nn,07,(G)1,(G,) - M, (G,)H, (G ) M,(G),(G,)
+(M,(Gy)=m¥, (G,)) M (G,)+ (M, (G,) =¥, (G, )) I, (G )

+2'M,(G,) M, (G,).

Thus, we can obtain the result of Theorem 2.4 by the formula
H, (G vG,)=8 +5,+8,-85;. .
Finally, we consider the modified generalized degree distance of the symme-

tric difference of two graphs.
Theorem 2.5. Let G, and G, be two graphs. Then

H;(G ®G,)

=27 (my (13 + 2y, —8m, ) M, (G, )+ my (] +2m i, — 8, | M, (G )

+mm,M, (G,)+nlm,M, (G, )+ 2mn, (m,M, (G,)+mM, (G,))

+2*(2(2M,(G,) - m M, (G,)) M, (G,)+2(2M,(G,) - mM, (G, )) M, (

+mm,M,(G))M, (G)—2nM(G)M1(G)—2n2 (G ) (G)

+2° M, (G,) M, (G, ))+4nimim, +4nl mym, +2mm, (n5 —4m, )M, (G, )

+2mm, (n} —4m, )M, (G, )+ (3 —2m, )(n; —8m, ) M, (G,)

+(n =2m, )(n =8m )M, (G,)—2mm,M, (G, )M, (G,)

+4n M, (G M, (G,)+4n,M,(G,) M, (G,)-8M, (G, )M, (G,).

Proof. Similar to the proof of Theorem 2.4, we consider four sums:
S/ :Z{x,y}gV(Gl)ZMVEE(GZ)(nzd (x)+mdg, (u)-dg (x)dg, (“))

'(nzdc (y)+nd ( ) (y) ))
=4, m’m, +2n,m, (n ( )Ml +(”12 —4m, )2
S vaeE (G)) Zu‘cV (Gy) ( ( -
-(nszl (y)+ ”1dG2 (v)—dG1 (y)dG2
=4nlm;m, +2nm, (1122—4m2)M1(G1 (Gl).
S, ZME @) ZWEE Gz)(”qu (x)+ndg, (u)-dg (x)dg, (”))
)

'("qu (v)+nds, (v)—dg (v)ds, (v
= ”22sz2 (G1)+”1”2M1 (G1)M1 (Gz)_znle (Gz)Mz (Gl)
+n12m1M2 (Gz)_2"1M1 (Gl)Mz (G2)+4M2 (Gl)Mz (Gz)'

, (v
M, (G,).

x)+n1 2(u) dGl (x)a’G2 (u))

(v))

)+ M,

5 2
+(n, —4m2)
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S ZWE (G) ZME (Gy)2 ( (x) +ndg, (u ( ) G (’C)dG2 (”))

u#v

(mdg, (¥)+mdg, (v)=dg, (¥)dg, (v))
=2 ((n; +2m3i, —8nym, | M, (G, )+ (n +2nlim, —8nm, ) M, (G, )
+2mm, (m,M, (G,)+mM,(G,))+njmM,(G,)+n3m,M, (G,)
+27 ((n1n21l7[1 (G)M,(G,)-2mM,(G,)M,(G,) 2n2 ( )M ( )
+2(2M,(G,)-n,M, (G,)) M, (G,)+2(2M, (G,) G,))M, )
+2"7 M, (G,)M, (G,).
Therefore, we can obtain the result of Theorem 2.5 by
H, (G ®G,)=5 +8S,+8,-25,. "
Remark. In Section 2, we present the explicit formulae of the modified gene-
ralized degree distance for four types of graph operations containing G, +G,,
G, [G,], G vG, and G ®G,, and we give some examples. It implies that our
results are convenient to compute the modified generalized degree distance of
these graph operations. Moreover, if 1=1, then H, (G) =DD’ (G). This im-
plies that our results are related to the product-degree distance. In [16] Hamzeh
et al. construct graph polynomial as following:

H(Gx)= Y (dg(u)dg (v))x"t,

{urjer(6)
It is easy to see that the results of our Theorems 2.1, 2.3, 2.4 and 2.5 are exactly
the first derivatives at point x=1 of the graph polynomial H, (G,x) . Thus we

obtain the relation between the modified generalized degree distance polynomial

and Wiener-type invariant polynomial for graphs.
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