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Abstract

The purpose of this paper is to investigate the behavior of a Wiener integral
along the curve C of the scale factor p>0 for the Wiener integral

ICO[O’T]F(px)dm(x) about the function F(x)= exp{IOTQ(t,x(t))dt} defined

on the Wiener space C,[0,7], where &(z,u) isa Fourier-Stieltjes transform

of a complex Borel measure.
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1. Introduction

In [1], M. D. Brue introduced the functional transform on the Feynman integral
(1972). In [2], R. H. Cameron wrote the paper about the translation pathology of
a Wiener space (1954). In [3] [4] [5], R. H. Cameron and W. T. Martin proved
some theorems on the transformation and the translation and used the expres-
sion of the change of scale for Wiener integrals (1944-1947). In [6] and [7], R. H.
Cameron and D. A. Storvick, proved relationships between Wiener integrals and
analytic Feynman integrals to prove a change of scale formula for Wiener inte-
grals (1987). In [8] and [9], properties among the schrodinger operator and the
Wiener Integral and the Feynman integral and the Feynman’s operational calcu-
lus were studied. In [10], G. W. Johnson and D. L. Skoug proved a scale-invariant
measurability on the Wiener space (1979).
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In [11] and [12], Y. S. Kim proved relationships between Wiener integrals and
analytic Feynman integrals and proved a change of scale formula for Wiener in-
tegrals about cylinder functions on the abstract Wiener space (1998-2001). In
[13] [14] [15] [16], Kim proved relationships among the Fourier transform and
the Fourier Feynman transform and the convolution on the abstract Wiener
space (2006-2016).

In this paper, we define the scale factor for the Wiener integral and we inves-

tigate the behavior of Wiener integrals along the curve C of a scale factor

p >0 about complex valued measurable functions F (x)=exp { jj&(t, x(t))dt}

defined on the Wiener space C,[0,7], where 6(t,u)= jR exp{iuvido, (v) isa
Fourier-Stieltjes transform of a complex Borel measure o,. And we will find a

very interesting behavior of a scale factor p >0 for the Wiener integral.[]

2. Definitions and Preliminaries

A collection S of subsets of a set Xis said to be a o-algebra in Xif M has the
following properties: 1) X e M, 2) If 4e M, then A € M, (where A'is the
complement of A relative X), 3) If Ae U:ll 4, and 4, €S for n=123,-,
then 4eS.If S isa o-algebra in X then Xis called a measurable space and
the members of S are called the measurable set in X. If X'is a measurable space
and Yis a topological space and fis a mapping of X into ¥, then fis a Lebes-
gue-measurable function, or more briefly, a measurable function, provided that
7 (V) is a measurable set in X for every open set Vin Y.

Let C,[0,7] denote the space of real-valued continuous functions x on
[0,7] such that x(0)=0.Let M denote the class of all Wiener measurable
subsets of C,[0,7] and let m denote Wiener measure and (CO[O,T ],M,m)
be a Wiener measure space and we denote the Wiener integral of a functional F
by CO[O!T]F(x) dm(x). A subset E of C,[0,T] is said to be scale-invariant
measurable if pE e M for each p>0,and a scale-invariant measurable set N
is said to be scale-invariant null if m(pN)=0 for each p>0. A property that
holds except on a scale-invariant null set is said to hold scale-invariant almost
everywhere (s-a.e.). If two functionals Fand G are equal s-a.e., we write F =G
(for more details, see [9]).

Throughout this paper, let R” denote the n-dimensional Euclidean space
and let C,C,, and C; denote the complex numbers, the complex numbers
with positive real part, and the non-zero complex numbers with nonnegative
real part, respectively.

Definition 2.1. Let F be a complex-valued measurable function on C,[0,T]

such that the integral
1

J(F;ﬂ)zJ'CO[O,TIF{[Zdem(x) (1)

exists for all real A>0. If there exists a function J*(F;z) analytic on C,
such that J*(F;A)=J(F;A) for all real 2>0, then we define J'(F;z) to
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be the analytic Wiener integral of F over C,[0,T] with parameter z and for

each zeC,, we write
I“W(F;Z)ZJ*(F;Z). (2)

Let g be a non-zero real number and let Fbe a function on C,[0,7] whose
analytic Wiener integral exists for each zin C, . If the following limit exists,
then we call it the analytic Feynman integral of Fover C,[0,T] with parameter

g, and we write

1 (F;q) = lim I (F;z), 3)

z——iq

where zapproaches —ig through C, and i’ =-1.0

Now we introduce the following Wiener Integration Formula.

Theorem 2.2. Let C,[0,T]| bea Wiener space and let 0<t, <t,<---<t <T.
Then

J.CO[OI]f(x(tl ).x(t,), . x(¢, ))dm(x)
L) - (4)

:[gzn(tj—tj_l)};-fnf( Jexo ——2(;_ 2

t.

where f:R" —C is a Lebesgue measurable function and i = (u,u,, -,u,)
and du =du,du,---du

In the next section, we will use the following integration formula:

j exp{ au +1bu}du—\/:exp{ i;} (5)

where ais a complex number with Rea >0, bis a real number, and i* =—1.

ne

3. Behavior of a Scale Factor for the Wiener Integral

We investigate the behavior of the scale factor for the function space integral for

functions
F(x) :exp{‘[oTH(t,x(t))dt}. (6)
Definition 3.1. Let 0:[0,T|xR — C be defined by
H(t,u) =.[Rexp{iuv} do, (V), (7)

which is a Fourier-Stieltjes transform of a complex Borel measure o, € M(R)
with ||0't||<°°) where M(R) is a set of complex Borel measures defined on
RO

Remark. If we define a function on Rby f(u)=06(t,u)= IR exp{iuvido,(v),
then the Fourier-Stieltzes transform has some properties that 1) for all ueR,
|f(u)| < ||O',|| and f(-u)= f(u) , where z denotes the conjugate complex of
z e C.2) fis uniform continuous in R. To see this, we write for all zand A,

fush)=f ()= (" ~e")do, (v) and
|f(u+h)=f () <

X —1|d|a,|(v) , where the last integrand is bounded
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by 2 and tends to 0 as #— 0 for each ve R and the last integral is bounded
by 2|o, |- Hence the integral converges to 0 by the bounded convergence theo-

rem. Since it does not involve u € R, the convergence is uniform with respect to
ueR.O
Notation. Let A, (7) be defined by

A (T)={(tity01,) [0S, <ty <o <1, <T}, 1, =0.0 (8)

To expand the main result of this paper and to apply the Wiener integration
formula and to prove the existence of the Wiener integral of F(x) in (6), we
need to express F(x) as the function of the form f(x(t1 ),x(tz),-'-,x(tn )) .

Lemma 3.2. Let F:C,[0,T]— C be defined by (6) and (7). Then we have
that

=§IA” - exp{zz\/ x( )}dﬂn(t v) 9)
where 4, is a countably additive Borel measure defined on A, (T)xR" for

each n=12,--,n

Proof. Using the series expansion of the exponential function, we have that

F(x)= exp{ﬁ@(r,x(t))dz} = ;i[ﬂg(t’x(t))dt}n

[ [ expiiv,x(1,)}do, (v,)]dnds,--dr,
_zj IR"exp{ZZV X HHda }
S exp{,zv s )}dﬂn(? ).

(10)

where dy"(t,v)z[Hj_:ldO'tj (vj)dtj} and theM(R) is a complex Borel

<o foreach j=1,2,---,n and

measure defined on Rand “O‘t_
J

[F(x) <20

Remark. For more details about properties of the function F(x) in (6) and

<00.[]

H,

(7), see the chapter 15 of the book [9]. Some properties of the exponential func-
tion of [9] give me a good motivation about this paper. Especially, the third
equality in (10) follows from the Equation (15.3.17) in [9].[J

Theorem 3.3. For zeC' and for each j=1,2,---,n and for functions
F:C, [O,T] — C in(6) and for real p >0, the Wiener integral exists and is of
the form:

DOI: 10.4236/am.2018.95035

491 Applied Mathematics


https://doi.org/10.4236/am.2018.95035

Y.S. Kim

n

J.c[ 7] F(px)dm(x Z.[ e © { /;;(t,/_tfl)ivz}dﬂn(t»"), (11)

Py
where g, is a countably additive complex Borel measure defined on
A,(T)xR" foreach n=1,2,--- and d,u"(t,v)z[H':_:ldO'tj (vj)dtj]

Proof. By the Wiener integration formula, we have that for real p >0,

o P (px)dm ()
= co[o,r]{iohn(r)hjmew{ipx(t,-)v,.}dat,, (vj)]dfﬂdm(x)

n

1

=H{ ﬁ ] . {Z I, o [T fesoliou o, (v‘,)}d?}

j-l[Zn(tj—t )] p{ /Z‘ t,—t,. }

'Liojw exp{lpzu }[H _do, (v)) ﬂdu

2

o u,—uHJ
= - - : 12
;«Z:(:)J.A(T)XR” £2n(tl—t J exp{ t/.—t/._, } (12)

-exp {ipiujvj }dﬁ} du, (?, \7)
=

n

S| -2 50 St o 9.
where du, (¢,v) :[szldo_z, (vj)dt]} . The last equality in (12) can be proved
by the mathematical induction.[J

By the above result, we can investigate a very interesting behavior of the
Wiener integral.

Definition 3.4. We define the scale factor for the Wiener integral by the
varying real number p >0 such that

G(p) = J.CO[O,T]F(px)dm(x) (13)

where G:R — C isacomplex valued function defined on R.
Property 3.1. Behavior of the scale factor for the Wiener Integral.
We investigate the interesting behavior of the scale factor for the Wiener

integral by analyzing the analytic Wiener integral as followings: For real p >0,

Forf ()n(0) =3, o020, s (5). a0
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[l
Example 1. For the scale factor p={---,1100,110,1,10,100,---} , we can inves-

tigate the very interesting behavior of the Wiener integral:

1
.[co[o,r]F(mxj dm(x)
1)

(15)
:Zj « )aneXp{_EX1O4XZ(t -1, )ka}dyn (7,%)
J. F(ijdm(x)
o] |\ 10
2) ) ) (16)
- Z.[A (TR" eXp{__XlOZ XZ(tj —L 1)va}dﬂ,, (7,%)
ICO[O 1l (x)dm(x)
3) n n (17)
- z.[A (T)<R" exp{——xl()o x Z(tj — 1)va}dﬂn (f,f/')
j=1 payt
jco[ogr]F(IOx)dm(x)
Y& 1 o) (18)
=ZIA( )xR"exp{__Xlo XZ(t _t )ka}d/un(t’v)
n=0 k=j
IC 0o T]F(IOOx) dm(x)
¢ (19)

n n
= "Z:(;IAn(r)xR“ exp {—% %107 x ,Z::‘ (tj —t, ) kz_:jv,f}dyn (f, 17)
Remark. <Interpretation of the scale factor for the Wiener integral>

1) We can investigate the behavior of the Wiener integral as the varying scale
factor by re-interpreting the analytic Wiener integral!

2) The exponential term of the Wiener integral is decreasing, whenever the
scale factor p >0 is increasing. The exponential term of the Wiener integral is
increasing, whenever the scale factor p >0 is decreasing.

3) The function G:p— ‘ jCO[O’T]F ( px)dm(x)‘ is a decreasing function of
p >0, because the exponential function y=e™ is a decreasing function of
XeR.

That is, the absolute value of the Wiener integral is a decreasing function

about the scale factor p>0 and

1) 0< J.CO[O’T]F(px dm Z",un" (20)
2) lim|[ . F(px)dm(x leu,,ll (21)
3) lim [, o (PX)dm(x) =0 (22)

O

Conclusion. What we have done in this research is that we first define the
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scale factor for the Wiener integral and later, we investigate the very interesting
behavior of the scale factor for the Wiener integral. From these results, we find a

new property for the Wiener integral as a function of a scale factor!

Remark. The solution of the heat equation aa_lt] =-HU, U(0,)=w() is

U(.8)=(e "y )() = B[ M9y (x(0)¢)| (23)

where yel, (Rd) and £eR’ and x(-) isa R"valued continuous function
defined on [0,7] such that x(0)=0 and E denotes the expectation with re-
spect to the Wiener path starting at time t=0 and H =-A+V is the energy
operator(or, Hamiltonian) and A is a Laplacian and ¥ :R‘ - R is a potential.
This formula is called the Feynman-Kac formula. For more details, see the paper
[8] and the book [9].0]

Remark. <Gratitude for the Refree> I am very gratitude for the referee to

comment in details.[]
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