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Abstract

Empirical studies show that more and more short-term rate models in cap-
turing the dynamics cannot be described by those classic ones. So the
mean-reverting y-process was correspondingly proposed. In most cases, its
coefficients do not satisfy the linear growth condition; even they satisfy the
local Lipschitz condition. So we still cannot examine its existence of solutions
by traditional techniques. This paper overcomes these difficulties. Firstly,
through using the function Lyapunov, it has proven the existence and uni-
queness of solutions for mean-reverting y-process when the parameter y >1.

1
Secondly, when y e [E'l} , it proves the solution is non-negative. Finally, it

proves that there is a weak solution to the mean-reverting p-process and the
solution satisfies the track uniqueness by defining a function p. Therefore, the
mean-reverting y-process has the unique solution.
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1. Introduction

The short-term riskless interest rates started to develop from the late 1970s and
gradually became one of the most fundamental and important quantities in fi-
nancial markets. As the economy has evolved, many short-term interest rate
models have also been proposed. Letting S (t) represent the short-term inter-

est rates, we have the following seven well-known models:

1) Merton [1]
dS(t)= wdt+odB(t);

2) Vasicek [2]
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dS (t)=(u+AS(t))dt+odB(t);
3) Geometric Brownian motion
dS(t)=AS(t)dt+oS(t)dB(t);
4) Cox, Ingersoll and Ross [3]
dS (t)=(u+AS(t))dt + ofS(t)dB(t);
5) Brennan and Schwartz [4]
dS (t)=(u+AS(t))dt+oS(t)dB(t);

6) Cox, Ingersoll and Ross [5]

3
2

dS(t)=0S?(t)dB(t);
7) Constant Elasticity of Variance [6]
dS ()= S (t)dt + 057 (t)dB (1),

where A, g and oare constants.
The above seven models can be combined with the following stochastic diffe-

rential equation:
dS(t)=A(u—S(t))dt+oS” (t)dB(t) (1.1)

by changing the parameters A, zand .
Where y =0, we all know that the Equation (1.1) is the well-known Vasicek
model [2]. If its coefficient A >0, there is a mean-reverting property. In other

words, the short-term interest rates S(t) will approach the mean % in the

long term. When y =1/2, the Equation (1.1) is the well-known mean-reverting
square root process [3]. Like the Vasicek model, the mean-reverting square root
process also has a mean-reverting property. More importantly, it is a non-negative
random process. So it is widely used to model volatility, interest rates and other
financial quantities. When y € [1/ 2,1], Mao et al. [7] discuss its analytical prop-
erties and strong convergence of numerical solutions. When y 21, it is a highly
sensitive mean-reverting process, Wu et al. [8] show the way to prove that the
solution of Equation (1.1) is existence and uniqueness.

In the next section, we first prove the existence and uniqueness of the solution
of Equation (1.1) when y>1. In section three, we consider the existence and
non-negative of the solution of Equation (1.1) when y € [1/ 2 ,1] . Finally, we will

give the conclusion.

2. The Unique Global Positive Solutions wheny =1

Throughout this paper, let (Q,]: ,IP’) be a complete probability space with a
filtration {A}_,

nian motion defined on the probability space. We consider the mean-reverting

satisfying the usual conditions. Let B(t) be a scalar Brow-

y-brocess:
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dS(t)=A(u—S(t))dt+oS” (t)dB(t) (2.1)

with the initial value S(0)>0, where A, #and oare positive and » >1.

Theorem 2.1. For any given initial value S(0)>0, A, zand o >0, there ex-
ists a unique positive global solution S (t) to Equation (2.1) on t>0.

Proof: Clearly, the coefficients of (2.1) satisfy the local Lipchitz condition.
Therefore, for any given initial value S (0) >0, there must exist a unique local
solution S (t) €[0,7,), where 7, is the explosion time. To show the solution is
global, we next show that 7, =0 a.s.

Firstly, we choose a sufficient large integer k, >0, namely S(0)e(1/k;.k),

and then we define the following stopping time,
rk:inf{te[O,re]:S(t)e[%,k}}, K>k,

Let inf@J =00, it is clear that 7, is increasing as k —>oo. Set 7, = l!im Ty»
we get7, <7, a.s. To complete the proof what we need to show is that 7, =
a.s. To prove this result, for any constant 7; if there is P (7, <T)—>0,k >,
namely I!im E [ L ST)} =0, by the control of convergence theorem, then we can
get E [ I, g)J =0, so thereis P (Tw = oo) =1, which is the result we need.

For me(0,1), we define a C-function V :(0,50) —(0,) by

V(S)=S"-1-minsS. (2.2)

It is easy to show that V(S)>0 and V(S)—>® as S—0 or S—w.
Apply the It6 formula yields

V() V(S) 4, 1OV(S)
as 2 os?

:(msml —gjds +%[m(m—l)s"‘2 +§}(d8)2

|:(m _1) S m+2(6-1) +S 2(6-1) :|} dt

v (s) dt + (ds)*

(2.3)

mo?

={,1m(ysml —S" - uST+1)+

+om(S™*-s**)dB(t)

For me (0,1) , by the boundedness of polynomial, it is easy to show that there
is a constant K; such that

mo?

am(ps™ =8" = uS T +1)+ = —[ (m-1) ST 4 82V <K,

Therefore, for Vte [O,T] ,
dV (S)<Kdt+om(s™* -5 )dB(t), Se(0,)

On the both sides of the formula, we take integrate from 0 to 7, AT . And
then taking expectations, we have

EV[S(7, AT)]<V[S(0) ]+ KE (7, AT)<V[S(0)]+K,T.

In the following, we use the proof by contradiction to show. If the previous
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conclusion is wrong, then there exists T>0 and ¢€(0,1), such that

P(z,<T)>¢.

So there is an integer K, 2K,

P(ry <T)2¢, VK2K,.

Dueto 7, = Llrrg 7, > then there exists an integer K, > K, we get
|‘rk —rw| <¢g as K> K,. In addition, since {Tk} is monotonically increasing,
we can obtain 7, <7, —¢ . Set Q = {TK ST} , from the above formula, we get
P(Qg)>e as K>K,.Forevery meQ,,thereis S(7,,®)2k or

1

S(7, )< . It is easy to show that the function V(S) monotonically de-

creases in the interval (0,1), monotonically increases in the interval (1+). So
1
V| S(7, >V (k)AV ] =].
[ (TK 0)):| ( )/\ (kj
We have

VIS(0)]+KT2E[ 1, )V (S(r.0))]= P(QK)-{V(K)/\V (%H

1
Due to V(K)/\V(E)—)oo,wehave P(QK)—>O as K — . This implies

P (T = oo) =1. We finish the proof.

©

3. The Unique Positive Solutions when y € [1/2, 1]

When y e [1/ 2,1] , in order to prove the conclusion, we complete in two steps.
The first is to prove the non-negative solution if the solution exists. The second is

to prove the existence and uniqueness of solutions.

3.1. Non-Negative Solution

As mentioned earlier, like the well-known mean-reverting square root process [5],
it is widely used to model volatility, interest rates and other financial quantities.
But there is a premise that is non-negative. So we will prove it is a non-negative
solution.

We consider the mean-reverting )-process:
dS(t)=A(u—S(t))dt+oS” (t)dB(t) (3.1)
with the initial value S (0) >0, where A, zand oare positive and 7 € [1/ 2 ,1] .
Lemma 3.1. For given any initial data S(0)=S, >0, the solution S(t) of

Equation (3.1) will never become negative with probability 1.

Proof: We consider the following equation
ds(t)=A(u—S(t))dt+o|S(t) dB(t), t=0. 3.2)

It is clear that the solution of Equation (3.2) is equivalent to the statement of
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the lemma 3.1.

In the following, we will show that the solution of Equation (3.2) will never
become negative with probability 1 for any initial data S(0)=S,>0.

Let a,=1, and for each integer k=12,--,

g () if 0=,
’ (33)
a = 1/(1-20) 33
“ [ (20-1)k(k +1) il o<t
2 2 7
So it is easy to get the following result:
a1
N —pdu=k. (3.4)
For every k=12, there clearly exists a continuous function v, (u) with
support in (ak , ak_l) such that
Ogy/k(u)sku% fora <u<a,, (3.5)
and J.::fll//k (u)du=1.
Define
0 forx >0,
O =1 .y (3.6)
“ [ dyjoyl//k (u)du  forx<O.
Then ¢ eC? (]R, R) and has the following properties:
1) -1<¢(x)<0 for a, <Xx<a,,,orotherwise @ (Xx)=0;
2) ¢7;:'(X)| < ﬁ for a <x<a,,,orotherwise ¢(X)=0;
X
3) [X|-a, <@ (X)<|X for wxeR.
It is easy to show the properties (1), (2) and (3).
Now for Vt >0, apply the It6 formula yields
t , o? 20
. (50) = (5(0)+ [ A(u-S @)t (S) = SIS} (50D jaw
t 4
o, (S(u))|s (u)f dB(u)
Then taking expectations in both sides, we have
t ' 62 "
Eq (S(t)) = (S(0>)+Efo{ﬂ(ﬂ—8(u>)¢k (S(u)+-[s ()" ot (s@))}du
(3.8)
2 2
<p['Z S(u)|zg#wdu _ot
°2 kS (u)|
Therefore, apply the properties (3), we have
2
—a, <ES (t)-a,, < GTt , (3.9)
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where
) -S(t) ifS(t)<0,
° (t):{o if S () >0.

2
t
Letting k — oo, we get that ES™ (t)<a,, +GT — 0. So we have ES™(t)=0

for Vt>0. This implies that the Lemma 3.1 is true.

3.2. The Existence and Uniqueness of Solutions

The following result shows that the solution S (t) of Equation (3.1) is exist and
unique.

Theorem 3.1. For any given initial value S(0)>0, A, zand o >0, there ex-
ists a unique solution S (t) to Equation (3.1) on t>0.

Proof: Clearly, the coefficients of (3.1) satisfy the linear growth condition.
From I. Karatzas and S.E. Shreve [9], we know that there is a weak solution for
Equation (3.1). Next, we will show that the solution satisfies the track uniqueness.

It is easy to show that the following inequality is right:
[x+y| <x +y” (3.10)

with the y e [1/2,1] .
Thus, we have

(x=y)+ " <[x=y +y7,
which implies
X =y <|x—yl". (3.11)

Similarly, the following inequality can be proved

y =X <|x-y[". (3.12)
So we have
|x’—y7 <|x-y|". (3.13)
Define
p(u)=ou”, 1/2<y<1. (3.14)

It is easy to get the following result:

By the diffusion coefficient of Equation (3.1), we get
|0x7—ayy|£a|x—y|y:p(|x—y|). (3.15)

Referring to the theorem 19.5 of The Elements of Stochastic Analysis [10], the
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theorem 3.1 is true. Therefore, the solution S (t) of Equation (3.1) is exist and

unique. We finish the proof.

4. Conclusion

In this article, we proved the existence and uniqueness of the solution of Equa-

tion (1.1) when y 21. And we get the existence and non-negative of the solu-

tion of Equation (1.1) when y e []/2,1]. Further, we can study the solution of
the Equation (1.1) when 7 € [0,]/2] .
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