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Abstract

In the paper, the martingales and super-martingales relative to a convex set of
equivalent measures are systematically studied. The notion of local regular su-
per-martingale relative to a convex set of equivalent measures is introduced and
the necessary and sufficient conditions of the local regularity of it in the discrete
case are founded. The description of all local regular super-martingales relative
to a convex set of equivalent measures is presented. The notion of the com-
plete set of equivalent measures is introduced. We prove that every bounded
in some sense super-martingale relative to the complete set of equivalent
measures is local regular. A new definition of the fair price of contingent
claim in an incomplete market is given and the formula for the fair price of
Standard Option of European type is found. The proved Theorems are the
generalization of the famous Doob decomposition for super-martingale onto
the case of super-martingales relative to a convex set of equivalent measures.
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1. Introduction

In the paper, a new method of investigation of martingales and super-martingales
relative to a convex set of equivalent measures is developed. A new proof that
the essential supremum over the set of regular martingales, generated by a cer-
tain nonnegative random value and a convex set of equivalent measures, is a su-
per-martingale with respect to this set of measures, is given.

A notion of local regular super-martingale is introduced and the necessary

and sufficient conditions are found under that the above defined super-martingales
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are local regular ones. The last fact allowed us to describe the local regular su-
per-martingales. It is proved that the existence of a nontrivial martingale relative
to a convex set of equivalent measures, generally speaking, does not guarantee
for a nonnegative super-martingale to be a local regular one.

An important notion of the complete convex set of equivalent measures is in-
troduced. It is proved that any super-martingale relative to the complete convex
set of equivalent measures on a measurable space with the finite set of elementa-
ry events is a local regular one. The notion of the complete convex set of equiva-
lent measures is generalized onto an arbitrary space of elementary events. It is
proved that the nonnegative and the majorized from below super-martingales
are local regular ones.

The definition of the fair price of contingent claim is introduced. The suffi-
cient conditions of the existence of the fair price of contingent claim are pre-
sented. The conditions that the introduced notion coincides with classical one
are given.

All these notions are used in the case as the convex set of equivalent measures
is a set of equivalent martingale measures for the evolution of both risk and
non-risk assets. The formula for the fair price of Standard Contract with Option
of European type in an incomplete market is found.

The notion of the complete convex set of equivalent measures permits us to
give a new proof of the optional decomposition for a nonnegative super-martingale.
This proof does not use the no-arbitrage arguments and the measurable choice
(1] [2] [3] [4].

First, the optional decomposition for diffusion processes super-martingale
was opened by El Karoui N. and Quenez M. C. [5]. After that, Kramkov D. O.
and Follmer H. [1] [2] proved the optional decomposition for the nonnegative
bounded super-martingales. Folmer H. and Kabanov Yu. M. [3] [4] proved ana-
logous result for an arbitrary super-martingale. Recently, Bouchard B. and Nutz
M. [6] considered a class of discrete models and proved the necessary and suffi-
cient conditions for the validity of the optional decomposition.

The optional decomposition for super-martingales plays the fundamental role
for the risk assessment in incomplete markets [1] [2] [5] [7] [8] [9] [10] [11].
Considered in the paper problem is a generalization of the corresponding one
that appeared in mathematical finance about the optional decomposition for a
super-martingale and which is related with the construction of the superhedge
strategy in incomplete financial markets.

Our statement of the problem unlike the above-mentioned one and it is more
general: a super-martingale relative to a convex set of equivalent measures is
given and it is necessary to find the conditions for the super-martingale and the
set of measures under that the optional decomposition exists.

The generality of our statement of the problem is that we do not require that
the considered set of measures was generated by the random process that is a

local martingale as it is done in the papers [1] [4] [5] [6] and that is important
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for the proof of the optional decomposition in these papers.

2. Local Regular Super-Martingales Relative to a Convex Set
of Equivalent Measures

We assume that on a measurable space {Q, F } a filtration

Fo € Fpa ©€F,m=0,0, and a family of convex set of equivalent measures M

on F are given. Further, we assume that JF = {@,Q} and the o-algebra

F= O'[\/}—HJ is a minimal o-algebra generated by the algebra \/F,. A ran-
n=1 n=1

is said to be adapted one relative to the filtration

o0
m=0

dom process v ={y,}

{fm}::O if y,, isa F, measurable random value, m=0,c0.

Definition 1. An adapted random process f ={f }" is said to be a su-

per-martingale relative to the filtration F,, m=0,00, and the convex family of

equivalent measures M if EP|fm|<oo, m=1,0, PcM , and the inequalities
EP{f,|A)<f, 0<k<m, m=Llw, PeM, (1)

are valid.
Further, for an adapted process f we use both the denotation {fm,]-'m}::o
and the denotation {f " .

Definition 2. A super-martingale {f, , % }  relative to a convex set of

o0
m=0

equivalent measures M is a local regular one if supE” | fm| <o, m=1,00, and
PeM

there exists an adapted nonnegative increasing random process

{9m: T} 019 =0, SupEP|gm|<oo,m:1,Too, such that {f +g,, 7} isa
PeM

m=0
martingale relative to every measure from M.

The next elementary Theorem 1 will be very useful later.

Theorem 1. Let a super-martingale {fm,}'m}::o, relative to a convex set of
equivalent measures M be such that sup EP|fm|<oo, m=10. The necessary

. LR . EM . .
and sufficient condition for it to be a focal regular one is the existence of an
adapted nonnegative random process {g{;,fm}m ,> Sup EP |§,?1| <oo,m=100,
m= PeM

such that

fos—EP{fo | Fos} =EP{T0 | Fpsf, m=1,00, PeM. )

Proof. Necessity. If {fm,]-"m}: is a local regular super-martingale, then

-0

-
, and a non-decreasing nonnegative ran-
m=

there exist a martingale {Mm,]:m}

dom process {g,,7,} ., 9, =0, such that

m=0
f =M -g,, m=1w. (3)
From here we obtain the equalities
E* {fos= Tl o)

J— 4
:Ep{gm_gm—llfm—l}:EP{grglfm—l}’ m:l'oo' PEM' ( )
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where we introduced the denotation §. =0, —0,,>0. It is evident that
E"gy <supEfg, +supEfg, ,<x.

PeM PeM
Sufficiency. Suppose that there exists an adapted nonnegative random process

g° ={§r?]}::0, gc =0, EPFgl<co, m =1,00, such that the equalities (2) hold.
Let us consider the random process {Mm , ‘7:"‘}::0 , where
M, =f,, M, =f,+> 50 m=Loo. 5)
i1
It is evident that E" |Mm| <o and
EP (M, —M | %} =E"{f, —f,—Tn| %} =0. (6)
Theorem 1 is proved. O

Lemma 1. Any super-martingale {f , 7, }" = relative to a family of meas-

m=0
ures M for which there hold equalities EFf = f,,m=10,PeM is a mar-
tingale with respect to this family of measures and the filtration £, m=1,0.

Proof. The proof of Lemma 1 see [12]. .0

3. Description of Local Regular Super-Martingales Relative
to a Convex Set of Equivalent Measures Generated by the
Finite Set of Equivalent Measures

Below, we describe the local regular super-martingales relative to a convex set of
equivalent measures M generated by the finite set of equivalent measures. For
this we need some auxiliary statements.

Lemma 2. On a measurable space {Q,F} with filtration F onit, let Gbe
a sub c-algebra of the oc-algebra F and let f,,s€S be a finite family of

nonnegative bounded random values. Then for every measure Pfrom M.

E° {max f, |G} > maxE” {1, |G}, PeM. %)
seS seS
Proof. We have the inequalities
max f, > f, tes. (8)
Se
Therefore,
E° {max f,1G} > E” {,1G}, tes, PeM. 9)
Se
The last implies
E” {max 1, |G} > maxE” (1,16}, PeM. (10)
seS seS
0

In the next Lemma, we present the formula for calculation of the conditional
expectation relative to another measure from M.
Lemma 3. On a measurable space {Q,]—' } with a filtration F, onit, let M/

be a convex set of equivalent measures and let £ be a bounded random value.

Then the following formulas

EM eI R} =EP (ol | 7}, n=1, (11)
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are valid, where

-1
ﬁ:ﬁ E” ﬂmﬂ , B,P,eM. (12)
dPR, dp,
Proof. The proof of Lemma 3 is evident. O

Let P,---,B, be a family of equivalent measures on a measurable space
{Q, F} and let us introduce the denotation A for a convex set of equivalent

measures
M Z{Q,Q=Zk:ail3i,ai20,i:1, ,Zk:aizl}. (13)

Lemma 4. If £ is an integrable random value relative to the set of equivalent

measures B,---, B, , then the formula
esssupEQ{§|]-"n}=r]rslaxEP'{§|}"n} (14)

QeM i<k

is valid almost everywhere relative to the measure P, .
Proof. The definition of esssup for non countable family of random variables

see [13]. Using the formula

S % (g | £V ER (2] F)

EQ{&|F,}=1— ,QeM, (15)
ZaiEpl{(oi |‘7:n}
i=1
dR d . , .
where ¢, = d_Pl » Q=) _;P,, we obtain the inequality
1 i=1l
Q < R
E°{¢1 7} <maxE" {¢] 7}, QeM, (16)
or,
Q R
essgg&)E {‘flﬁ}grEEﬁ(E {EI R} (17)
On the other side [13],
ER {&| 7, ) <esssupER{&|F), i=1k. (18)
QeM
Therefore,
rEgi(EP'{ﬂ]-"n}éessggSEQ{ﬂﬁ}. (19)
Lemma 4 is proved. O

Lemma 5. On a measurable space {Q,]—" } with a filtration F on it let £

n

P ., —
be a nonnegative bounded random value. If —-,i,l =1,k are , measurable
|

dP R
and P, [d_PI > O] =1,i,1 =1k, then the inequalities

1<i<k

= {maxEP'{§|]—'n}|]-'m}3r£gi<Ep'{§|fm},I=L_k,n>m, (20)
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are valid.
Proof. From Lemma 3 and Lemma 5 conditions relative to the density of one

measure with respect to another, we have

maxE® {£| 7} =ER {¢| F}, 1=Lk. 1)

I<i<k

From the equality (21) we obtain the inequality

R R R 1k
E" |maxE" (] 7)1 7, | < maxET (¢] 7}, 1=1k (22)
Lemma 5 is proved. O

In this section, we assume that the conditions of Lemma 5 relative to the den-
sity of one measure with respect to another are true.

Lemma 6. On a measurable space {Q,F} with a filtration F, on it, let &
be a nonnegative random value which is integrable relative to the set of equiva-
lent measures B,,---, B, . Then the inequalities

EQ{maxEP'{§|ﬂ}|fm}£r2gi<E"'{§|]-‘m}, n>m QeM,  (23)

1<i<k

are valid.
Proof. Using Lemma 5 inequalities for the nonnegative bounded & and the

formula
K
ZaiEPl{(oi |“7:m}EPI {(Dl}—m}

0|7 =T
éaiEH{% |‘7:m}

where ® =maxE" {1 R} dR

1si<k - d_Pl'

, Qe M, (24)

i=1k,we prove Lemma 6 inequalities.

Let us consider the case, as MaxE"& <o, Let &S =10 bea sequence of

I<i<k

bounded random values converging to £ monotonuosly. Then

I<i<k

B9 max (& | 7} 7 | < maxEC (& | £} =1k, (25)

Due to the monotony convergence of & to & as S—> 0, we can pass to the
limit under the conditional expectations on the left and right sides in the inequa-
lities (25) that proves Lemma 6. O

Lemma 7. On a measurable space {Q,F} with filtration F, on it, for
every nonnegative integrable random value & relative to a set of equivalent
measures {Pl,---,Pk} the inequalities

E°lesssupE” {&| 7, } | F, <esssupEF {&| F b, QeM, n>m, (26)

PeM PeM

are valid.

Lemma 7 is a consequence of Lemma 6.

Lemma 8. On a measurable space {Q,]—" } with a filtration F, onit, let £
be a nonnegative integrable random value with respect to a set of equivalent

measures {P,---,R} and such that

DOI: 10.4236/apm.2018.84025

433 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2018.84025

N. S. Gonchar

ERE=M,, i=1k, (27)

then the random process {M . =esssupE” {E1F ) T is a martingale rela-
PeM

m=0

tive to a convex set of equivalent measures M.

Proof. Due to Lemma 7, a random process

©

{M n=6sssupE” {&| F ) 7, } is a super-martingale, that is,
PeM

m=0

EP{M, | F ) <M,y m=Lw, PeM. (28)
Or, EPM, <M, . From the other side,

R R kER -1k
E™| maxE &1 7, } |2 maxEPER {41 £} 2 M, =1k (29)

I<i<k

The above inequalities imply E*M_ =M, m =1,00,5 =1,k . The last equalities
lead to the equalities EPMm =M, m :1,_00, P M . The fact that M, is a su-
per-martingale relative to the set of measures A/ and the above equalities prove

Lemma 8, since the Lemma 1 conditions are valid. O

i=1

In the next Theorem we denote F = o-({oj F j the minimal o-algebra gener-

ated by the algebra \7 F.
-1

Theorem 2. Let {Q,]—' } be a measurable space with a filtration F, on it
and let £ be a nonnegative integrable random value with respect to a set of
equivalent measures P,,---,B . The necessary and sufficient conditions of the

local regularity of the super-martingale {f,_, }::0 , where

m

f,=esssupE” {&| £}, m=10, maxERE <o, (30)
PeM

1<i<k

is its uniform integrability relative to the set of measure PB,---,P, and the ful-
fillment of the equalities

ERe=1f, i=1k. (31)

Proof. The necessity. Let {fm,fm}::() be a local regular super-martingale.

Then
f =M, —g,, n=0,0, g,=0, f,=E"M_, i=1k. (32)
From here we obtain E"g, < f,,i=1k . Due to the uniform integrability of

f, and g, we obtain

E*(f,+9,)=f, i=Lk, (33)

where f =&, g, =limg,, since .7-':0'[\00/}?). But fO:maxEPf:EP"’cf.
n—o0 i=1

1<i<k

From (33) we have E'® g, =0. The last equality gives g, =0, or

Efg=E%¢, i=1k. (34)

The sufficiency. If the conditions of Theorem 2 are satisfied, then

{Mm v Fo }:70 is a martingale, where M =supE" {cf | fm} . The last implies the
- PeM
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local regularity of {f, ., }::O . Theorem 2 is proved. O
4. Description of Local Regular Super-Martingales Relative
to an Arbitrary Convex Set of Equivalent Measures

Below, in the paper we assume that an arbitrary convex set of equivalent meas-

ures M on a measurable space {Q,F} and a filtration 7, on it satisfies the

conditions: the density :—P is J measurable one and PO[:—Z>OJ=1 for

all P,QeM, where the fixed measure P,eM . Such a class of equivalent
measures is sufficiently wide. It contains the class of equivalent martingale
measures generated by a local martingale.

Introduce into consideration a set A4, of all integrable nonnegative random

values &relative to a convex set of equivalent measures M satisfying conditions

EP£=1 PeM. (35)

It is evident that the set A4, is not empty, since contains the random value
& =1. More interesting case is as A, contains more then one element.
Lemma 9. On a measurable space {Q,F} and a filtration F, on it, let M

n

be an arbitrary convex set of equivalent measures. If the nonnegative random

©

value ¢ is such that SUpE"&<oo, then (f =esssupE"{&|F }, 7, is a
PeM

PeM m=0

super-martingale relative to the convex set of equivalent measures M.

Proof. From the definition of esssup [13], for every esssupE”{&|Z,} there
exists a countable set D, such that PeM

esssupE® {£| F, ) =sup EP {&| A}, m=0,. (36)
PeM PeDp,

Theset D=|JD,, isalsocountable one and the equality

m=0
esssupEF {&| F, } =supEP {£| F,} (37)
PeM PeD
is true. Really, since
SUpE” {&| F b= sup EP {&| F, L =esssupEF {£] 7, ). (38)
PeD P<Dy PeM
From the other side,
essiuSEP{ﬂ]—'m}zEQ{ﬂ]—'m}, QeM. (39)
The last gives
essiu&)E"{gl]—"m}ZSPung{él]-"m}. (40)

The inequalities (38), (40) prove the needed statement. So, for all m we can
choose the common set D. Let D= {F_>1,---, |3n,} Due to Lemma 7, for every

Qe M,, we have
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Q R R vi
E {ngafE {élfn}lfm}érgggE {17}, n>m QeM,, (41
where
_ k_ K
Mk:{PEM,P:zaiPi,aiZO,Zai:l}. (42)
i1 i1

It is evident that max E" {£|F,} tends to supE{&|F,} monotonously
I<i<k — — P<D
increasing, as K —oo. Fixing Qe M, c M,,, and tending & to the infinity in
the inequalities (41), we obtain

EQ{supEP{ﬂ}‘n}|}‘m}£supE{§|]—‘m}, n>m, QeM,. (43)

PeD PeD

The last inequalities implies that for every measure Q, belonging to the

©

convex span, constructed on the set D, {fm =essSUpE” {£| A}, A, is a
PeM m=0

super-martingale relative to the convex set of equivalent measures, generated by
the set D. Now, if a measure Q, does not belong to the convex span, constructed

on the set D, then we can add it to the set D and repeat the proof made above. As

©

a result, we proved that {fm =esssupE” {&| 7}, fm} is also a super-martingale
PeM

m=0
relative to the measure Q,. Zorn Lemma [14] complete the proof of Lemma 9. [
Theorem 3. On a measurable space {Q, F } and a filtration 7, onit, let M
be an arbitrary convex set of equivalent measures. For a random value & e Ay,
the random process {EP {§|fm},fm}::0 ,PeM is a local regular martingale
relative to the convex set of equivalent measures M.
Proof. Let B,---,P, be a certain subset of measures from M. Denote M, a

convex set of equivalent measures

Mn:{PeM,P:ZaiF’i,aiZO,izl,_n,Zai:1}. (44)
i=1 i=1

Due to Lemma 8, {Mm \ fm} is a martingale relative to the set of measures

0
m=0

M, where M _ =esssup E° {§ | ]—"m} , & € Ay. Let us consider an arbitrary meas-
PeM,

ure PpeM andlet

n — n
M:O:{PEM,P:ZaiPi,ai20,i:0,n,2ai:1}. (45)
i=0 i=0

Then {l\ﬁn':",]-'m} ,» Where M/ =ess sup EP{&[ 7}, is a martingale rela-

o0
m= PeMfb

tive to the set of measures M. It is evident that
<MY, m=0,. (46)

Since EPMm = EPM;" =1m :(),_oo, PeM, , the inequalities (46) give
M, =M. Analogously, E® {¢|7,} <M. From the equalities
EPE® {£] 7} =EPM? =1 we obtain EP {£|F }=M> =M, . Since the

m
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measure P, is an arbitrary one it implies that {EP {§ | fm} v F }::o is a martin-
gale relative to all measures from M. Due to Theorem 1, it is a local regular su-
per-martingale with the random process @y =0,m = 0,00. Theorem 3 is proved.
O

Theorem 4. On a measurable space {Q, F } and a filtration 7, onit, let M

be an arbitrary convex set of equivalent measures. If { fm,]-'m}: is an adapted

=0
random process satisfying conditions

fo < fo, EPE|f,|<o, PeM, m=Llw, EcA, (47)
then the random process
{LEMEIRL A} PeM, (48)

is a local regular super-martingale relative to the convex set of equivalent meas-
ures M.
Proof. Due to Theorem 3, the random process {EP {E1 7} F }w , isamar-
m=

tingale relative to the convex set of equivalent measures M. Therefore,

JEP{EN A} BT ET (I R A

. (49)

=EP{(fou— ) EP{EI A} | Frs}, =10
So, if to put @y =(f,,—f,)E"{&|F,}, m=100, then §°>0, it is %, -
measurable and Eg° <E (|f _1|+|f |)<oo It proves the needed statement.

O

Corollary 1. If f =a,m 1,0, eR e A, , then {aEP {&] ]-'m},]-'m}w_o
is a local regular martingale. Assume that &=1, then {f , 7, }::0 is a local
regular super-martingale relative to a convex set of equivalent measures M.

Denote F, the set of adapted processes

Fo={f={fulio P (|fm|<oo)=1,PeM,fm£fmfl}. (50)

For every &£e A, let usintroduce the set of adapted processes
:{f_ { LN, }} o) € R ERE|f | <o Pe M}, (51)

and

V= L. (52)
sehy

Corollary 2. Every random process from the set K, where

{chf,,f,ev C>0|_1mm 100} (53)

is a local regular super-martingale relative to the convex set of equivalent meas-
ures M on a measurable space {Q, F } with filtration F, onit.
Proof. The proof is evident. O
Theorem 5. On a measurable space {Q,F} and a filtration 7, on it, let M

be an arbitrary convex set of equivalent measures. Suppose that {f_, 7 }::0 is

a nonnegative uniformly integrable super-martingale relative to a convex set of
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equivalent measures A4, then the necessary and sufficient conditions for it to be a
local regular one is belonging it to the set K.
Proof. Necessity. It is evident that if {f , 7} belongsto K then it is a lo-

m:
cal regular super-martingale.

o0 . .
o 1s @ local regular super-martingale.

Then there exists nonnegative adapted process { gﬁ}w g EPgY <o, m= 1,00, and
m=]

Sufficiency. Suppose that {f 7}

a martingale {M_}" ,such that
f,=M,->.3’, m=0,0. (54)
i=1

Then M, >0,m=0,00,E’M_<o,PeM . Since 0<E"M, =f, <o we

have EPY G’ < f,.Letusput g, =lim> g’ . Using the uniform integrability
i=L M=o
of f,,we can pass to the limit in the equality

Ep[fm+29_i°]:fo, PeM, (55)
i1
as M —> o0, Passing to the limit in the last equality, as M — o0, we obtain
E°(f,+0,)=", PeM. (56)
. . . fm + gm
Introduce into consideration a random value ¢&=—=—= . Then

0
EF£ =1 P e M .From here we obtain that & e A, and

M, = f,E* {&] £}, m=0,00. (57)

_ m
Let us put f2 ==y ;. It is easy to see that the adapted random process
i1

f, = { 2, %, }::O belongs to K. Therefore, for the super-martingale
f ={f, 7.} _, therepresentation

f=f+f,
i ~ 7 ® . f.+9
is valid, where f = { f,E”{&| Fy ) ’}—’“}m:o belongs to L, with &= °°f—o°°

and f!=f,, m=0,00. The same is valid for f, with &=1. This implies that £
belongs to the set K. Theorem 5 is proved. O
Theorem 6. On a measurable space {Q,F} and a filtration 7, on it, let M
be an arbitrary convex set of equivalent measures. Suppose that the super-martingale
{fm,]-'m}::o relative to the convex set of equivalent measures A satisfy condi-

tions
|f.|<C&, m=Lw, &eA, 0<C<m, (58)

then the necessary and sufficient conditions for it to be a local regular one is be-
longing it to the set K.
Proof. The necessity is evident.

o0 . .
o 1s @ local regular super-martingale.

Sufficiency. Suppose that {f 7}

DOI: 10.4236/apm.2018.84025

438 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2018.84025

N. S. Gonchar

Then there exists a nonnegative adapted random process
{gr?] }w o EPGC <o, =10, and a martingale
m=

{Mm}::o ! EP |Mm| < 0, m :]-VT«D; P S M 5 SuCh that
fo =M, =25, m=0,. (59)
The inequalities f, +C¢& >0, m=1c0, give the inequalities

f,+CE"{& | .} >0, m=0,c0. (60)

o0 .
m=0 18

a uniformly integrable one relative to the convex set of equivalent measures M.

From the inequalities (58) it follows that the super-martingale { fons .7-"m}

The martingale {EP {& | F !]:m}w,o relative to the convex set of equivalent
measures M is also uniformly integrable one.
Then M, +CE”{&|7,}>0,m=0,0. Since

0<EP[Mm+CEP{§O|fm}J:f0+C<OO we have EPZm:@°<fO+C. Let us

i=1
put g, =1im Y g . Using the uniform integrability of f, and > G’ we can
m=® 52 i=1

pass to the limit in the equality

Ep(fm+Z§i°J=fo, PeM, (61)
i1
as M —>o0. Passing to the limit in the last equality, as m — oo, we obtain
E°(f,+0,)=", PeM. (62)
f.+C
Introduce into consideration a random value & = f.4Co g, >0. Then

f,+C
E°&=1,PecM . From here we obtain that & eA, and for the su-

per-martingale f ={f ,7 }” = the representation

o
m=0

fo=fE" (&1 R+ ET (&1 7} + fEP (G| A} m=000,  (63)

is valid, where f’=-C, fr=f +C, f?=-> g’ m =0,0, &, =1. From the last
=
representation it follows that the super-martingale f ={ fm,]-"m}::o belongs to
the set K. Theorem 6 is proved. O
Corollary 3. Let fy,N <o bea F -measurable integrable random value,

SUpE” | fy| <o, and let there exist o, e R' such that
PeM

-a,M +f, <0, Q)
where {Mm,]-'m}::o:{EP{§|]-'m},]-'m}::O,§eA). Then a super-martingale

{fn? + f_m}w , s local regular one relative to the convex set of equivalent
m=|
measures M, where

f0=a,M (64)

m?

DOI: 10.4236/apm.2018.84025

439 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2018.84025

N. S. Gonchar

= |0, m<N, (65)
"] fy—aM,, m>N.
Proof 1t is evident that f_, — f_ >0, m =0, . Therefore, the super-martingale
M, m<N,
fO4+f, =1f, m=N, (66)

fy —o oMy +o,M,,, m>N

is a local regular one relative to the convex set of equivalent measures M. Corol-

lary 3 is proved. U

5. Optional Decomposition for Super-Martingales Relative
to the Complete Convex Set of Equivalent Measures

In this section we introduce the notion of complete set of equivalent measures
and prove that non negative super-martingales are local regular ones with re-
spect to this set of measures. For this purpose we are needed the next auxiliary
statement.

Theorem 7. The necessary and sufficient conditions of the local regularity of

the nonnegative super-martingale {f_, 7 | relative to a convex set of equiv-

®©
m=

alent measures A are the existence of JF, -measurable random values
&E% e Ay, m=1,00, such that

f
f

ns<é EP{GI )=l PeM, m=1. (67)

m-1

Proof. The necessity. Without loss of generality, we assume that f >a fora
certain real number a> 0. Really, if it is not so, then we can come to the con-
Thus, let {f , 7 }"  bea

nonnegative local regular super-martingale. Then there exists a nonnegative

sideration of the super-martingale {f_+a,7,}

o0
m=0

, 0, =0, such that supE"g, <o,

PeM

adapted random process {g, }

o0
m=0

foa—E" {0 | Fs) =E {9, | Fos), PEM, m=L00. (68)
0 fm + gm 1 0 eys
Letus put &, = o m=100.Then & €A, and from the equalities (68)
m-1

we obtain EP {5:] |.7-'m_l} =1,PeM,m=10. It is evident that the inequalities
(67) are valid.

The sufficiency. Suppose that the conditions of Theorem 7 are valid. Then
fo<fo+ T (5;?1 —1) . Introduce the denotation g, =-f, +f ,£° . Then

m

+>0, supEPg, <SUpEFf +supE"f_, <oo,m=1c0. The last equality and
PeM PeM PeM

inequalities give

fo= o+ (&0 -1)- g, m=T. (69)

i=1

Let us consider the random process {M, 7, }" , where
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M =f0+zm:fi_1(§i°—1). Then E°{M,|F,,}=M,,, PeM,m=Lwx. Theo-

m
i=1

rem 7 is proved. O

5.1. Space of Finite Set of Elementary Events

In this subsection we assume that a space of elementary events Q) is finite one,
thatis, N, =|Q| <o, and we give a new proof of the optional decomposition for
super-martingales relative to the complete convex set of equivalent measures.
This proof does not use topological arguments as in [15].

Let F be a certain algebra of subsets of the set Q and let F, < F,,, cF be
an increasing set of algebras, where 7 ={@,Q}, F =F .Denote Ma convex
set of equivalent measures on a measurable space {Q,J’: } . Further, we assume
that the set A, contains an element &, #1. It is evident that every algebra 7, is
generated by sets A", i=LN,, A'NA'=,i#j, N, <o,

ICJA{‘ Q. n=1N. Let m, = Ep{é‘0 |]:n},Pe M,n=1N. Then for m, the re-
i1

presentation

Nn —
m”:;minlﬂ'"(w)’ n=1N, (70)

is valid. Consider the difference d"(w)=m,—m,_,. Then

d"(@)= 2007, (0)= T 6], (0)+ T, 17, (@) @
J= jely jely
D2 (@)+ D 2, (0)=1, (72)
jeln jety

where d{<0,as jel ,and df >0 for jel;.From the equalities (71), (72)

we obtain
EPd"(0)= Y d]P(A})+ X.d]P(A])=0, PeM, (73)
iely jely
Y. P(A)+ X P(A))=1 PeM. (74)
jely jely

Denote M, the contraction of the set of measures A/ on the algebra F, . In-

troduce into the set M the metrics

,P,P,eM, ,n=1N, (75)

Kk
pa (P P,) = max [P (B]) P, (B7)

where B= {Bln R Blf} is a partition of Q on ksubsets, thatis, B"eF,,i=1k,

k

B'NB]=@,i=j, JB'=Q. The maximum in the formula (75) is all over the
=1

partitions of the set €3, belonging to the o-algebra F, .

Definition 3. On a measurable space {Q,F}, a convex set of equivalent

measure M we call complete if for every 1<n<N the closure of the set of

measures M, in the metrics (75) contains the measures
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0, A=A A,

R'(A)=1-d +d}’ ’ (76)
i, A= A"
—d +d;] !

forevery iel, and jel, .
Lemma 10. Let a convex family of equivalent measures M be a complete one
and the set A, contains an element & #1. Then for every non negative F, -

n

n
measurable random value & =) Cy,, there exists a real number ¢, such

2 A
that -
Nn
Zcinl,_\n —_—
— 2 <lig,(m-m), n=1N. (77)
sup ZCFP(A")
PeM, i=1

—_— er
Proof. On the set M, the functional ¢(P) =ZC{‘P(A”) is a continuous
=

one, where M, is the closure of the set M, in the metrics p, (P,P,). From

this it follows that the equality

N, Ny
sup > .C'P(A")=sup >.C'P(A") (78)
PeMp i=1 PeMy =1
. . n c' .
is valid. Denote f." = Nn—" i=1N,.Then
sup > .C/'P(A")
PeMp j=1
Nn p—
Y 'P(A")<1, PeM,. (79)

For those iel; for which d' <0 andthose jel; for which di >0 the

inequality (79) is as follows

d’ —d"
L S fr<1,d"<0,iel,d">0,jel;. (80)
—d'+d{ —d+d]

n

From (80) we obtain the inequalities

fj”£1+1__dfnind;‘,di”<0,ieln‘,dj”>0,jelg. (81)
Since the inequalities (81) are valid for every __d.r:” ,as d' <0, and since the
set of such elements is finite, then if to denote |
a, = {.TFTO} 1__d]:r:n , (82)
then we have
f! <l+a,dj, df >0, jel, . (83)
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From the definition of ¢, we obtain the inequalities

f"<l+ad], d' <0, iel,. (84)

n*i

Now if d'=0 for some iel,, then in this case f," <1. All these inequali-
ties give

f"<l+ead, iel Ul . (85)

n=i

Multiplying on Xy the inequalities (85) and summing over all iel Ul
we obtain the needed inequality. Lemma 10 is proved. O
Theorem 8. Suppose that the conditions of Lemma 10 are valid. Then every
non negative super-martingale {fm,fm}::o relative to a convex set of equiva-

lent measures A, satisfying conditions

ff” <C, <o, n=LN, (86)
n-1

is alocal regular one, where C_,n=1,N are constants.

" . Due to Lemma 10

Proof. Consider the random value & =

n-1
gn 0 TN
———=<1l+a,(Mm -m_)=&, n=LN. 87
SDETE ( 1)=¢ (87)
PeM
It is evident that E° {fr? |‘7:n—1} =1,PeM,n=1N. Since SupE"& <1, then
PeM
f —
"<& n=1LN. (88)
fn—l
Theorem 7 and the inequalities (88) prove Theorem 8. O

Theorem 9. On a finite space of elementary events {Q,F} with a filtration
f N
m

, on it, every super-martingale {f 7 |  relative to the complete convex

set of equivalent measures A/ is a local regular one if the set A, contains

& #1.

Proof. 1t is evident that every super-martingale {f_, 7 }  is bounded.

N
m=0
Therefore, there exists a constant C; >0 such that

%>fm+Co>%,a)eQ,m:0,_N. From this it follows that the su-

per-martingale {f +C0,]-'m}::o is a nonnegative one and satisfies the condi-
tions
f,+C —
—n_20 <3 n=1N. (89)
f.+Co

It implies that the conditions of Theorem 8 are satisfied. Theorem 9 is
proved. O
Theorem 10. Let M be a complete convex set of equivalent measure on a
measurable space {Q,F} with a filtration F  on it. Suppose that
&eh,é&#1, and m =E"{&|F} is a martingale relative to the set of
measures M. Let M{ be a set of all martingale measures absolutely continuous
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relative to any measure P e M . Then the inclusion M < M@ is valid, where
M is a closure of the set of measures M in metrics p,, (P, P,), defined in (75).

Proof. Let the sequence P, €M be a convergent one to the measure P, e M,
thenfor De F,

[m,dP, =[m, dP, s=Le (90)
D D

The functionals ImndP, Imn_ldP on the set M for all De F,4 are conti-
nuous ones relative’to the”metrics p, (P.,P,), defined by the formula (75).

Going to the limit in the equality (90), as S — o, we obtain
_[mndPO :J.mn—ldp()’ n:l'_N’ De‘E\—l' (91)
D D

The last implies that P, e M. Theorem 10 is proved. O

5.2. Countable Set of Elementary Events

In this subsection, we generalize the results of the previous subsection onto the
countable space of elementary events. Let F be a certain o-algebra of subsets
of the countable set of elementary events Q and let F, < F,,, c F be a certain
increasing set of o-algebras, where F ={@,Q}. Denote M a set of equivalent
measures on the measurable space {Q,}' } . Further, we assume that the set A,

contains an element & #1. Suppose that the o-algebra F, is generated by the

n
©

sets A”,i:l,_oo, A”ﬂA?z@,iij, UA”:Q,n:l,_oo.

i=L
Introduce into consideration the martingale m, = EP {é‘o |.7-'n}, PeM,n= ]5

Then for m, the representation
M, =37, (@), =1, 52)

is valid. Consider the difference d"(w)=m,—m_,. Then

0

d"(@)= 31z, (@)= Tz, (@0)+ Tz, (0). 69

= jel™ jelt
Z;{Ajn (0)+ D] Zy (0)=1, (94)
jel™ jel™
where d{<0,as jel ,and dj >0, jel,.From the equalities (93), (94) we
obtain
EPd"(0)= Y d]P(A})+ X.d]P(A])=0, PeM, (95)
jely jeln
Y. P(A)+ X P(A))=1 PeM. (96)
jeln jely

Denote M, the contraction of the set of measures A on the o-algebra F, .

Introduce into the set M, the metrics

pu(R.P)=sw 3[R (B)- R, (B0)) R.P M=l 97
s=1
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where B= {Bln e BE} is a partition of Q on ksubsets, thatis, B e F,,i= 1K,

k
B'NB] =Q,i=j, |JB" =Q. The supremum in the formula (97) is all over the

i1
partitions of the set €3, belonging to the o-algebra F, .

n
Definition 4. On a measurable space {Q,F} with a filtration % onit, a
convex set of equivalent measure M we call complete one if for every 1<n<w

the closure of the set of measures M in the metrics (97) contains the measures

0, A=A" A,
dT A_Ain
PM(A)=4-d+d] ' ' (98)
l' A=A
-d;" +dj

forevery iel; and jel .

Lemma 11. Let a family of measures M be complete and the set A, contains
an element & #1. Then for every non-negative bounded F, -measurable ran-
dom value ¢ =) Cf X there exists a real number ¢, such that

i=1

i:jo—-sl+ozn(mn—mnfl), n=1c0. (99)
sup Z_l:Ci“P(A“)

Proof. On the set M, , the functional ¢(P) =ZC{‘P(A”) is a continuous
=

one relative to the metrics p, (P, P,), where M, is the closure of the set M,

in this metrics. From this it follows that the equality

sup iCi”P(A”):sup ici”P(A”) (100)
PeM, i=1 PeM i=1
is valid. Denote f." :wc—in, i =1,00. Then
sup Y C'P(A)
PeM,, =1
ifi”P(A")gl, PeM,. (101)

The last inequalities can be written in the form
> f'P(A")+ Y f'P(A")<1L, PeM,. (102)
iel” iel”
For those iel; for which d' <0 andthose jel, for which dj >0 the
inequality (102) is as follows

d! —d"
" L+ q, f'<1,d'<0,d]>0,iel,, jel,. (103)
—d +d] —d+d}

From (103) we obtain the inequalities
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n

<0d >0,iel;,jel;. (104)
i
Two cases are possible: 1) for all iel;, f"<1;2) there exists iel; such

that f," >1. First, let us consider the case a).
n

Since the inequalities (104) are valid for every , as d'<0, and

f" <1,iel, then if to denote

a, = inf 1-1, , (105)
liar<of —d'
we have 0<¢q, <o and
f <1+andj‘, d?>0, iel,. (106)

From the definition of ¢, we obtain the inequalities

f"<l+a,d", d'<0, icl;. (107)

Now, if d'=0 for some iel,,thenin this case f," <1. All these inequali-
ties give

" <1+a,d’, icl Ul (108)

Consider the case b). From the inequality (104), we obtain

1- . .
J.”_ -— J,di”<0,d?>0,|e|n’,je|n+. (109)
i
The last inequalities give
1-f < min i<oo d' <0, iel; (110)
din {Jd >0}d;1

f_n
——<00. Then from (109) we obtain

1—
Let us define «, = sup
{i,di“<o} i

fr<l-ad!, d?>0, jel,. (111)

nHjo
From the definition of ¢, , we have

f"<l-a,d", d"<0, icl.. (112)

The inequalities (111), (112) give
f'<l-ed], jel Ul . (113)

Multiplying on y w0 the inequalities (108) and the inequalities (113) on X, .
and summing over all i,jel Ul we obtain the needed inequality. The
Lemma 11 is proved. O

Theorem 11. Suppose that the conditions of Lemma 11 are valid. Then every
non negative super-martingale {fm,fm}::o relative to a convex set of equiva-

lent measures A, satisfying the conditions

(114)
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is a local regular one, where C,, are constants.
Proof. From the conditions (114) it follows that supE" f_ <o Consider the

PeM
f
random value cfn:f—”.Due to Lemma 11
n-1
§n 0
——<l+a,(Mm,-m_)=¢&, . (115)
SUpEPé:n n( n nl) én
PeM

It is evident that E° {5: |-7:n4} =1,PeM,n=1,. Since SUpE"& <1, then

PeM
f» e nolm (116)
fn—l
Theorem 7 and the inequalities (116) prove Theorem 11. g

5.3. An arbitrary Space of Elementary Events

In this subsection, we consider an arbitrary space of elementary events and
prove the optional decomposition for non negative super-martingales.

Let F bea certain o-algebra of subsets of the set of elementary events (2 and
let 7 cF

n+l

— F be an increasing set of the o-algebras, where 7 ={@,Q}.
Denote M a set of equivalent measures on a measurable space {Q,F} We as-
sume that the c-algebras F,n=10, and F are complete relative to any
measure P eM . Further, we suppose that the set A, contains an element
&#1.Let m =EP{&|F ), PeM,n=L100.

Consider the difference d"(w)=m —m_ . We assume that every weQ
belongs to the o-algebra F,, n=1,00, and P({a)}) =0,weQ,PeM.

For the random value d" (a)) there exists not more then a countable set of

the real number d! such that P(A:)>O,where Pgnz{a)eQ,dn(a))zd:}.It

i=1

is evident that A'(1A] =@,i# j. Suppose that P(Q\UA”] >0. Introduce

for every n two subsets I,:z{a)eQ,d”(a))SO}, I;:{a)eQ,dn(a))>0} of
the set {a)eQ,|dn(a))|<oo}.

Denote M, the contraction of the set of measures A on the o-algebra F, .

Introduce into the set M, the metrics

Kk

pn(Plvpz)zsuF)Z

B s=1

,P,P,eM,, n=10, (117)

R(8)-R(8])

where B = {Bln e BE} is a partition of Q on ksubsets, thatis, B e F,,i= 1K,

k

B'N B;‘ =gi#], UBi” =Q . The supremum in the formula (117) is all over
i1

the partitions of the set 3, belonging to the o-algebra F, .

n

Definition 5. On a measurable space {Q,F} with filtration F on it, a

convex set of equivalent measure M we call complete if for every 1<n<oo the
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closure in metrics (117) of the set of measures M, contains the measures

0, @, @, € Q\ A,
dn(a’z)
, A A ; =,
P (A)=] 0 () r " () A AN w1s)
_dn(wl) 3
I PIRT P 0, €Q\A (Q\A)N {0y} =

for w,el; and w, el

Lemma 12. Let a convex family of equivalent measures A/ be a complete one
and the set A, contains an element & #1. Then for every non negative
bounded F, -measurable random value &, there exists a real number ¢,
such that

§—<l+a (m,-m,,), n=1,c, (119)

SUpE’¢,

PeM

Proof On the set M, the functional ¢(P)= .[fndP is a continuous one rel-
ative to the metrics p, (P, P,), where M, is thé closure of the set M, in this

metrics. From this it follows that the equality

sup [£,dP = sup [£,dP (120)
PeMp PeMp
is valid. Denote f" () =i#)(). Then
su
PEMpn gn @
EPf"(w)<1, PeM,. (121)

The last inequalities can be written in the form

jf dP+jf JdP <1, PeM,. (122)

The inequality (122) for the measures (118) is as follows

d"(,) + -d" ()
-0"(ey)+d"(@,) —d"(e;)+d"(a,)

From (123) we obtain the inequalities

" (o) f'(@)<Lwel, oel; . (123)

. 1- () |,
" (w,) <1+ ——d"(a,), (124)
( ) _d (0)1) ( )
d"(w)<0, d"(@,)>0, mel;, w,€l;. (125)

Two cases are possible: 1) for all @, el,, f"(@)<1;2) thereexists w, el
such that f"(@,)>1. First, let us consider the case a).
1- " (@)

~0" ()

Since the inequalities (124) are valid for every

,as d"(e)<0,

and f"(@)<1, €l, thenif to denote
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1- (o,
a, :{rq,di"r?;kO}T(wj)’ (126)
we have 0<¢, <o and
f"(0,)<1+,d"(@,), d"(w,) >0, w,<l,. (127)
From the definition of ¢, we obtain the inequalities
f"(o)<1+,d" (@), d"(@)<0, m el;. (128)

Now, if d"(@)=0 forsome @, el ,thenin thiscase f"(@)<1.All these

inequalities give
f"(0)<1l+a,d" (@), wel Ul (129)

Consider the case b). From the inequality (124), we obtain

1-f"
f”(wz)sl—Ta()fol))d"(a)z), (130)
d"(@)<0, d"(@,)>0, wel;, o, €l,. (131)

The last inequalities give

ws inf - <o, d"(@)<0, wy el. (132)
d (a)l) {(uz,d"(wz)>0}d (0)2)
Let us define ¢, = sup M <oo. Then from (130) we obtain

(o] A" (@)
f"(@,)<1-a,d"(w,), d"(@,)>0, w, €. (133)

From the definition of @, we have
f"(o)<1-e,d" (), d" () <0, @ €. (134)

The inequalities (133), (134) give
f"(0)<l-a,d"(0), wel Ul (135)

Since the set |, Ul has probability one, Lemma 12 is proved. O
Theorem 12. Suppose a convex set of equivalent measures M is a complete
one and the conditions of Lemma 12 are valid. Then every non negative su-

per-martingale {f_, 7, }" = relative to a convex set of equivalent measures /M,

o0
m=0

satisfying conditions

ffm <C, <o, m=10m, (136)

m-1

is a local regular one, where C_,m=100 are constants.

Proof. From the inequalities (136) it follows that supEPf <oo,m=10.
PeM

n

Consider the random value & = . Due to Lemma 12

n-1
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S

0
SUpEPé:n Sj“'—an(mn_mn—l)zén' (137)
PeM
It is evident that E" {gﬁ? | ]-'n_l} =1,PeM,n=10. Since SUpE"E& <1, then
PeM
fo 0 n=10c0. (138)
fn—l
Theorem 7 and the inequalities (138) prove Theorem 12. O

Consequence 1. If a super-martingale {f_, 7 } , relative to a complete

m=t
convex set of equivalent measures M satisfy conditions 0< f, <D,,m=1,
where D, <o are constant, then it is local regular.

Proof. The super-martingale {f +&, 7}  ,&>0 isa nonnegative one and

satisfies the conditions

fm+8 <Dm+8=Cm<OO, mzﬂl (139)

foate £

From Theorem 11 it follows the validity of the local regularity for the su-

per-martingale {f +¢ 7}  , therefore, for the super-martingale

©
m=0

{fn, Fn}-_, the local regularity is also true. O

6. Local Regularity of Majorized Super-Martingales

In this section, we give the elementary proof that a majorized super-martingale
relative to the complete set of equivalent measures is local regular one.

Theorem 13. On a measurable space {Q,]-" } with a filtration F, on it, let
the set M be a complete convex set of equivalent measures on F and the set
A, contains an element & #1. Then every bounded super-martingale
{fm,.ﬁ}:zo relative to the complete convex set of equivalent measures M is a
local regular one.

Proof. From Theorem 13 conditions, there exists a constant 0<C <o such
that |fm| <C,m=10. Consider the super-martingale {f, +C,]—'m}::0. Then
0< f, +C <2C. Due to Consequence 1, for the super-martingale {f, +C,7, };:0
the local regularity is true. So, the same statement is valid for the su-
per-martingale {f_, % }::o Theorem 13 is proved. O

The next Theorem is analogously proved as Theorem 13.

Theorem 14. On a measurable space {Q,F} with filtration F  on it, let
the set M be a complete convex set of equivalent measures on JF and the set

A, contains an element & #1. Then a super-martingale {f_,7 1" = relative

m=0
to the complete convex set of equivalent measures M satisfying the conditions

|fu| <Ci&y fn+Ci& SC, m=Loo, & € A, (140)
for certain constants 0<C,,C, <o isalocal regular one.

7. Application to Mathematical Finance

Due to Corollary 3, we can give the following definition of the fair price of con-

tingent claim f relative to a convex set of equivalent measures M.

DOI: 10.4236/apm.2018.84025

450 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2018.84025

N. S. Gonchar

Definition 6. Let f,, N <o be a F -measurable integrable random value

relative to a convex set of equivalent measures A such that for some 0<¢; <o

and & €A

P(fy —aOEP{§O|fN}so)=1. (141)
Denote G, :{ae[O,aO], A&, e A, P( fy —aE"{¢, |.7-'N}S0):l} . We call
fo=inf a (142)
a€Gyy

the fair price of the contingent claim f, relative to a convex set of equivalent
measures A, if there exists ¢ € A, and a sequences «, €[0,a,], &, €A, sa-
tisfying the conditions: o, — f;, &, — ¢, by probability, as n—o, and
such that

P(fy-a,E"{¢, |7} <0)=1 n=1. (143)

Theorem 15. Let the set A, be uniformly integrable one relative to every
measure P eM . Suppose that for a nonnegative | -measurable integrable
contingent claim f, N <o relative to every measure PeM there exist
o, <o and & € A, such that

P(fy-aE”{&| A }<0)=1, (144)

then the fair price f, of contingent claim f, exists. For f; the inequality

supEF fy, < f, (145)

PeM

©

is valid. If f, >0 and a super-martingale {fm =esssupE” { f | 7.}, 7, is

PeM m=0

alocal regular one, then f, =supE"f, .
PeM

Proof. If f;=a,, then Theorem 15 is proved. Suppose that f; <a,. Then

there exists a sequence a, - f,,and &, € A, n— o, such that

p(fN_anEP{ganmN}so):l, PeM. (146)

Due to the uniform integrability A, we obtain

1=1lim [&, dP =[¢,dP, PeM. (147)
Q Q

Using again the uniform integrability of A, and going to the limit in (146)

we obtain

P(fy-fE {¢ | A} <0)=1 PeM. (148)

From the inequality fy — f,E” {¢;| 7, } <0 it follows the inequality (145). If
N

fy >0 and {fm =essSupE" { f | j’-'m},fm} is a local regular
PeM

m=0

super-martingale, then

fo=M,-0, m=0,N, g,=0, (149)
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is a nonnegative one and E°M_ =supE” f,

where a martingale {M, 7, }:_0
B PeM

M -
Introduce into consideration a random value & =—", where f, =supE"f,.
PeM
0

Then &, belongstotheset A, and
P(fy—fE"{& 1A} <0)=1. (150)

From this it follows that f, =supE" f,.

Let us prove that f, is a fair PpEr’\fce for certain evolutions of risk and non risk
assets. Suppose that the evolution of risk asset is given by the law
Sn=fM"{, | %}, m=0,N, and the evolution of non risk asset is given by the
formula B, =1, m= O,N.

As proved above, for f;= inf o there exists ¢, € A, such that the inequa-

aEGRQ
lity
fy— f,E"{¢o | Ry} <0 (151)
is valid. Let us put
fo="fE"{{| 7} PeM, (152)
_ 0, m<N, (153)
" fy - BEP{S 1A, m=N.

Itis evident that f_, —f >0,m=0,N . Therefore, the super-martingale

fn3+f_m={f°EP{§°|fm}’ m<h, (154)
fys m=N,
is a local regular one. It is evident that
f0+f,=M,-g,, m=0,N, (155)
where
M, = FE" {1}, m=0N, (156)
0,=0, m=0,N-1, (157)
gy = FE {&o 1 Ay} -y (158)
For the martingale {Mm,fm}::o the representation
Mm:fo+iHiASi, m=0,N, (159)
=
is valid, where H,=1i =1,N . Let us consider the trading strategy
ﬂ:{ﬁg], ﬁm}::() , where
HY=f,, HY =M, —H,S,, m=LN, (160)
Ho=0, H,=H, m=1N. (161)

It is evident that H?,H_ are F, , measurable and the trading strategy 7

satisfy self-financed condition

AH? +AH, S, , =0. (162)
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Moreover, the capital corresponding to the self-financed trading strategy  is

given by the formula
XZ=H.+H_S, =M. (163)
Here from, X[ = f,. Further,
Xn="fy+0y=f,. (164)
The last proves Theorem 15. O
From (148) and Corollary 3 the Theorem 16 follows.

Theorem 16. Suppose that the set A, contains only 1<k <o linear inde-
pendent elements &,---,&, . If thereexist & €T and ;>0 such that

P(fy—aE"{&|Fy}<0)=1, PeM, (165)
where
T:{ézo,ézzk:ai;,aiZO,izl,_k,Zk:ai:1}, (166)

then the fair price f, of the contingent claim fy >0 exists, where f, is
F, measurable and integrable relative to every measure PeM, N <.

Proof. The proof is evident, as the set 7T'is a uniformly integrable one relative
to every measure from M. O

Corollary 4. On a measurable space {Q,F} with filtration F  on it, let
{ fm,}"m}::o be a non negative local regular super-martingale relative to a con-
vex set of equivalent measures M. If the set A is uniformly integrable relative
to every measure P e M, then the fair price of contingent claim f exists.

we have

Proof. From the local regularity of super-martingale {fm,]-'m}:zo

f,=M, g, m=0,N . Therefore, P(f, —a,& <0)=1, where

M
o, =E"M,PeM, & =—-"— . From the last it follows that the conditions of
EPM,

Theorem 15 are satisfied. Corollary 4 is proved. O

On a probability space {Q, F, P} , let us consider an evolution of one risk as-
set given by the law {Sm}:zo, where S is a random value taking values in

R} . Suppose that F, is a filtration on {Q,F,P} and S is 7, -measurable
random value. We assume that the non risk asset evolve by the law
B°=1,m=LN. Denote M®(S) the set of all martingale measures being
equivalent to the measure P. We assume that the set M°® (S) of such martin-
gale measures is not empty and the effective market is non complete, see, for
example, [16] [17] [18] [19]. So, we have that

E®{S, | Fsl=Sus M=LN, QeM*(S). (167)

~ “m-11

The next Theorem justifies the Definition 6.
Theorem 17. Let a contingent claim f, be a F -measurable integrable

random value with respect to every measure from M*®(S) and the conditions
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S, .
of the Theorem 16 are satisfied with ¢ :S—',|:0,N. Then there exists
0

N
of which is a
m=0

self-financed trading strategy s the capital evolution {X; }
martingale relative to every measure from M°®(S) satisfying conditions
Xy =Ty, X4 = f, where f; isa fair price of contingent claim f.

Proof. Due to Theorems 15, 16, for f,= inf o there exists ¢, € A, such

a€Gy

that the inequality

fy— fE”{So [ Ay} <0 (168)
is valid. Let us put
fo=HE"{{| F ) PeME(S), (169)
_ 0, m<N,
m:{m_gEWgyay m=N. (170)

Itis evident that f_, —f >0,m=0,N . Therefore, the super-martingale

fn5+f_m={f°EP{§°|fm}’ m<N, (171)
fus m=N
is a local regular one. It is evident that
fO4f =M, -g,, m=0,N, (172)
where
M, = f,EP (S, | %) m=0,N, (173)
0,=0 m=0,N -1, (174)
gy = HE {So I Ay} - fy (175)
Due to Theorem 20, for the martingale {M m}::0 the representation
Mm=f0+zm:HiASi, m=0,N, (176)
i=1
is valid. Let us consider the trading strategy = = {I-_L(;, ﬁm}::O , Where
HC =f,, H =M, —H,S,, m=LN, (177)
Hy=0, H,=H, m=LN. (178)

It is evident that H°,H _ are Z ,-measurable ones and the trading strategy

7 satisfy the self-financed condition
AH? +AH_ S, , =0. (179)
Moreover, a capital corresponding to the self-financed trading strategy  is
given by the formula
XZ=H’+H,S, =M. (180)
Herefrom, XJ = f,. Further,

X7 =fy +0y. (181)
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Therefore X[ > f, . Theorem 17 is proved. O

In the next Theorem we assume that the evolutions of risk and non risk assets
generate incomplete market [16] [17] [18] [19] [20], that is, the set of martingale
measures contains more that one element.

Theorem 18. Let an evolution {S }::0 of the risk asset satisfy the conditions
P(Drln <5, < D;) =1, where the constants D, satisfy the inequalities
D:,>D; >0, D?,<DZ<w,m=1N, and let the non risk asset evolution be
deterministic one given by the law {Bm}::(), B,=1m —=0,N . The fair price of
Standard European Call Option with the payment function fy =(S, - K)+ is

so[l—ij, K<D},
f, =

given by the formula

Dy
0, K >D;}.

(182)

The fair price of Standard European Put Option with the payment function
fy =(K-Sy)" is given by the formula

K-Dy, K=xDy,
fo= N " (183)
0, K < Dy.

Proof. In Theorem 18 conditions, the set of equations E°¢ =1, >0 has the

. S
solutions ¢; = S—', i=0,N.Itis evident that o, =S, and ¢, =—", since
0

S\ —-K) s
M—%—Nso, 0weQ. (184)
By So
Let us prove the needed formula. Consider the inequality

N
(SN—K)—aZ%%SO, y eV, (185)
i=0

0

N
where V, :{7:{;4}:‘0,74 >0,> 7 :1}. Or,

i=0

N-1
S, [1—02“)—}(—0;2% S <o, (186)

0

Suppose that a satisfies the inequality

[24
1-—>0. 187
s, (187)

If a satisfies additionally the equality

N-1 1
D21 |k —aS 5, P, (188)
S &7,

0
then forall weQ (186) is valid. From (188) we obtain for a
So(Dx —K)

N-1 '
(DM + 2% D?]
i=0

a= (189)
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If D} -K >0, then

2 2
- SO(DN—K) :SO(DN—K), (150)

7€V N-1 D2
(D§7N+Z%Dﬁj N
i=0

since D} > D;.From here we obtain

f,=S, (1-%}. (191)

N

Itis evident that o = f;, satisfies the inequality (187).

If D -K<0, then S, -K<0 and from (185) we can put « =0. Then,
the formula (186) is valid for all we Q).

Let us prove the formula (183) for Standard European Put Option. If S <K

itis evident that o, =K, and =1, since

(K=Sy)—a, <0, weQ. (192)

Let us prove the needed formula. Consider the inequality

+ NS
(K=Sy) —ad.7—-<0, y€V,. (193)
i=0 So
Or, for Sy <K
N-1
-5, | 1+ +K-azyiigo. (194)
So i=0 0
If ais a solution of the equality
N-1 1
_D1N 1+067N +K—(127/i—i:0, (195)
So i=0 0
then for all weQ (194) is valid. From (195) we obtain for a
S, (K - Dy
o S(K-0) (19

N
z7iDi1
i-0

Therefore,
Sy(K-Dy)
N
z 7D
i0
since D! <S,,i=1N, D} =S,. From here we obtain

f,=K-Dy. (198)

inf
7o

=K-Dy, (197)

If Dy, —K>0, then Sy —K>0 and from (193) we can put a=0. Then,
(194) is valid for all @ € Q. The Theorem 18 is proved. O

8. Some Auxiliary Results

On a measurable space {Q,F} with filtration Z on it, let us consider a con-

vex set of equivalent measures M. Suppose that &,---,&; 1is a set of random
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values belonging to the set A,. Introduce d martingales relative to a set of

©
n=l

measures M {Sri],]-"n} 0,i::l.,_d , where S} =E"{&|Z},i =1,d,PeM . De-
note by M®(S) a set of all martingale measures equivalent to a measure

PeM,thatis, QeM*®(S) if
E®{S, |4} =S,.. E?[S,|<0, QeM®(S), n=Le. (199)

It is evident that M = M*®(S) and M*(S) is a convex set. Denote P, a
certain fixed measure from M?® (S) and let L° (Rd) be a set of finite valued
random values on a probability space {Q, F, F{)} , taking values in RY.

Let H° be a set of finite valued predictable processes H :{Hn}::l, where
H, ={Hri]}id:1 takes values in R! and H, is ., -measurable random vector.

Introduce into consideration a set of random values

K;={§eL0(R1),§=i(Hk,Ask),,HeH°},N<oo, (200)
k=1
d
AS, =S, =S, ;, (H, AS,)=D"H;(S;-S,). (201)
s=1

Lemma 13. The set of random values Kj, is a closed subset in the set of fi-
nite valued random values L° (Rl) relative to the convergence by measure
PeM.

The proof of the Lemma 13 see, for example, [17].

Introduce into consideration a subset

VO={H eH® [H,[<»,n=1N] (202)

d .
of the set H°, where ||Hn|| =SupZ|Hr'] .Let K, beasubset of the set Kj,
weQ) j=1

Ky ={§eL°(R1),§=i(Hk,Ask>,H eVO}. (203)

1
Denote also a set

C={k-f,keKy, feli(QF,R), (204)

where L7(Q,F,PR)) isa set of bounded nonnegative random values. Let C be

the closure of Cin L (Q, F, PO) metrics.
Lemma 14. If ¢ eC andsuch that E®¢ =0, then for {the representation

¢=2(H.AS,) (205)
k=1

is valid for a certain finite valued predictable process H ={H, }::1.
Proof If ¢ e K, , then Lemma 14 is proved. Suppose that ¢ € C, then there

exists a sequence k, — f , k eKy, f, €L (Q F,P) such that
[k
|EF’0 (k,— f, —§)| <k, = f, —é’”PO , we have Ef <[k —f, —;’”Po . From here

—f, —;’"PO —0,n— o, where ||g||F,0 =EM|g|. Since

n
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we obtain ||kn —4’"PO < 2||kn —f - ("PO . Therefore, k, > ¢ by measure F,.On

the basis of Lemma 13, a set

K;:{geLO(Rl),gzi(Hk,Ask),HeHU}, (206)
k=1
(HiAS )= > Hi (S ~Sia) (207)

i=1
is a closed subset of L’ (Rl) relative to the convergence by measure P,. From

this fact, we obtain the proof of Lemma 14, since there exists the finite valued

predictable process H € H® such that for {'the representation
N
¢=Y(H.AS,) (208)
k=

is valid. O

Theorem 19 Let E?|{|<®,QeM*®(S). If for every QeM*®(S), E%¢ =0,
then there exists finite valued predictable process H such that for £ the repre-
sentation

¢=2(H.A8,) (209)

N
k=

N

is valid.

Proof If ¢ C, then (209) follows from Lemma 14. So, let £ does not belong
to C. As in Lemma 14, C is a closure of Cin Ll(Q,]:, PO) metrics for the
fixed measure P,. The set C is a closed convex set in Ll(Q, F,B,). Consider
the other convex closed set that consists from one element £. Due to Han-Banach
Theorem, there exists a linear continuous functional |, which belongs to
L” (Q, F, PO) , and real numbers « > f such that

L(¢)=[£(@)a(w)dR, q(e)el”(Q,F,R), (210)

and the inequalities Il(é') >a,l (f) <B,EeC are valid. Since C is a convex
cone we can put f=0. From the condition I(£)<0,£€C we have
I, (f) =0,¢¢e Ki, N (Q,}", PO). From (210) and the inclusions
Co>Co>-L"(Q,F,R) wehave q(w)>0.Introduce a measure

Q*(A>=Jq(w>dpoqu)dpor. )

A

Then, we have

[£(@)dQ =0, £eK{NL(Q,F,R). (212)

Q

Let us choose &= ;(A(a))(Sij —Sij_l), Ae F,, where y,(®) is an indicator
of a set A. We obtain

[(s!-s%)dQ =0, AeF.. (213)

A

So, Q" is a martingale measure that belongs to the set M?*(S), which is a
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set of absolutely continuous martingale measures. Let us choose Qe M*(S)
and consider a measure Q =(1-7)Q+7Q",0<y <1. A measure Q e M°®(S)
and, moreover, E%¢ = 7EQ*C >0. We come to the contradiction with the con-
ditions of Theorem 19, since for Qe ME(S), E°¢'=0.So, ¢eC, and in ac-
cordance with Lemma 14, for ¢ the declared representation in Theorem 19 is va-
lid. O

Theorem 20. For every martingale {M,, 7} relative to the set of meas-

n=0
ures M°® (S) , there exists a predictable random process A such that for
M, n= 0,_00 , the representation
n _
M, =M, +> (H;,AS,), n=10, (214)
i=1
is valid.
Proof. For fixed natural N >1, let us consider the random value
My —M, =4 . Since
EC|¢] <o, E?C'=0, QeM*(S), (215)
then ¢ satisfies the conditions of Theorem 19 and, therefore, belongs to C, so,

N
there exists a sequence k, = Z<Hi” , ASi> e K, such that

i=1

[Ik,=¢]dP, >0, n—>co. (216)

Q

From here, we obtain

JE* {(k-0)1%)

dp, < [|k, —¢|dR, -0, n— oo, (217)
Q

But E™{k, |]—"m}=i<Hi",ASi>. Hence, we obtain that both i<Hi”,ASi>
i i=1

i=l

N

and Z<Hi”,ASi> converges by measure P, to ER {§|.7-'m} and ¢ corres-
i=L

pondingly. There exists a subsequence n, such that H™ converges every-

N
where to predictable process H. From here, we have Q’:Z(Hi,ASi) and
i1

ER{C|F,} :i<Hi'ASi> . It proves that forall m<N
=

Mm=M0+i<Hi,ASi>. (218)

i=1

Theorem 20 is proved. O

9, Conclusions

In the paper, we generalize Doob decomposition for super-martingales relative
to one measure onto the case of super-martingales relative to a convex set of
equivalent measures. For super-martingales relative to one measure for conti-
nuous time Doob’s result was generalized in papers [21] [22]. Section 2 contains

the definition of local regular super-martingales. Theorem 1 gives the necessary
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and sufficient conditions of the local regularity of super-martingale. In spite of
its simplicity, the Theorem 1 appeared very useful for the description of the local
regular super-martingales.

For this purpose we investigate the structure of super-martingales of special
types relative to the convex set of equivalent measures, generated by a certain fi-
nite set of equivalent measures. The main result of Section 3 is Lemma 6, which
allowed proving Lemma 8, giving the sufficient conditions of the existence of a
martingale with respect to a convex set of equivalent measures generated by fi-
nite set of equivalent measures.

Theorem 2 describes all local regular non-negative super-martingales of the
special type (30) relative to the convex set of equivalent measures, generated by
the finite set of equivalent measures.

In the Theorem 3, we give the sufficient conditions of the existence of the lo-
cal regular martingale relative to an arbitrary set of equivalent measures and ar-
bitrary filtration. After that, we present in Theorem 4 the important construc-
tion of the local regular super-martingales which we sum up in Corollary 2.
Theorem 6 proves that every majorized super-martingale belongs to the de-
scribed class (53) of the local regular super-martingales.

Theorem 7 gives a variant of the necessary and sufficient conditions of local
regularity of non-negative super-martingale relative to a convex set of equivalent
measures. Definition 3 determines a class of the complete set of equivalent
measures. Lemma 10 guarantees a bound (77) for all non-negative random val-
ues allowing us to prove Theorem 8, stating that for every super-martingale the
optional decomposition is valid. We extend the results obtained from the finite
space of elementary events onto the case as a space of elementary events is a
countable one. At last, the subsection 5.3 contains the generalization of the result
obtained in subsection 5.2 onto the case of arbitrary space of elementary events.
In Section 6, we prove Theorems 13 and 14, stating that for every majorized su-
per-martingale the optional decomposition is valid.

Corollary 3 contains the important construction of the local regular su-
per-martingales playing the important role in the definition of the fair price of
contingent claim relative to a convex set of equivalent measures. The Definition
6 is a fundamental one for the evaluation of risks in incomplete markets. Theo-
rem 15 gives the sufficient conditions of the existence of the fair price of contin-
gent claim relative to a convex set of equivalent measures. It also gives the suffi-
cient conditions, when the defined fair price coincides with the classical value. In
Theorem 16 the simple conditions of the existence of the fair price of contingent
claim are given. In Theorem 17 we prove the existence of the self-financed trad-
ing strategy confirming the Definition 6 of the fair price as the parity between
the long and short positions in contracts. As an application of the results ob-
tained we prove Theorem 18, where the formulas for the Standard European Call
and Put Options in an incomplete market we present. Section 8 contains aux-

iliary results needed for previous sections.
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