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Abstract

In this paper, by the classical method of Riordan arrays, establish several gen-
eral involving higher-order Changhee numbers and polynomials, which are
related to special polynomials and numbers. From those numbers, we derive
some interesting and new identities.
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1. Introduction

Recently, many works have been devoted to the study of Changhee number
identities by various method [1] [2] [3] [4]. In [1], D.S.Kim and T.Kim give var-
ious identities of the higher-order Changhee numbers and polynomials which
are derived from umbral calculas. In [3], ]. Kwon consider Witt-type formula for
the weighted Changhee numbers and polynomials. In [4], D.S.Kim and T.Kim
also introduced the non-linear Changhee differential equations and these diffe-
rential equations turned out to be very useful for special polynomials and ma-
thematical physics and so on. In the present paper, we make use of the Riordan
arrays method in a constructive way to establish some general summation for-
mulas, from which series of Changhee numbers and polynomials identities can
be obtained. In particular, besides the Changhee numbers, some identities also
involve the Stirling numbers of both kinds, Daehee numbers of both kinds, Lah
numbers, Harmonic numbers, Genocchi numbers and polynomials and Euler
polynomials. It can be found that no Changhee number identities presented in
[1] [2] [3] [4] referred to above have other special combinatorial sequences, and
actually, there are not many identities involving both Changhee numbers and

other combinatorial numbers in the literature. From this point of view, our re-
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sults extend the range of Changhee number and polynomials identities.

The study of this paper follows D.S.Kim and T.Kim, s result [1]. Let p be an
odd prime number. Throughout this paper, Z,, Q,, C, will denote the ring
of p-adic integers, the field of p-adic numbers and the completion of the alge-
braic closure of Q,. The p-adic norm ||p is normalized as |p|p . Let

f €eC(Z,) be the space of continuous functionson Z .

For f eC(Z,), the fermionic p-adic integral on Z, is defined by Kim to be
. pN71

I, = I f()de,(x)= ng(\) > D). (1)
Zy x=0

For f(x)=f(x+1), wehave

Ly (f)+1,(f)=21(0). (2)

1
For teC, with |tp| < p "', the Changhee polynomials of the first kind are

given by the fermionic p-adic integral on Z ;:

X+ _L X _ N ﬂ
J @ () = @0 = 2o 3

p

In special case, when x=0,Ch, =Ch, (0) are called the Changhee numbers
of the first kind.
From Equation (1), we note that
[ (x+y)eduy(y)=Ch, (), (4)
ZP
where (X), =x(X-1)---(x—-n+1),(n>1),(x), =1.
For reN, Changhee polynomials of the first kind with order rby defined by

the generating function as follows:

[ [ Qv dp (%) du ()

Zyp Z

2 x t"
=(—)" @+t =Y Cch”(x)—.
(2+t) (1L+1) ZO b ( )n!

p

©)

where n is a nonnegative integer. In special case, when x=0,Ch{"” =Ch{"(0)
are called the Changhee numbers of the first kind with order r.
It is not difficult to show that

2 » 1. (r+n-1
r_ _—\n tn . 6
G =2 2)[ ) J (6)
From Equation (5) and Equation (6), we have
Ifn+r-1
chn = . 7
o2l r-1 @

1
For teC, and |t|p < p !, Changhee polynomials of the second kind with

order r(eN) are defined by the generating function to be
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[ [ @ty (0) - day (x,)

Zp p

2 w A (N tn (8)
:(m) (l+t) (1+t) :§Chn (X)m

In special case, when x=0,Ch = Ch (D(0) are called the Changhee numbers
of the second kind with order r.
Let f(t) be a formal power series in the indeterminate # then f(t) has the

form
F(t)=> £t 9)
k=0

As usual, the coefficient of t" in f(t) may be denoted by [t"]f(t).
A Riordan array is a pair (g(t), f(t)) of formal power series with
fo=1(0)=0. It defines an infinite lower triangular array (d,,),, €N ac-

cording to the rule:
dyy =["Tg@O(F ). (5] [6] (7] [8] [9] (10)

Hence we write R(d,,)=(g(t), f(1)).

Lemma 1 If D =(g(t), f(t))=(d,)yk Isan Riordan array and h(t) is the
generating function of the sequence {(h),} ,» ie,. f(t)=> ft or
h(t) = G(h,) . Then we have «0

d,,h, =[t"JgON(F (1) . 7] an)

k=0

For convenience, we recall some definitions in the paper. The generalized
Stirling numbers of the second kind S(n,k;r) have the following exponential
generating function [6]:

n t_n\k

ZS(n,k;r)t—ze”u. (12)
n>k n! k!

The higher-order Changhee polynomials Ch{”(x) may be related to the ge-

neralized Genocchi polynomials G!*)(x) and the generalized Genocchi num-

bers G*, which are defined by the generating function [7] to be:

t" 2t
(a) - a A Xt
;JG” (x)n! (_et+1) er, (13)
ot 2t .,
> G —=(——)". (14)

= nt te'+1

Another two interesting numbers, associated with the higher-order Daehee

numbers of both kinds are defined by the generating function [8] to be:
In(L+1)

r tn r
§D5’5=( )" (15)
A ot"  @A+t)In@d+t),,
;Dn =" (16)

where D are the higher-order Dachee numbers of the first kind and D"
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are the higher-order Daehee numbers of the second kind.
The generating functions of generalized harmonic polynomials H{”(x) are
given by [5]:
_ (=In@@-t)™

(r) n
L@ = e (17

The generating functions of higher-order Euler polynomials E{”(x) are de-
fined by [3]:
mt"_ 2

2E =5

= fe®, (18)
>0 n ‘e +1)

2. Identities of Changhee Numbers and Special
Combinatorial Sequences

Theorem 2.1 For n >0, the following relations hold:

> L(n,k;i)Ch” =Ch®() (19)
k=0
> L(n.k;i)Ch{=Ch( (i) . (20)
k=0

Proof An interesting Riordan arrays, associated with the Lah numbers
L(n,k;r) are defined by

m[ﬁ L(n k'r)j—((lﬂ)’ ‘—tj 1)
nt ) "14t)

Then applying the summation property (11) to the Riordan array (21) and the
generating function (5) yields
o k! 1 ir, 2 —t
—L(nk;r)—=Ch{"” =[t"1(1+t)[(—)" |y=—
gn! (n.ker) Ch” =ITI¢ )[(2+y)|y L
2

' — AR
2+t(1+t)} =Ch"(i).

=[t"]+t) {
from which we can establish Equation (19).
Similarly, from the Riordan array (21) and the generating function (8), we can
get the Equation (20). Then the proof is complete.
For r,keN, when n>r+k, the combinatorial numbers P(r,n,k) defined

by the following generating functions:

(N ok _ [=In@-t)'

nz;[kjp(r,n,k)t gt (22)
then Equation (22) is equivalent to

© k _ _ r

Z{‘;[n: ]P(r,n+k,k)t":%, (23)

Based on the generating function (22), we obtain the next Riordan arrays, to

which we pay particular attention in the next Theorem:
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ol _([=n@-n1" t
J{{[ij(rJLk)}_-(——fI:Y———,l_tj. (24)

Theorem 2.2 For n>r >0, we have

n D(f)
Ch{"™P(r,n,k) = (-)"" (25)
kz_;‘[k) k! ()= (n-nr’
Proof Applying the summation property (11) to the Riordan array (24) and
the generating function (5) yields

n

k
Z[U%Chy%(r,n,k)

=[t" [_In(l_t)]r 1 r+l _L
e (el ey
_ e Q=0 @ty . DY,
_[t ]T _( ) (n_r)l

Which gives Equation (25).
Theorem 2.3 For n,i,s,r e N, we have

(2)nk k+s M b _ n+s+r .
Z%n ky[ Jcmkpuk+&5%— ot P@i,n+s+r,s+r).(26)

Proof Based on the generating functions (5), (6) and (7), we obtain the next

L chin ) (1
o ) () @

To obtain Equation (26), apply the summation property (11) to the Riordan

array (27) and the generating functions (23), we have
)" (K+S)
zin)ky[ JCMLP@k+&9
1 [-In@-y)T
=[t"] [ =
- @a-yr+

n+s+r)_ .
= P@,n+s+r,s+r),
S+r

Riordan arrays:

ly=t]

which gives Equation (26).
Corollary 2.1 For n,r,i e N, the following relations hold:

n n

2(—2)”( j|s(k +1i+1)|Ch) = _I( N jP(i,n+r,r). (28)

k=0 I r
Proof From the generating functions of unsigned Stirling numbers of the first

kind
n _ _$\1K
|s(n k)|t [-In(1-1)] ,
nxk k!

we obtain the next Riordan arrays
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|
SR(&|s(n,k)|]:(1,—In(1—t)), (29)
n!
From Equation (29), it can be verified that

_= ln(l 1"

ﬂ

Thus, comparing with Equation (22), we obtain the following connection be-

tween the numbers P(r,n,k) and the unsigned Stirling numbers of the first

kind: P(k,n,0) =X
n

, Finally, the substitution s=0 in Equation

(26) gives Equation (28).
Corollary 2.2 For n,r,seN, we have

o (9 (Kes) (M4
kz(;(n—k)l( 5 jChnk— rrs | (30)
v (2) k+8) o) _(n+r+s ~
kz(;(n—k)l( s jCh k(Hk+s s)_ r+s (Hn+r+s Hr+s)’(31)
n (=2 n-k k , ) i
i CHCETR RO
k=0 - :
(32)
n+r+s ) ? .
- r+s [(Hours =Hi )" = (s =HEL

Proof Setting i=0,i=1i=2 in Theorem 2.3 gives Equation (30), (31), (32),
respectively.

Let P, (z) are the generalized Stirling polynomials of the first kind defined
by [2]:

P @)= 3 (- )[ )|s<n ).

j=k+1

with the alternative representation:
(-D* (a"-l In“(1-t)
k! “at"t @-t)?

P(2)= t=0).

Now, let us define the infinite lower triangular martrice P(z) by:

CRECCI

It is easy to show that P(z) may be expressed by the Riordan array:

k! 1
m(m vak(z)j =((1—t)“ ,—In(l—t)]. (33)

Theorem 2.4 For n >0, the following relations hold:

3P ()G = n'z( 1’ ChiDHO | (2) (34)
k=0 .

_nlz( ) Ch('*l)(z)H('). (22).

n—j-1
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Proof To obtain Equation (34), from the Riordan array (33) and the generat-
ing function ( 14), (17), we have

c (i+1) _
g ,n+1k() G [](1 t)“

[-In(1— t)]'+1
tL-1)

Similarly, from the Riordan array (33) and the generating function (14), then

2Ly =~

] G2 -y z( D chin, o)

we can get the Equation (34),

n

(i+) _
kz:: |n+1k() G [ ](1 t)l_

n—1 ioA ()

_J_—1|)Ch,- (DHY, ,(22).

L 2y Ly = n@-0)

H+

i0

Which completes the proof.

3. Identities Involving the Changhee Polynomials

Theorem 3.1 For n>0, we have
n(n
Chrfk) (x)= Z[ : ](X)ni Chi(") . (35)
i=0

Proof From generating functions (5), we have

S ORI = ey zz( ](x>ni0hf“tn—”!-

n=0 i=0

n

t
Comparing the coefficients of — on both sides, we obtain Equation (35).
nt

Which completes the proof.

Theorem 3.2 For n>0, we have
Ché”s) (x+y)= Z( JCh(’) (X)Ch(s) (y). (36)
i=0

Proof From the generating functions (5), we have

ZCh‘”S)(H y)—'—(—) @+t)* ( ) @+t)’

ZZ( ]Ch“’(x)Ch“’(y)%

Comparing the coefficients of — on both sides, we obtain Equation (36).
n:

Which completes the proof.
Corollary 3.1 The following relations hold:

Ch{? (x+y) = i(?]cw”(xxy)ni- 47

Proof Setting s=0 in Theorem 3.2, we can get Equation (37).
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The generalized harmonic numbers H , have the following exponential ge-
nerating function:
© _ _ r
ST
o rit—r)
Let us define h=[H, ] ..., to be an infinite lower triangular array, it is easy

to show that h does not constitute a Riordan array but
h=(rI(-)""H,,)= ( o Ind+0), (38)

is a Riordan array.
Theorem 3.3 Let n>0, then
n N ChV(x -1
Z(_l)n k HnYk E‘El’) (X) — n ( ) .
k=0

(39)
n!

Proof From the Riordan array (38) and the generating function (18), we have

Zn:k!(—l)n+an m—[ ]—[( )rexyly In(1+t)]
k=0 . 1+t 1+

=[t ]( ) @+t
_ hé” (x —1)
T
Which completes the proof.
Corollary 3.2 When r =1, we have

Ch®(x~1)
nt -

> D" Hy B ) =

Theorem 3.4 For n>0, the higher-order Euler polynomials E{”(x) may
be expressed by means of the Changhee polynomials of both kinds,

EL (x+1)=>Ch" (x)S(n,k;r), (40)
k=0
E (x+2r) =Y Ch{S(n,k;r). (41)
k=0

Proof From Equation (12), we note that the generalized Stirling numbers of

second kind (S(n,k;r)), .y may be expressed by the Riordan array:
1
m(k—;S(n,k;r)j=(e”,e‘—1). (42)
n!

To obtain Equation (40), from the Riordan array (42) and the generating
function (5), we have
n Ch(r)(x) k!
o k!

Sk = [t" ]e"( ) [@+y)|y=€-1]

()
E,”(x+r)
nt

_[t ]( )r t(x+r)

Similarly, from the Riordan array (42) and the generating function (18), we
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can get the Equation (41).Then the proof is complete.

For a sequence f, and @, , Using the inverse relation

f,=>S(nk;r)g, < g, =>s(nk;r)f,, we get
k=0 k=0
SES (x+1)s(n,k;r) =Ch”(x),
k=0

SES (x+2r)s(n, k; 1) = ChO(x) .

k=0

Theorem 2.5 Let n>a >0, we have
n ke k\(k— n
ZZ( j( _ajCh}“)(x—l)DIE“}aS(n,k, ) =( ]Ey;(m r-1).(43)
k=0 j0\ & J a

Proof Firstly, from Equation (11), (38) and (13), we have

G (X) n 1 2y aQ¥
o =[t ]1+t[( ) |y =In(1+1)]

=1~ )“(1 -

Z( D"KIH,,

(In@+)* .
ta

N
za Oh (x-1)D?

(n_ n—k-a*

Secondly, from Equation (15) and (42), we have

k—j-a
n

)
kzn“kaa | Ch(“)(x 1)D{*)_ k—iS(n,k;r)

. “J
n k J . o k! .
=37 Ch{*) (x-1)D{*) ]—!S(n,k.r)

k=0 j=0 (k— )! keja
=[t" ]e"[( ) @+ y) N 1L+ y) |y =¢ 1]

£ (cr 1)
(n—a)

[tn a]( )a tx+r 1)
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