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Abstract

Li and Zhou propose to add monitors ¥ to elementary siphons S only while controlling the rest of dependent
siphons—important for large systems but far from being maximally permissive. The control policy for
weakly dependent siphons (WDS) is rather conservative due to some negative terms in the controllability.
We show that this is no longer true as can be shown that it has the same controllability as that for strongly

dependent siphons.
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1. Introduction

A flexible manufacturing systems (FMS) consists of
several concurrent processes competing for resources
such as machines, robotics, etc. to produce different
kinds of parts. Each process performs a sequence of
operations to manufacture a part of a product. Mutual
waiting for resources can bring the system into a
deadlock where no process can proceed.

An FMS can be modeled by a Petri net (PN). System
properties such as boundedness, liveness and reversi-
bility are fundamental for an FMS to operate in a sTable,
deadlock-free, and periodic fashion.

Deadlock prevention approaches [1-23] create the con-
trol policy in a static way by building a Petri net model
first and then adding necessary control to it such that the
controlled model is deadlock-free. Control places and rel-
ated arcs are often used to attain such purpose resulting in
less states reached, but the system runs quicker as a result
of no online computation.

A siphon (trap, respectively) is a set of places [where
tokens can leak out (inject in, respectively)] of a PN
modeling an FMS. Once the siphon has lost all its tokens,
output transitions of places in the siphon can never be
executed and the net is not live.

Control places and related arcs are often added upon
emptiable siphons to disallow them to become unmarked
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(no tokens). This disturbs the original model and loses
some reachable good states; i.e., less permissive, impact-
ing the performance of the supervisor.

Ezpeleta et al. [11] propose adding a monitor upon
each problematic siphon for an S’PR which stands for
systems of simple sequential processes with resources.
This method generally requires adding too many moni-
tors due to the fact that there are too many emptiable
siphons. The iterative control method in [12] reduces the
number of monitors by finding all emptiable siphons in
each iteration step. The method becomes very difficult
and remains complex even for a moderate-size model.

Furthermore, Ezpeleta et al [11] move all output
(called Type-2, or source) arcs of each monitor V; to
the output (called source) transition of the entry (called
idle place) of input raw materials to limit their rate into
the system to avoid generaing new emptiable siphons,
called SMSless approach. This may overly constrain the
system to reach much fewer reachable states (6287, the
same as that by Li ef al. [13,14] but with a lot more
control elements) than the maximal permissive one using
the region method by Uzam and Zhou [15].

It is impractical to add a monitor to each emptiable
siphon for large systems since the number of emptiable
siphons or control elements grows quickly with respect
to the size of a Petri net. Li and Zhou [13,14,16,17]
tackle this problem by classifying siphons into elemen-
tary and dependent ones.
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By adding monitors to only elementary siphons, Li
and Zhou [13] greatly reduce the number of control
nodes and arcs, essential for large systems. Some of the
rest of emptiable (called dependent) siphons may already
be controlled depending on the controllability.

Otherwise, the control depth variable may need to be
increased to avoid the siphon unmarked and reach fewer
states. The control policy for weakly dependent siphons
is rather conservative [13] (such that fewer states are
reached) by ignoring some negative terms in the
controllability.

The control place and arcs for siphon S, similar to
resource places, form a number of elementary circuits.
Hence, there is an elementary circuit containing adjacent
control places, from which we can synthesize new
problematic siphons. To avoid such, output arcs of a
control place are moved from sink transitions of the
siphon § to source transitions of the processes. As a
result, the region A4 (called controller region) covered
by control arcs is larger than the region B (called the
complementary set of S) to trap tokens from S. The
disturbed region becomes larger after the movement of
output arcs. This loses more states due to the presence of
control places and arcs, which disturbs the markings of
the original model.

We [1-4,6,7] show that elementary (resp. strongly
dependent) siphons in an S’PR (systems of simple
sequential processes with resources) may be synthesized
from elementary (resp. compound) resource circuits.
There is no need to compute the basis for the set of
elementary siphons from the vector space containing all
characteristic T-vectors. Furthermore, we add monitors
for different types of siphons in some sequence to avoid
redundant monitors and losing live states.

It is unclear whether the same advantage can be
extended to weakly dependent siphons. We don’t know
from what circuits can we synthesize a weakly dependent
siphon S, and the condition that S is controlled. This
paper shows that weakly dependent siphons have a
similar controllability to that for strongly dependent
siphons under the disturbanceless control policy even
though Li ef al prove that the policy for weakly
dependent siphon is more conservative than strongly
dependent siphons.

The rest of the paper is organized as follows: Section 2
and 3 presents the basis to understand the paper. Section
4 reviews the theory on controllability of strongly
dependent siphons in Li and Zhou [13,14]. Section 5
develops the theory to weakly dependent siphons based
on Proposition 1. It is interesting to observe that weakly
and strongly dependent siphons have the same controll-
ability for compound siphons. Section 6 concludes the

paper.
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2. Preliminaries

Please refer to [1] for terms related to Petri nets. We now
define characteristic 7-vectors, elementary and depend-
ent siphons.

Definition 1. [13,14]: Let Q< P be a subset of
places of N. P-vector A is called the characteristic
P-vector of Q iff VpeQ, A, ( p) =1; otherwise
Aq ( p)zO. n is called the characteristic T-vector of
Q. if n" =AL[N], where [N] is the incidence matrix.

Physically, the firing of a transition ¢ where 77(t) >0,

n(t)=0, and 7(¢r)<0 increases, maintains and de-
creases the number of tokens in S, respectively

Definition 2. [13,14]: Let N = (P, T, F) be a net with
|P| = m, which has k siphons S,, S,,, S,, m, ke IN,
where IN = {0, 1,2, ). Define [2],  =[A|4]-{4,]
and [n]kxm = |:771|772|~--|77k] . [/1] (resp. [77]) is called
the characteristic P(resp. T)-vector matrix [/1] (resp. [77])
of the siphons in N. Let ng , ng_, =, and ng (a0, B,
ycl,2, k) bea lineuctzr inaépendent maximal set of
matrix [77] Then 11, ={Sa,Sﬂ,~~~,Sy} is called a set of
elementary siphons. S ¢I1, is called a strongly depen-
dent siphon if ny= 3 ang where a,20. Sell,

S;elly
is called a weakly dependent siphon if 3 non-empty A,
BcIl,,suchthat ANB=C and
Ny = X — Y ai where a;>0.
S;ed S;eB

In [13,14], a strongly dependent siphon is also called a
strict redundant one. Li and Zhou propose to find
elementary siphons by constructing the characteristic
P-vector (resp. T-vector)-vector matrix [4] (resp. [n]) of
the siphons in N followed by finding linearly inde-
pendent vectors in [A] (resp. [#]) The siphons corre-
sponding to these independent vectors are the elementary
siphons in the net system.

Note that Def. 2 and the above calculation of linearly
independent vectors do not assume N to be an S’PR and
are applicable to arbitrary nets.

Figure 1(a) shows an example of weakly dependent
siphon. Table 1 below lists the four strict minimal
siphons and their 5, where 7, =7, +1, —177;.

3. Types of SMS

In [2,3,6], we show that SMS can be synthesized from
resource or core subnets. New types (such as control
siphons) of SMS can be synthesized from control subnets
formed by control places. If we add monitors to these
different types of siphons in a certain order, then some
siphons may be redundant.

We construct an SMS based on the concept of handles.
Roughly speaking, a “handle” is an alternate disjoint path
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Table 1. Four SMS in Figure 1(a) and their n, where 7, =7, + 1, — 75,

S 3 Set of places [S]
M L—ty+tg—1ty P4 P12, P13, P1as P15 P2, P3, P8, P9, P10, P11
S, h =ttt —to Ps> P11, P14, P15, Ple P3s P4 P15 Ps> P9s P1o

S5 L—-ti—t,+1

Sy htitg—to—to

Ps> P12, P13, P14, P15, P16

P4 P11, P14, Pis D3, P8, P9, P1o

P2, P3, Pa, P71, P8, P9, P1o, P11

p—y
a+b+c+d

(®)

Figure 1. (a) Example weakly dependent siphon [14]. r, =
P16s ¥'b = P15y ¥e = P14s ¥'a = P13y ta =t, tb =b, tc = t3’ td = t89 t;
t4; (b) controlled model of that in Figure 1(a).

between two nodes. A PT-handle starts with a place and
ends with a fransition while a TP-handle starts with a
transition and ends with a place A core subnet can be
obtained from an elementary circuit, called core circuit,
by repeatedly adding handles.

The control place and arcs for siphon S, similar to
resource places, form a number of elementary circuits.
Hence, there is an elementary circuit containing adjacent
control places, from which we can synthesize new
problematic siphons.

Definition 3. An elementary resource circuit is called
a basic circuit, denoted by c,. The siphon constructed
from ¢, is called a basic siphon. A compound circuit

Copyright © 2011 SciRes.

c=coc,00c, oc, IS a circuit consisting of multi-
ply interconnected elementary circuits ¢,, ¢,, =, ¢

n

such that ¢, e, Z{’”p },rp[ €R (ie, ¢ and c,, in-

tersects at a resource place r,). The SMS synthesized
from compound circuit ¢ using the Handle-Construction
Procedure in [9] is called an n-compound (resp. control,
mixture) siphon S, denoted by S =S§,08,0:-:08 08§, .

4. Controllability for Strongly Dependent
Siphons

We review the controllability for strongly dependent
siphons to compare with that for weakly ones to be
derived in Section 5. We first present the theory below to
decide whether a monitor to a compound siphon is
redundant.

To disturb the controller region the least, we should
allow M([S;]) to reach its maximum; thus setting
M, (VS1 ) =M, (S,)—1; S is said to be limit controlled. In
general, M, (VS1 ) =M, (8,)-&; . where & >1 is the
control depth variable. fsl is adjusted to be greater than
1 if some dependent siphons are not controlled. As a
result, max M([S)]) is less than M, (S,)-1 and the
controller region is more disturbed causing more states
lost.

Definition 4. Let M (V) =M, (S)—&; where
&g 21 s called the control depth variable. S is said to
reach its limit state when M(S) = 1, it is limit-controlled
iff it is able to reach its limit state but not able to reach
unmarked state; i.e., £ =1 or minM(S) = 1.

Theorem 1. [21]: Let (N, My) be a net system and S,
be a strongly dependent SMS w.r.t. elementary siphons

S, S,, -, and S, such that where 1, = Z(?],.) , and
i=1

Viel,2,,n, §;NS,; = iff |i—j|:1 . N, is ex-
tended by n control places Vg , Vs , -, and Vg = such
that S,, S,, -, and S, are limit-controlled. S, can
never be emptied iff b, =M (S,NS,,,)=1,
Vie {1,2,---,n—1} .

Note that for strongly dependent siphon S§,,S, NS,
is a single resource r, M (S, NS, )=1 implies that
there is only one token in the initial marking of .
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5. Controllability for Weakly Dependent
Siphons

This section shows that if S, weakly depends on S,
and S,, then there exists a third siphon S, —syn-
thesized from core circuits ¢, and c,, respectively,
such that 7, =#, +7, —7,. Other properties will also be
derived, from which we will derive the controllability of
a weakly 2-compound siphon.

Chao [2,3,6], show that in an S°PR, an SMS can be
synthesized from a strongly connected resource subnet
and any strongly dependent siphon corresponds to a
compound circuit where the intersection between any
two elementary circuits is at most a resource place.

Let S, be a strongly dependent siphon, S,, §,, -,
and S, be elementary siphons, with
Msy =M, T 05, T+ 10 - It is shown in Chao [2,3,6]
that ¢, (the core circuit from which to synthesize )
is a compound resource circuit containing c¢,,c,, -+,c, ,
and the intersection between any two ¢, and ¢,,i=;—
1 > 0, is exactly a resource place, where ¢, (i =0, 1,
2, -+, n) is the core circuit from which to synthesize .
Thus, if Sy is a WDS (weakly dependent siphon), the
intersection between any two ¢; and ¢;, i =j — 1 > 0,
must contain more than one resource place.

Let S, and S, be the SMS synthesized from basic
circuits ¢, and c¢,, respectively, where ¢, Nc, #J .
One can synthesize a third SMS, denoted by S, from
the strongly connected resource subnet ¢, Uc,. For S to
be a WDS, ¢, Uc, must contain more than one resource
place.

To simplify the presentation, I'=¢, N¢, is assumed
to be [r,t,r] on Process 1, where r,, r. are two
re-source places, R(c,)={r,,7,r.} and
R(c,)={r,.r.,r,} as shown in Figure 1(a). The more
complicated case can be treated similarly as in [9]. For

instance, in Figure 2, R(c,)={p,,.p;s. P} and
R(¢,)={pisPy3- Prss s} (one more place than the
above one).

It is assumed, that a core circuit spans between process
1 (WP1) and process 2 (WP2) and (# r,---r, ) denotes
path [rt,rtyri b n]. Let ¢ =[r,t,nt,rtr]
and ¢, =[r, t, . . 1, 1, r,] span between process 1 and
process 2 [see Figure 1(a), where r, =p,, 1, = p;s,
I.=Pu> Iy =Py, L,=hL, L,=4, [, =, I, =,
t'=t,]. Note that ¢, ¢,, t,, ¢, and ¢, may not be
in the same process; some are in process 1 and the rest
are in process 2. Consider the resource path on process 1.
There are only 2 possible cases satisfying the above
conditions are as follows: 1) (r, r, 7. 7,) 2) (r, 1, r.1,).
Case 2 is equivalent to Case 1 by relabeling 7, by r,
and r, by r,,respectively.

Note that it is possible that (r, 7, r. 1, -1, 1. 1)),
which can be treated similarly as in Chao [10]. For Case
1, ¢ can be broken two paths: one, [r, 7,7, 1, r.], in
process 1, denoted by (7, ¢, 7, 4, . ] ; another, [r, z, 7],
in process 2, denoted by [r, ¢, 1,],; i.e.,
¢ =[rt,nt,r][nt r,], Similarly, ¢, can be broken
two paths: one, [r, ¢, r. ¢, r,], in process 1, denoted by
[, 2, . 1. 1], ; another, [r, , 7], in process 2, denoted
by [r,t, 1), ie, ey =[nt,rt;][r,t, 1], In the
sequel, 77, refers to the T-characteristic vector of siphon
S; synthesized from c;.

Theorem 2. [9]: Let §=S,®S,. Then
Mo =1+, —15.

On the Process 2 side in Figure 1(a), there should be
no PP-path of the form [r, ¢' 7, ] (resp. [, £,]) to form
basic circuit ¢, (resp. ¢,) consisting of only two
resource places of 7, and 7, (resp. r, and r,), since
S, is no longer a weakly dependent siphon as derived
below. First, ¢, =c,oc; and ¢, =c;oc,. This leads to

atbt+c+d+etf

()
m

atbtctdtetrf

Figure 2. Example a 3-dependent weakly dependent siphon. Sy =S5 =S5, ® S, @ 85, S4 =812, Ss=S3and gy =m + 7, + 75 —

M4~ 75

Copyright © 2011 SciRes.
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M =15+, 1, =175+, and

Mo =1 +1, =15 =15 +1,+75; S, strongly depends on
S,, S,, and S; and S, is no longer a weakly
dependent siphon.

Lemma 1. [9]: Let (N, ,M,) be a net system and S,
be a weakly dependent SMS w.r.t. elementary siphons
S, S,,and S, where n,=mn+n,—n,. Then

1) (AUB)=(S,"P)c H(r,), where
A4=8n[S,], B=S,n[S ], n €S;.

2) H(r.)<[S;] and H(r,)<[S,].

3) minM ([S]) =M, (r.)=M,(S|{r}).

Consider the S°PR in Figure 1(a),

A=8, 0[S ]={p.}, B=S,n[S1={pr.},
AUBc H(r, = p;s)cS,. Furthermore, r, = p,,
H(r,)= {Pa’ps»Plo} c [Ss] = [p;;,pg,pg,pm] and
H(rc)c [So] :{szpa’pwps’pwplo}'

Define S1;, =83 and Sy =8; @ S, since
R(S,NS,)=R(S;). S, @S, is similar to S oS, in
that S, can never be emptied if 5=1 for both cases.
S,® S, is different than S, oS, in that R(S,NS,)
for the former contains more than one resource place
while the latter contains only one resource place.

Consider the S’PR in Figure 2. Table 2 lists eight
SMS S, and core circuits in Figure 2. Note that
N ¢, =[pst, py] is not a single resource place and
hence §,=S,®S, cannot be a strongly dependent
siphon and is a weakly dependent siphon. Similarly,
¢, ey =[py; b Py is not a single resource place and
hence S;=S5,® S, cannot be a strongly dependent
siphon and is a weakly dependent siphon. Note that ¢,
contains 4 rather than 3 resource places assumed above.
Yet, all relevant theory remains true.

Theorem 3. Let (N,,M,) be a net system and S,
be a weakly dependent SMS w.r.t. elementary siphons
S, S,, and S, where n,=n,+n,-1n,. N, is ex-
tended by control places Vs , Vs , and Vi , such that
S, S,,and S; are limit-controlled. Let
A=58nI[S,], B=S,n[S,].and
AUB=(S,nP)cH(r), (by Proposition 1) reS,,
S, can never be emptied iff b=M,(r)=1;2) S, is
limit controlled iff b=M,(r)=1.

Proof. 1) (<« ) Assume S, is unmarked (hence
M(r)=0, VreS,), whileeachof S,, S,,and S, is

marked; i.e., M(S,)>0, M(S,)>0,and M(S;)>0.

By Proposition 1, it holds that

AUB=(S;nP)c H(r).Let
M(S,N[S,])=M(S,n[S,])=1 since S, and S,
are marked. M, (r)=M(H(r))=1 since M(r)=0
and M, (r)=1.Now

M (H(r))zM(S,nP)=M (AU B)=2. However,
1=M(H(r))=M(S,)22, which is impossible. Thus,
it is impossible that M (S, N[S,])=M (S, N[S,])>1.

Copyright © 2011 SciRes.

This leads to that either M (S, NS,)>0 or

M (S2 mSO) >0, which implies that S, can never be
emptied. (— ) Assume contrary and b= M (r)>0.
Then it is possible that M (4)>0 and M(B)>0
such that each of S, §,, and S, is marked, while
M(S,NS))=M(S,nS,)=0 or S, is unmarked
against the assumption that S, is marked. 2) («) If
b=M,(r)=1, then there is a reachable marking such
that M (A4)=1, M(B)=0 or M(B)=1, M(4)=1.
Either one implies that M (S,)=1. (— ) Assume
contrary and b= M (r)>1. The proof of part 1 of this
theorem indicates that S, is unmarked. Hence S,
cannot be limit controlled against the assumption. ¢

Thus, it is similar to a strongly dependent siphon §
synthesized from a compound circuit ¢, oc, where §
is also controlled if 5 =1 and both S, and S, are
limit controlled. For the S’PR in Figure 2 where each
elementary siphon is limit-controlled and S, =S, is
controlled as well. Assume otherwise and S, is empty.
Then M (S, N[S,])=M(S,N[S,])=1. Let
A4=58n So] = {p4} , B=S5, m[So] = {Pn} >
AUB=(S;nP)cH(r=p,).1If b=1=M(r), then
it is impossible that M (S, N[S,])=M (S, N[S,])=1.
Thus, S, can never be emptied.

The condition (i.e., AUB=(S,"P)c H(r),
reS;) in Theorem 3 is generally true for vertically
stacked S’PR (in most literatures); that is sink transitions
of S, and §, are in the same processes. The condition
may not hold for horizontally stacked S*PR; that is, sink
transitions of S, and S, are in different processes. In
this case, 4=S,N[S,]cH(r) and
B=S, m[SO] c H(rz) , h #r,. However, it remains
true that AUB=(S,NP). S, can become unmarked
when M (S, N[S,])=M,(r)>0,

M (S,N[S,])=M,(r,)>0, M(S;)>M(4UB)>0.

Define S1; =S3and S, =8; @ S, since
R(S,NS,)=R(S;). S, @S, is similar to S oS, in
that S, can never be emptied if b=1 for both cases.
S, @8, is different than S, oS, in that R(S NS,)
for the former contains more than one resource place
while the latter contains only one resource place.

Theorem 4. Let (N,,M,) be a net system and S,
be a weakly dependent SMS such that
S5, =8,@S,®---®S, denoting the fact that
Viel,2,,n, S,®S, holdsiff |i—j|=1.Let

4.=8n[S,], B=5,0[S],
AVUB = (SZ.J.+1 mP) cH(r), where r. €S, . N, is
extended by control places VS1 , V52 , VS12 s VS3 ,

VS32 , =, and VSn s V51 such that S, S,, S, S,
Sy, oand S, , S, are limit-controlled, 1) S,
can never be emptied iff b, =M (rl) =1,

Vie{l,2,--,n—=1};2) S, is limit controlled iff
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Table 2. Eight SMS S, and core circuits in Figure 2.

N Set of places c

Si Ds, P17, P1as P15, Pi6 ¢ =cilpistspieti pis hpal + HY [pis ts pul, [p1s te pis] and [pis 1 pral.

S, D4y D26s P12, P13, P14 P15 ¢, = pisbputspistispitspis]t H [p13 i1 pial, (P12 tiz pusl, [Pis ts pral, [P te prs] and [pis £ pia]
S3 P2, P27, P11 P12s P13 ¢ =cspistisprtiipn bapnl + H [pis i pl, [P ti pisl, and [pis 613 piol

Sa D4 P17, D14, D15 ¢, =cs[pistputspis] + H™ [pis ts pra] + H [pis t1 pra]

Ss P2, P26, P12, P13 ¢, =cs[pitispi ti pis]+H™ [p1s tiy pra), and [p13 13 pr2]

S6 Pss P27, P11, P12, P13, P14, P15, P16
N Pss P26, P12, P13, P14, P15, Ple

S P4, P21, P11, P12, P13, P14, P1s

co=c®@c; D
c=c ®@c,
¢ e e
c,=c,Dc;

by=M,(r,)=1, Vie{l,2,--,n-1}.

Proof. 1) Prove by induction. By Theorem 3, the
theorem holds for n=2. Assume it holds for k=n—-1.
We need to prove that it also holds for k=n. Let
§'=5,®S8, S5 =5®5,&--®S, ,
4=5,0[S,], 4 =5,,n[S] and B=5,n[5,].
By Theorem 3.2, S, is limit controlled. It is easy to see
that 4" =4 and A UB=(S,,,NnP)cH(r,) .
Hence AUB(S,,, ﬁP) cH(r,_,) and
AUBcS, H(r,,). <S8, can never be emptied by
Theorem 3. 2. (— ) If S, is limit controlled, then it can
never be emptied. By part 1 of this theorem,
by=M,(r,)=1, Vie{l,2,---,n}.(«)If
b=M,(r;)=1, Vie{l,2,---,n}. Consider S, S,,
A, A" and B defined in the proof of part 1 of this
theorem. Prove by induction. Assume it holds for
k=n-1.Then S, islimitcontrolled since
by=M,(r)=1, Vie{l,2,--,n—2}. We need to prove
that it also holds for k& =n. By Theorem 3, it holds for
§'=8 &S, =S§,since both S, and S, are limit con-
trolled and b, , =M, (r,,)=1. Thus, S, is limit con-
trolled. ¢

This theorem implies that if the condition in the
theorem is satisfied, then the compound siphon is already
controlled. Thus, Theorem 4 shows that the control-
lability for S, =S, @S, ®---®S, for a weakly depen-
dent siphon S, is similar to that for a strongly depen-
dent siphon. As a result, the control for WDS needs no
longer be that conservative as by Li and Zhou.

Table 3 lists eight SMS S and their [S].
$,=8=8885,88;, §,=S5,,, S=85,; and
1, =1 +n, +1, —n, — 15 . It can be verified that

4, =5 0[S, ]= {pn} » B =8,n[5]= {p4} ,

AVUB cH(ps)cS,,.

4,=5, m[S3]ZP269 B, =S, f‘\[S2] =P
A, UB, c H(pys)<S,;.

By Theorem 3, S, can never be emptied iff’

Copyright © 2011 SciRes.

b =M,(ps)=b,=M,(p;)=1. This has been con-
firmed using the INA (Integrated Net Analyzer). The
resulting controlled net (see Table 4) reaches 32298
states out of the total 45135 states of the uncontrolled
model, where

M, (Pm):Mo(l’m):Mo (Plz):Mo(Pn):2 and
M,(p))=M,(ps)=2. Note that even though some
new siphons (such as control siphons) are generated by
the presence of monitor places, the controlled net is live
without adding monitors for these new siphons. Why this
is so is a subject for future research.

Physically, for S, to become empty under M ,
M (r)=0, for every resource place in S,. Thus, all
tokens in M, (r) muststay in H(r).If M,(p;)>1,
it is possible that both p, and p,, are marked, which
implies both S, and S, are marked. Even if
M,(p;s)=1, this token may go to p,, suchthat S, is
also marked. §; may become unmarked when all
tokens in p, and p;, go to p, and p,,, respec-
tively. Thus, even though each of S, §,, and S, is
marked by adding a monitor, S; may still become
unmarked and needs a monitor.

On the other hand, if
b =M,(ps)=b,=M,(p,)=1, we show that if S
becomes unmarked, at least one of §,, §,, and S, is
also unmarked contradicting the fact that each of S,
S,, and S, is controlled by adding a monitor. For S
to become unmarked, all tokens in p,, and p,, go to
p, and p,,, respectively.

Hence, for S, and S; to be marked, p, and p,
must be both marked since S, N[S;]={p,,} and
S, " [Ss]={p,} . Now, both p, and p, are unmarked
since {p4,p17} - H(pls)s{pz’pzs} < H(p13) ,and
M,(ps)=M,(p;)=1. But then S, is unmarked
contradicting the fact that each of S, is controlled by
adding a monitor. Thus, the assumption that S, becomes
unmarked is incorrect and we prove that S, is con-
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Table 3. Eight SMS S, [S] and 7 in Figure 2.
S [S] n
Sy D3> P> P75 Pss P9 P1o h—t+t—to
S D2, D3, P8, P9s P10s P17, D21, P23, P24, P25 h—ty+t3—ty
S; P20, P215 P23> P245 P25, P26 —ts tta—te t s
S D3 Ds, P9, Pio [
Ss D215 P23, P24, P25 “tsttz—trths
S6 D25 D35 Pas P75 P8> P95 D105 P17 D205 P21 D235 P24 P255 P26 ti—tot ha—te
S D25 D3, P4s P75 P8, P9, P1os P17> P21, P23, P24s Das h—totts—ty
Ss D2, P35 D8, P9, P10, P17; P20s P215 P23, P24, Pas, P26 b=ty t tia—tis
Table 4. Disturbanceless control model of the net in Figure 2.
S Monitor Ve Vs M,
Si |4 t3, to t, by a+b+c—1
S £ ty, 17 b, t3 btc+td+e—1
S V3 ts, tie ta, tig dte+f—1
S, V, i, 1y bty b+c—1
Ss Vs 13, L7 ts, tig d+e—1
Se Vs to, te t, ta at+b+c+d+e+f—1
S 4] to, 7 h, tis atb+tctd+te—1
Ss Vs t4, ti b, s b+c+d+e+f—1
trolled. " n
Alternatively, we will prove based on the following G = ;(di s, ) ,and o, = /Z:;(bﬂﬂ'ns i ) :
observations from Table 3 that:
Then
[56] = [Sl]+[S2]+[S3]—[S4]—[S5] S 1) VSe {SO,SI,Sz,---,Sn,SM,SHZ,---,SHm} R

[S;]=[S]+[S,]-[5.].
and [S,]=[S,]+[Ss]-[Ss]-

In general, if 7, :i<ainsl_)—i(bn”775n”) , then

i=1 j=1

[S0]= Z}ai [5:]- Z}bn+_i [SW.] or
= =

s = z(al,ﬂls[])—zl(bn”/i[sw]) as shown in the
= J=

following theorem.

Theorem 5. Let (Ny, M,) be a net system and S,
be a dependent SMS w.r.t. elementary siphons S,
S, S, S S, and S, where

22 n n+l > n+2

n

7750 = Z(aﬂ?sl. )_Z(an?]S,Hj ) =0, 0y,
j=1

i=1

Copyright © 2011 SciRes.

nNs =M (characteristic T-vector of the complemen-
tary set of siphon S equals the negative of that of §).

2) ’i[so]:ﬁ(aiﬂ{si})—i(bﬁﬂ{sw]j,Where a,

b, € R (setof real numbers), i€ {1,2,---,n} and
j€[1,2,---,m] (characteristic P-vectors of the comple-
mentary sets of siphon S, S,, S,, =, S,, S,
S,y s

S follow the same equation as that of the
corresponding characteristic T-vectors).

3) The Marking Equality (ME) holds:,
M ([So ]) = g(aiM ([Si ])) - ji(bij (|:Sn+f ]))’

M eR(N,M,) M

(total tokens in the complementary sets of siphon S,
S, S, S, S S S follow the same

n? n+l 2 n+2 2 H n+m

equation as that of the corresponding characteristic
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T-vectors).

Proof. 1) SU[S]=5, uguresRH(r)) is the sup-
port of a P-invariant [ based on Property 1 and
SN[S]=@ . Note that S, =SNP,. VpeSU[S],
I(p)=1 (valid for OPN); otherwise, /(p)=0. Thus,
I=Js+ 2 . I"[N]=Ag[N]+ A [N]=0 (By the
definition of P-invariant), where 0 is a vector with all
components being 0.

=15 = )

2) Based on equatlon 15, =0, 0, the fact that
= 7] and ns =g N], wehave

If ¢= s~ /1[ Znﬂﬂ{n #0,then ¢ is

a P-invariant. However, all places in [S,], [S/],
[S,], -, and [S,,,] are not marked in the initial
marking of N and hence the union of [S,], [S,],
[S,], -, and [S,,,] cannot be the support of a

n+m

P-invariant. This implies that { =0 =
A = 20y~ 2K

3) Multiplying both sides of the equation in Equation
() by M", we have

A[SOTMT - g‘a"ﬂ[s,v].MT
M([SO])=iznl:al.M([Si])—jzm;wa([SnH]). o

This theorem holds for FMS modeled by OPN [not
General PN (GPN)] such as an S’PMR since we have
assumed Vp e SU[S], Y(p)=1. However, it can be
extended to FMS modeled by GPN such as S'PR and
S*PGR? by replacing M with W((M(A))), the weighted
sum of tokensin 4=2S or[S].

This ME says that the total number of tokens trapped
in [S,] and [, ], follow the same linear algebraic
relatlonshlp between s, and s, » i=1,2, -, nn+
1, -, n + m. This is because phy51cally, —115 (1) is the
number of tokens removed from S by firing ¢ once.
Now, max tM ([S,]) =M, (S,)~1 (S, is said to be limit
controlled) for S, to have tokens. In order for S, to be

- mb . M=
/Zf "”ﬂ[snw]

Copyright © 2011 SciRes.

controlled, we have M (S, )>max M ([S,]) or

M(SO)>max(ii}aiM([S,])) mm(z M (S j])J
()

To be conservative, the term associated with the
negative terms is set to zero. That is, if M (S,) is large

enough to be greater than max (ial.M ([Sl. ]) ), then Equa-
i=1

tion (2) necessarily holds.
However it may not hold that

M (S,)>a (M, (S,)-1)+a,(M,(S,)-1)
+a,(M ())Za( o (S)-1)
_’Z:;al_

That is S, may not be controlled when each S, is
limit controlled. After lowering M ([S,]) to

M, (S,)- & » & 21 where & is the control depth
Varlable mentioned in Li and Zhou [13], for each §,, it
may hold that

M(S,)> (Mo (5)-& ) +an (M,(5:)-&, )
+a,,(MO(S,,)—§5"):;ai(Mo(Si)_égs,)

= O, ~ 0

This is exactly the MLI (marking linear inequality
mentioned in [13]). In the sequel, we do not set the term
associated with the negative terms to zero; therefore
achieving a better controllability.

S, S,, =, and S (resp. S,, S,, and S;) are
basic (resp. compound) siphons; they are limit-controlled
by setting M, (VS] )= a+b+c-1,

M, (Vy, )=b+cvdre=1, My(Vy)=d+e+f-1,

M, (Vy,)=b+c—1,and M,(V; )=d+e-1.

M,(S;)=a+b+c+d+e, M,(S,)=b+c+d+e+f,

and M, (S;)=a+b+c+d+e+ . Table 4 shows the
disturbanceless control model of the net in Figure 2.

M, ([8])=M, (VS_), i=1,2, .5, and

M ([371) = Mo ([S1])+ Mo ([S:]) -1

(by Theorem 4 and part 3 of Lemma 1)

win ([S4])

=a+b+c—-1+b+c+d+e-1-c
=a+b+c+d+e+b-2.

Thus, S, is limit-controlled (no need for control
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elements) iff’ M, (S,)>M ., ([S7]) , which implies that
b<2or b=M,(p,)=1.

On the other hand, if » > 1, we need to add control
elements for §; to be limit-controlled. For instance,
M, (p,;)=b=3, of which, one token goes to p, and
two tokens to p,,, also a tokens in p,, to p, and
e tokens in p,, to p, . This makes S, emptied and
yet both S, and S, are marked (consistent with the

fact that both S, and S, are controlled) since
p, €S8 and p,eS, and both p, and p,, are
marked.

Similarly, one can argue that S; is limit-controlled
(no need for control elements) iff M,(p;)=1. Now
consider the controllability of S;.

M ([851) = Mo ([ 1)+ Mo ([S2])+ Mo ([:])
=Moo ([S:]) = Mo ([S5])
(by Part 3 of Theorem 4)
=(a+b+c-1)+(b+c+d+e-1)
+(d+e+f-1)-c-e
=(a+b+c+d+e+ [)+(b+d-3)

(by Part 3 of Lemma 1).

where M, ([S,])=c and M, ([S;])=d . Thus, S,
is limit-controlled (no need for control elements) iff
M,y (Ss)> M, ([S,]), which implies that b+d -3<0
or b=M,(p;)=d=M,(p;s)=1. If b=d=1, then
(b+d-3)=-1 and M,(S;)=M,, ([S;])+1. other-
wise, b+d=23 and M,(S,)<M, ([S]) : S, is
emptied.

6. Conclusions

We have derived the controllability for both strongly
(SDS) and weakly dependent siphons (WDS). It is
surprised that they have the same controllability. Thus,
this paper improves the conservative control policy for
WDS in [8].
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