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Abstract 
Necessary conditions are proved for certain problems of optimal control of 
diffusions where hard end constraints occur. The main results apply to several 
dimensional problems, where some of the state equations involve Brownian 
motions, but not the equations corresponding to states being hard restricted 
at the terminal time. The necessary conditions are stated in terms of weak 
variations. Two versions of necessary conditions are given, one version in-
volving solutions of variational equations, the other one involving first order 
adjoint equations. 
 

Keywords 
Optimal Control, Diffusions, Hard Terminal State Restrictions 

 

1. Introduction 

The purpose of the present paper is to prove necessary conditions for the 
optimal control of certain types of control problems involving diffusions where 
hard end constraints on solutions occur. The books [1] and [2] contain 
introductions to the topic of optimal control of diffusions. Various types of 
maximum principles have been proved for problems of control of diffusions in 
case of no or soft terminal state restrictions, see e.g. [3] [4] [5] and [6]. 
Maximum principles for problem with hard terminal restrictions are proved for 
certain types of continuous time controlled diffusion problems in [7]. In that 
paper only the drift term contained controls. In this paper controls are allowed 
to enter also the diffusion term. Singular controls are not discussed, below we 
merely consider problems where the controls appearing may be said to be 
absolutely continuous with respect to Lebesgue measure. The restriction to such 
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controls makes it harder to operate with hard terminal state restrictions. In fact, 
the case discussed in detail in this paper is the case where hard terminal 
restrictions are only placed on states governed by differential equations not 
containing a Brownian motion. The necessary condititions are stated in terms of 
“weak” variations, not strong ones (needleshaped ones). Brownian motions will 
only appear in differential equations of states unconstrained at the terminal time. 
The constrained states are, however, influenced by other states directly 
influenced by Brownian motions, so, below, necessary conditions are stated and 
proved for such problems. Because the states are stochastic, the state space is 
infinite dimensional, so to obtain necessary conditions, one must impose a 
condition amounting to demanding sufficient variability of the first order 
variations in the problem. 

2. The Control Problem and the Statement of the Necessary 
Condition 

Let 0T >  and let 0x  be a given point in the Euclidean space n∗ , let π  be 
a projection from n∗  onto m∗

 , m n∗ ∗< , such that ( )1= , ,
m

x x xπ ∗
 

( )( )1, ,
n

x x x ∗=   and let U be a closed convex subset of a Euclidean space n∗∗ . 
The symbol .  is used for the Euclidean norm in any Euclidean space k , 
including 1 , and, applied to matrices, it is the linear operator norm. Furnish 
the interval [ ]: 0,J T=  with the Lebesgue measure. Let ( ), , ,t PΩ Φ Φ  be a 
given filtered probability space, (i.e. for [ ]0,t T∈ , the tΦ ’s are sub-σ-algebras 
of the given σ-algebra Φ  of subsets of Ω , s tΦ ⊂Φ  if s t< , P is a 
probability measure on Φ ), and assume that ( ), , PΩ Φ  is complete, that 0Φ  
contains all the P-null sets in Φ  and that tΦ  is right continuous. Let 

( ), n
pL J ×Ω  , [ )1,p∈ ∞ , be the set of Lebesgue ×Φ -measurable functions 
( ),z t ω  for which ( ), d

p

J
E z t tω < ∞∫  and let ( ), nL J∞ ×Ω   be the subset of 

essentially bounded functions in ( )1 , nL J ×Ω  . Related to ( ), , ,t PΩ Φ Φ , let 

tB  be a vector the n′  components of which (denoted j
tB ) are independent 

one-dimensional Brownian motions all adapted to { }t t
Φ , such that 

( ) ( )j jB t B s−  is independent of sΦ  for all ,s t , 0 s t≤ < , and is normally 
distributed with mean 0 and covariances ( )t s I− , I  the identity matrix. In 
applications where the j

tB ’s are entities that can be observed, it is natural to take 
{ }t t
Φ  as the natural filtration generated by the j

tB ’s. There are given functions 
( ), ,f t x u  and ( ), ,j t x uσ  1, ,j n′=  , from n nJ

∗ ∗∗
× ×   into n∗ . Let U ′  

be the set of functions ( ),u t ω  taking values in U, such that ( ).,.u , for each t, 
when restricted to [ ]0, t ×Ω , is Borel t×Φ -measurable (i.e. progressively 
measurable). 

Let 2.  be the 2L -norm both on ( )2 , , kL Ω Φ   and on ( )2 , , kL J ×Ω Φ  . 
The following conditions are called the Basic Assumptions. 
A1 The functions ( ), ,f t x u  and ( ), ,j t x uσ  have derivatives ,x uf f  and 
,j j

x uσ σ  with respect to nx
∗

∈ , nu
∗∗

∈  that are continuous in ( ),x u . 
A2 As a function of t, the functions f and jσ  and their derivatives have 
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one-sided limits with respect to t. 
Write σ  for the n n∗ ′× -matrix whose columns are jσ , let j

xσ  ( j
uσ ) be the 

matrix with entries 
i

j
xσ  (

i

j
uσ ), and write j j

t tj dB dBσ σ=∑ . Also, write 1C  
for the indicator function of the set C. 

The following assumptions are called the Global Assumptions. 
B1 xfπ  and ufπ  are uniformly continuous in ,x u , uniformly in t. 
B2 For some constant M, for some given 0x  in n∗ , for all u U∈ , 

( ) ( ) ( ) ( )0 , 0sup , , 1 , sup , , 1 .j
t j tf t x u M u t x u M uσ≤ + ≤ +         (1) 

B3 A constant M +  exists such that for all ( ), , nt x u J U
∗

∈ × × ,  

( ) ( ) ( ) ( ), , , , , , , , , , ,j j
x u x uf t x u M f t x u M t x u M t x u M jσ σ+ + + +≤ ≤ ≤ ≤ ∀ (2) 

B4 

0 for all .j jπσ =                        (3) 

Let ( ),prog n
pL J ×Ω   be the set of progressively measurable functions in 

( ), , n
pL J ×Ω Φ  , [ ]1,p∈ ∞ . From now on we require that all control 

functions ( ).,.u  belong to ( )2 ,prog nU L J
∗∗

′ ×Ω  . The strong (unique) 
solution—continuous in t—of the equation 

( ) ( ) ( )( ) ( ) ( )( )0 0 0
, , , , , d , , , , d

t t
sx t x f s x s u s s s x s u s Bω ω ω σ ω ω= + +∫ ∫   (4) 

is denoted ( ) ( ) ( ).,. , ,u ux t x tω ω= . 
Let na

∗
∈  (a fixed, 0≠ ) such that 0aπ = , let .,.  denote scalar product, 

and consider the problem 

( )

( ) ( )
2

.,.

.,. ,
max ,. , ,
prog n

u

u U L J
E x T a

∗∗ ′∈ ×Ω 
 

 
                (5) 

subject to 
( ) ( ).,. , a.s.,where is fixed in .u mx T y yπ ω

∗
=                (6) 

Below, ( ) ( )2.,. , ,prog nu U L J
∗∗∗ ′∈ ×Ω Φ   will be an optimal control in this 

problem, assumed to exist. Write ( ) ( ) ( ).,. .,. .,.ux x
∗ ∗= . 

We have collected a few definitions that are going to be used in the sequel. 
For ( ) ( )2.,. , , nz L J∈ ×Ω Φ  , let 

( ) ( )( ) ( ) ( )( )
( )

1 21 2 22

2 2

2 2 2

.,. : essup , , .,. : essup , ,

cl : closure in , in the norm . ,

t t

prog n

z E z t z E z t

L J

ω ω
∗    = =         

×Ω 
 (7) 

( ) ( ) ( ){ }2 2 2
: .,. , : .,. ,n prog nL z L J z= ∈ ×Ω < ∞              (8) 

( ) ( ){ }2 2
: .,. : .,. ,n nB z L zα α= ∈ <                     (9) 

( ) ( ) ( ){ }2 2 2 2
: cl .,. , : .,. ,n prog nL z L J z

∗∗ = ∈ ×Ω < ∞             (10) 

( ) ( ){ }2 2
: .,. : .,. ,n nB z L zα α∗ ∗= ∈ <                   (11) 

where ( )0,α ∈ ∞ . Let 
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( ) ( ){ } ( ) ( ){ }2
20 0

.,. d : .,. , : .,. d : .,. .
T Tm mL z s s z L B z s s z Bα

α

∗ ∗
= ∈ = ∈∫ ∫     (12) 

Finally, let 

( ) ( ) ( ) ( ) ( ){ }2 2
ˆ ˆ ˆ: .,. : , , , , .,. 1 ,

: ,

nU w L u t w t U t w

U u U

ω ω ω
∗∗∗ ∗ ∗

∗∗ ∗ ∗

= ∈ + ∈ ∀ ≤

= +
   (13) 

( ) ( ) ( ) ( ){ }2: .,. , : , , .prog nU u L J u t U tω ω
∗∗

∗ = ∈ ×Ω ∈ ∀         (14) 

In the subsequent necessary conditions, the following local linear 
controllability condition (15) is needed. There exist numbers 0δ∗ > , 0α >  
and [ )0,c T∈ , and a progressively measurable function ( ) 2, mz t Lω

∗∗∈  such 
that for all 2

nu U L
∗∗∗

∗ ∗∈   for which 
( ) ( ) ( ) ( )

2 2
essup ,. ,. : .,. .,.t u t u t u u δ∗ ∗

∗ ∗ ∗− = − ≤ , 

[ ] ( ) [ ] ( ) ( )( ) ( ) ( ){ }2, ,1 .,. : cl 1 ., .,. , .,. .,. : .,. .um
uc T c Tz B f x u w w Uα π

∗
∗∗ ∗

∗
 + ⊂ Γ = ∈ 
 (15) 

A more “concrete” condition implying (15) is presented in Remark 3. 
Theorem 1. Assume that ( ).,.u∗  is optimal in problem (5),(6), that 

Assumptions A and B hold (the Basic and Global Assumptions) and that (15) is 
satisfied. Then the following necessary conditions hold: For some linear 
functional ν  on 2L , bounded on 1B , and some number 0 0Λ ≥ , for all 
( ).,.w U ∗∈ , 

( ) ( )0,. , ,. , 0,w wq T E q T aπ ν  + Λ ≤                (16) 

where ( ),wq t ω  is the solution of 

( ) ( ) ( )( ) ( )
( ) ( )( ) ( )

( ) ( )( ) ( )

( ) ( )( ) ( )

d , , , , , , d

, , , , , d

, , , , ,

, , , , , d .

w w
x

u

j w
xj

j j
u t

q t f t x t u t q t t

f t x t u t w t t

t x t u t q t

t x t u t w t B

ω ω ω ω

ω ω ω

σ ω ω ω

σ ω ω ω

∗ ∗

∗ ∗

∗ ∗

∗ ∗

=

+

+ 
+ 

∑
 

with ( )0, 0wq ω = . Moreover1, 
2

0 , | 0
mL

ν ∗∗

 Λ ≠ 
 

.                         

Remark 1. If (15) holds for ( ).,. 0z = , then 0 0Λ ≠ . Moreover, when 

2
u

∗∗ < ∞ , (21) below holds and tt →Φ  is (also) left continuous, then both 

0 0Λ ≠  and ν  is a continuous linear functional on ( )2 , , m
TL

∗
Ω Φ   ((15) 

then holds for ( ).,. 0z = ).                                            
Remark 2. Let s t T< ≤ , and let ( ), ,C t s ω  be the resolvent of the equation 

( ) ( ) ( ) ( )( ) ( )

( ) ( )( ) ( )

, , , , , , d

, , , , d ,

t
s xs

t j j
x ss

j

q t q f s x s u s q s t

s x s u s q s B

ω ω ω ω ω

σ ω ω

∗ ∗

∗ ∗

= +

+

∫
∑∫

  



        (17) 

( ) ( )2. , , n
s sq L

∗
∈ Ω Φ  , so ( ), ,C s s Iω = , I  the identity map in n∗ , and 

 

 

1
2L∗  *means restriction to 2

mL
∗∗ . 
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( ) ( ) ( ),. , ,. .sq t C t s q=  . Let 0: , ,E aν φ πφ ν φ∗ = → +Λ ,  

( ){ }2
2 , , :n

TL Lφ φ πφ
∗

∈ ∈ Ω Φ ∈ . For t T< , ( ) ( ) ( ). , ,. . ,C T tψ ψ ν∗→ ,  

( )2 , , n
tLψ

∗
∈ Ω Φ  , is continuous in 2. -norm and hence can be represented 

by an 2L -function ( ) ( )2,. , , n
tp t L

∗− ∈ Ω Φ  , ( ),p t ω−  progressively 
measurable and right continuous in t, a.s. and in 2.  (even continuous in this 
manner if tt →Φ  is continuous). Note that if 0w =  on [ ],s T  then (16) 
implies ( ) ( ) ( ) ( ) ( )0 ,. , , ,. ,. , ,. , ,.w w wq T C T s q s E q s p sν ν −

∗ ∗≥ = = . 
Let tΦ  be the natural filtration generated by the j

tB ’s, 0Φ  augmented by 
the P-null sets in Φ . The function ( ),p t ω− , now taken to be a row vector, 
then satisfies the following condition: On [ )0,T , there exist n∗ -valued, 
progressively measurable functions ( ),p t ω , ( ),jq t ω , 1, ,j n′=  , all row  

vectors, ( ),p t ω  continuous in t, such that ( ) 2

0
,. d

t
E p t t < ∞∫ ,  

( )
2

0
,. d

t jE q t t < ∞∫  for all t T< , and such that 

( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) ( )

d , , , , , , d

, , , , , d , d

x

j j j j
x t

j j

p t p t f t x t u t t

q t t x t u t t q t B

ω ω ω ω

ω σ ω ω ω

∗ ∗

∗ ∗

= −

− +∑ ∑
  (18) 

and such that, for all t T< , ( ) ( ), ,p t w p t ω− =  a.s. 
In this case, we have that for all u U∈ , for a.e. t, a.s. 

( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )( ),. , ,. , ,. ,. , ,. , ,. ,. 0.j j
u u

j
p t f t x t u t q t t x t u t u u tσ∗ ∗ ∗ ∗ ∗ 

+ − ≤ 
 

∑
 

(19) 

When 
2

u
∗∗ < ∞ , tt →Φ  is left continuous, and (21) below holds, the 

following additional properties hold: ( ) 2

0
,. d

T
E p t t < ∞∫ , ( )

2

0
,. d

T jE q t t < ∞∫ , 

the 2. -limit (and a.s. limit) ( )lim ,.t T p t→  exists,  

( )( )0Pr , lim , 0 0t T p t ω→ Λ ≠ >  , and finally 

( ) 0for each component , lim ,. .jjt T
j m p t a∗

→
> = Λ            (20) 

Remark 3 The condition (15), with ( ). 0z = , is implied by the following 
conditions: 

2
u

∗∗ < ∞  and for some 0 0β > , for all ( ), ,t x u , 

( ) 0for any , for some , , , , .m
uy u U y f t x u u u yπ β

∗
′ ′ ′∈ ∈ = ≤       (21) 

The 2. -norm (or the norm 2. ) used in the formulation of the condition 
(15) can have quite strong consequences. Assume for example that m n∗ ∗∗= , 
and, for some 0α > , that ( )det 0ufπ α> >  for all ( ), ,t x u . Then for some 

0β ∗ > , ( ) ( )0, , ,uB f t x u Uβ π∗  ⊂  
  for all ( ), ,t x u , if ( )0,1U B=  and 

nU
∗∗

=   ( ( )0,B β ∗  and U  balls in ( )2 , ,.tL Ω Φ -spaces, t T< ), but if U is 
strictly smaller than n∗∗

  it is neither possible to obtain this inclusion nor (15). 
When n m∗∗ ∗>  the situation may be different. Consider in particular the case 
where the original terminal constraint is, say ( )i ix T y≥  , 1, ,i m∗=  . Using 
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auxiliary controls iv  and auxiliary states z and y, the system can be rewritten as 
a system where the end constraints are ( )i iz T y≥  , 1, ,i m∗= 

, by adding new 
state equations i iy v= , 0iv ≥ , 1, ,i m∗=  , ( )0 0iy = , and by changing the 
first m∗  state equations to read ( ) ( )ˆ, , , , , ,z f t z y u v f t z y u vπ= + − = , 

( )1, ,
m

v v v ∗= 
, ( ) 00z x= . Define [ ){ }: : 0,n n iS x xβ β= ∈ ∈ . We assume now 

nU S
∗∗

∞= , so the control set in the rewritten system is now n mU S S
∗∗ ∗

∞ ∞= ×


. The 
control ( )( ), ,0u t ω∗  is optimal in the rewritten system. Assume that 

( ) 1, ,m n m
uS f t x u S S

β
π

∗ ∗∗ ∗

∗ ∞⊂ −  for some 0β ∗ >  for all ( ), ,t x u . Then, for some 
β∗ , for all ( ), ,t x u , ( ) ( ) ( ),

ˆcl 0, , ,u vB f t x u Uβ∗  ⊂  
 , for  

( ) ( ){ }, : 0, 0, , 1n m
i iU u v R R u v u v

∗∗ ∗
′ ′ ′= ∈ × ≥ ≥ ≤ , ( )0,B β∗  a ball in m∗

 . Then 
for all ( ), ,t x u , ( ) ( ) ( ),

ˆcl 0, , ,u vB f t x u Uαβ α∗  ⊂  
  for all 0α ≥  so for all  

( ), ,t x u , 

( ) ( ) ( ) ( ) ( ) ( ) ( ){
( ) ( ) }

2 ,

2

ˆ0, , , , , , : , , ,

, , : 0, 0, , 1

t m n
t tu v

m
t i i

B L R f t x u u v u v L R

L R u v u v

β
∗ ∗∗

∗

∗ ∞ ∞

∞

′ ′Ω Φ ⊂ ∈ Ω Φ  

× Ω Φ ≥ ≥ ≤



,  

( )2 0,tB β∗  a ball in ( )2 , , m
tL R

∗
Ω Φ . Hence, for all u∗ ,  

( ) ( ) ( ) ( ){ }2 ,
ˆcl ., , , : ,um

u vB f x u u v u v Uβ

∗
∗

∗

∗
∗⊂ ∈   , where  

( ) ( ){ }2 2 2
, : 0, 0, , 1n m

i iU u v L L u v u v
∗∗ ∗∗ ∗= ∈ × ≥ ≥ ≤  (Necessary conditions for 

systems with inequality constraints are stated in Remark 5 below, the local linear 
controllability condition just obtained suffices for the controllability condition in 
Remark 5 to apply to the original system). 

3. Proof of Theorem 1 
The proof consists of three lemmas and six proof steps A.-F., and relies on an 
“abstract” maximum principle, Corollary I in Appendix. 

Without loss of generality, from now on let 0 0, 1x T= =  and let [ ]0,1J = . 

Note that ( ) ( )
2 2

.,. .,.x x
∗

≤ . For any ( ) ( ).,. , .,u u U∗′ ∈ , let ( ), ,u uq t ω′  be the 

solution of 

( ) ( ) ( )( ) ( )

( ) ( )( ) ( )

( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( )

, ,
0

,
0

0

0

, , , , , , d

, , , , , d

, , , , , , d

, , , , , , d .

tu u u u u
x

t j u u u j
x s

j

t u
u

t j u j
u s

j

q t f s x s u s q s s

s x s u s q s B

f s x s u s u s u s s

s x s u s u s u s B

ω ω ω ω

σ ω ω ω

ω ω ω ω

σ ω ω ω ω

′ ′

′

=

+

′+ −  

′+ −  

∫
∑∫

∫
∑∫

   (22) 

By general existence results and (1) and (2), ( ), .,.u uq ′ , and ( ).,.ux , see (4), do 
exist, both unique, strong solutions, continuous in t (both column vectors). 

A) Growth properties. 

When ( ).,.u U∗∈ , by (1), 
( )( ) ( )( )

( )( ) ( )( )( )
22 2

0 0

222 2
20

,0, , d 1 , d

2 1 , d 2 1 .,.

t t

t

E f s u s s E M u s s

E M u s s M u

ω ω

ω

≤ +

≤ + ≤ +

∫ ∫

∫
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and, similarly, ( )( ) ( )( )( )22 2
20

,0, , d 2 1 .,.
t jE s u s s M uσ ω ≤ +∫ . By (2), (4), and  

(57) in Appendix, Lemma A, (a consequence of Gronwall’s inequality), with 
( ) ( ), ,uz t x tω ω= , ( )( ), , ,h f t x u t ω=



, ( )( ), , ,j j t x u tσ σ ω∗ = , 0 0z = , 0y ≡ , 
( ) ( )( ), ,0, ,t f s u sβ ω ω= − , ( ) ( )( ), ,0, ,j

j t t u tβ ω σ ω∗ = − , ( ) ( ), , 0a t tω α ω∗ = = , 
we have, for some constant D∗  independent of ( ).,.u U∗∈  (only dependent 
on M + ), that 

( ) ( ) ( )
22

.,. 1 2 1 .,. .ux D n M u
∗ ∗  ′≤ + + 



               (23) 

Let ,u u U∗′′ ∈ . Using (2), and (57) in Appendix, Lemma A, (with uz x= , 
uy x ′′= , 0β β∗ = = , ( )( ), , ,h f t x u t ω′′=



, σ σ∗ = , 0 0 0y z= =  ,  
( ) ( )( ) ( ) ( )( ), , , , , , , ,u uf s x s u s f s x s u sα ω ω ω ω′′= − ,  
( ) ( )( ) ( ) ( )( ), , , , , , , ,u us x s u s s x s u sα σ ω ω σ ω ω∗ ′′= − , for some constant D 

independent of u′′  and u (only dependent on M + ), we get 

( ) ( )

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )
( )

2
1 221

0

1 221

0

2

.,. .,.

, , , , , , , , d

, , , , , , , , d

1 ,

u u

u u

j u j u

j

x x

D E f s x s u s f s x s u s s

D E s x s u s s x s u s s

DM n u u

ω ω ω ω

σ ω ω σ ω ω

∗′′

+

−

 ′′≤ − 
 

 ′′+ − 
 

′ ′′≤ + −

∫

∑ ∫
 (24) 

(the last inequality by (2)). 
Let ,u u U∗′ ∈ . As explained below, for some 0D∗∗ >



, we have 

( )

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

( ) ( ) ( )( )
( ) ( ) ( )

,

2
1 22

0

1 22

0

1 22

0

2

,.sup

, , , , , , d

, , , , , , d

1 , , d

1 .,. .,. .

u u

s t

t u
u

t j u
u

j

t

q s

D E f s x s u s u s u s s

D E s x s u s u s u s s

D n M E u s u s s

D n M u u

ω ω ω ω

σ ω ω ω ω

ω ω

′

≤

∗∗

∗∗

∗∗ +

∗∗ +

 
 
 

 ′≤ − 
 

 ′+ − 
 

′ ′≤ + −

′ ′≤ + −

∫

∑ ∫

∫



     



     



  



   (25) 

The inequality (25) follows from (57) in Appendix, Lemma A, together with 
(2), for ,u uz q ′= , ( ) ( ) ( )( )[ ], , , , , ,u

xh t x f t x t u t xω ω ω=


,  
( ) ( ) ( )( )[ ], , , , , ,j j u

xt x t x t u t xσ ω σ ω ω∗ = , 0y β β ∗= = ≡  ( 0 0 0z y= = ), and 

( ) ( ) ( )( ) ( ) ( )( ), : , , , , , ,u
ut f t x t u t u t u tα ω ω ω ω ω′= −  

( ) ( ) ( )( ) ( ) ( )( ), : , , , , , ,j u
j ut t x t u t u t u tα ω σ ω ω ω ω∗ ′= −  

Similarly2, for , ,u u u U∗′′ ′ ∈ , 

 

 

2Lemma A applies for ( ) ( ) ( )( )[ ] ( ) ( )( ) ( ) ( )( ), , , , , ,u u
x uh t x f t x t u t x f t x t u t u t u tω ′= + −



,  

( ) ( ) ( )( )[ ] ( ) ( )( ) ( ) ( )( ), , , , , , , , , ,j j u j u
x ut x t x t u t x t x t u t u t u tσ ω σ ω ω σ ω ω∗

′= + − , 0α = , 0α∗ = ,  
,u uz q ′= , ,u uy q ′′= , ( ) ( )( ) ( ) ( )( ), ,u

uf t x t u t u t u tβ ′′ ′= − , ( ) ( )( ) ( ) ( )( ), , , ,j u
j u t x t u t u t u tβ σ ω ω∗ ′′ ′= − . 
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( ) ( ) ( ) ( ) ( ), ,
22

.,. .,. 1 , , .u u u uq q D n M u s u sω ω
∗′′ ′ ∗∗ +′ ′′ ′− ≤ + −



       (26) 

In (25) and (26), D∗∗  is independent of , ,u u u′′ ′  (it only depends on M + ). 
We need to prove that 

( ) ( ) 22
,. ,. 0 when 0.u ux t x t u uπ π′ ′− → − →            (27) 

This follows from (24) and (2), because, in a shorthand notation, for all t, 

( ) ( )
( ) ( ) ( ) ( )

( )
( )

2

2 2

22

22

2 2

, , , ,

, , , , , , , ,

1 .

u u

u u u u

u u

u u

f t x u f t x u

f t x u f t x u f t x u f t x u

M x x M u u

M x x u u

M DM n u u M u u

π π

π π π π

′

′

′+ +

′+

+ + +

′ −

′ ′ ′≤ − + −

′≤ − + −

′≤ − + −

′ ′ ′≤ + − + −

 

We also need: 

( ) ( ), ,
22

,. ,. 0 when 0.u u u uq t q t u uπ π′′ ′ ′′ ′− → − →           (28) 

This follows from (26) and (2), because, in a shorthand notation, for 

( ), ,u
x xf f t x u= , ( ), ,u

u uf f t x u= , for all t, 

( ) ( ) ( ) ( )

( ) ( )( ) ( )

( ) ( )( )
( )

, ,

2

, ,
22

, ,
22

2 2

,. ,.

,. ,. | |

,. ,.

1 .

u u u u
x u x u

u u u u
x u

u u u u

f q t f u u f q t f u u

f q t q t f u u

M q t q t M u u

M D n M u u M u u

π π π π

π π

′′ ′

′′ ′

′′ ′+ +

+ ∗∗ + +

′′ ′+ − − − −

′′ ′≤ − + −

′′ ′≤ − + −

′ ′′ ′ ′′ ′≤ + − + −


 

Note finally that, when u U∗ ∗∈ , 2ˆ, clu u U ∗∗′∈ , then 

( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ),

2 2

ˆ., .,. , .,. .,. , ., .,. , .,. ., .,. , .

and .,. .,. , .,. .,. belong to cl ,
'

u u u
u

u u u n
x

f x u u f x u f x u

f x u q L

∗
∗

∗
∗ ∗

′ ∗
∗

∗
∗

′ −
  (29) 

see Remark L in Appendix. 
B) Local controllability of the linear perturbations. 
Note that, by (2), in a shorthand notation, 

( ) ( )[ ]
22

ˆ ˆ., , ., , 4u u
u uf x u u u f x u u u M u uπ π α∗ ∗∗ + ∗

∗ ∗ ∗ ∗ − − − ≤ − ≤    (30) 

when 
2

4u u Mα∗ +
∗ − ≤ , ˆ,u u U∗ ∗∈ . Then, from (15) and (29), when 

{ }{ }2 2
: : min 1, , 4u u cl U u u Mδ δ α∗∗ ∗ ∗ +

∗ ∗ ∗∈ ∈ − ≤ = , 

[ ] ( ) [ ] ( )[ ]{ } ,
3 4 2 2,1 ,1 ˆ ˆ1 .,. cl co 1 ., , : ,um m

uc cz B f x u u u u U Lα π
∗ ∗

∗∗ ∗∗ ∗
∗ ∗

   + ⊂ − ∈ ⊂  
  (31) 

where “co” can be omitted due to the concavity of U. To see this, apply Remark 
W in Appendix. 

Next, let the number [ ),1c c′∈  satisfy ( ) ( )1 22 1 2 1 6M n D c α+ ∗∗′ ′+ − ≤


, (for 

D∗∗ , see (25)), and let  
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( ) ( ) ( ){ }2: min 1, , 1 64 , 1 64 1c M c M n Dµ δ α α δ+ + ∗∗ ∗
∗ ∗ ∗′ ′ ′= − − + ≤



. Let  

{ }2 2
: cl :u U u U u u µ∗ ∗∗ ∗

∗ ∗ ∗∈ = ∈ − ≤ , so 
2

1u u∗
∗ − ≤ . When  

[ ){ }: : on 0,cu U u U u u c′ ∗∗ ∗ ′∈ = ∈ = , then 
2

1u u∗− ≤ , hence 2 2u u∗ − ≤ . 

Then, for all ,cu U u U′ ∗
∗ ∗∈ ∈ , for all t 

( ) ( ) [ ] ( )
,

,12
, , 1 64 1 8 3.u u u

x cf t x u q c tπ α α α∗ ∗
∗ ′′≤ − + ≤       (32) 

To see this, note that by (25), for all t, 

( ) ( )( ) ( )

( )

( ) ( ) ( )( )
( ) ( ) ( )( )

[ ] ( ) ( ) ( )( )

,

2

,

2
1 22

0

1 22

0

1 221

,1 2

, ,. , ,. ,.

,.

1 ,. ,. d

1 ,. ,. d

1 .,. .,. d

u u u
x

u u

t

c

c c

f t x t u t q t

M q t

M M n D E u t u t t

M M n D E u t u t t

t E u u t

π ∗ ∗

∗

∗

+

+ + ∗∗
∗

′+ + ∗∗ ∗
∗

∗′ ′

≤

′≤ + −

 ′≤ + −  
 + −    

∫

∫

∫





 

( ) [ ] ( ) ( ) ( )
( ) [ ] ( )

2 2 1 2
,12

,1

1 1 1 2 1

1 64 1 6 3.
c

c

M n D u u t M n D c

c tα α α

+ ∗∗ ∗ + ∗∗
∗ ′

′

′ ′ ′≤ + − + + −

′≤ − + ≤

 

 

Then, using again Remark W in Appendix and (31), (29), (32), for all 
u U ∗
∗ ∗∈ , 

[ ] ( )

[ ] ( ) ( )[ ]{ }
2,1

ˆ,
2 ,1

1 .,.

ˆ ˆcl 1 ., , ., , : .

m
c

u u u u c
x uc

z B

f x u q f x u u u u U

α

π π

∗

∗ ∗ ∗

∗
′

′
∗ ∗ ∗′

 + 

 ⊂ + − ∈ 



   (33) 

C) Relations between exact and linear perturbations. 
Let ,u u′′  be given elements in U∗ . Let 0ε ′ >  be arbitrarily given. Let us 

first prove that for ( ]0,1r∈  small enough, for any ( ]0, rδ ∈ , for 
( )1u u uδ δ′ ′′= + − , for all t, 

( ) ( ) ( )( )1 ,

2
,. ,. ,. .u u u ux t x t q tδ δ ε′ ′′− ′− − ≤              (34) 

Write d dj j
x t x tjq B q Bσ σ=∑ , d dj j

u t u tju B u Bσ σ=∑ . Define, in a shorthand 
notation, 

( ) ( ) ( ) ( ){
( ) ( ) }

1 1 , ,, , , , , , ,

, , ,

u u u u u u u
x

u
u

t f t x q u f t x u f t x u q

f t x u u u

ξ ω δ δ δ

δ

′′ ′′− ′= + − −

′′− −  
 

( ) ( )( )
1 22

1
1 0

d ,
t

t E s sξ ξ =   
∫  

( ) ( ) ( ) ( ){
( ) ( ) }

2 1 , ,, : , , , , , ,

, , ,

u u u u u u u
x

u
u

t t x q u t x u t x u q

t x u u u

ξ ω δ σ δ σ σ δ

σ δ

′′ ′′− ′= + − −

′′− −  
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( ) ( )( )
1 22

2
2 0

: d .
t

st E s Bξ ξ =  
 

∫  

For any 0ε ′′ > , there exists a ( ]0,1δ ′∈ , such that 

( ) ( ], 1, 2, when 0, , uniformly in ,i t i tξ ε δ δ′′ ′≤ = ∈           (35) 

by Lemmas B and C in Appendix. 
Consider now 

( ) ( ) ( )( )
( ) ( ) ( ) ( )( ){ }
( ) ( ) ( ) ( )( )

1 ,

1 ,
0

1 ,
0

, , , , , , , , d

, , , , , , , , d .

u u u u

t u u u u u u
x u

t u u u u u u
x u s

x t x t q t

f s x u f s x u f s x u q f s x u u u s

s x u s x u s x u q s x u u u B

δ δ

δ δ δ

δ σ σ σ δ δσ

′ ′′−

′ ′′−

′ ′′−

− −

′ ′′= − − − −

 ′ ′′+ − − − − 

∫

∫

 

By (56) in Appendix, Lemma A, for ( ]0,δ δ ′∈ , for some K  only dependent 
on M + , for all t 

( ) ( ) ( )( )1 ,

2
,u u u ux t x t q t Kδ δ ε′ ′′− ′′− − ≤              (36) 

To see this, in Lemma A let uz x ′= , ( ), ,h f t x u′=


, ,u u uy x qδ ′′= + , 

( ) ( ) ( ) ( ) ( ) [ ]1 ,: , , , , , , , ,u u u u u
x uf t y u f t x u f t x u q f t x u u uδξ β δ δ′′′ ′′− = = − + + + − , 

0α α∗ = = , ( ), ,t x uσ σ∗ ′= ,  

( ) ( ) ( ) ( ) ( ) [ ]2 ,: , , , , , , , ,u u u u u
x ut y u t x u t x u q t x u u uδξ β σ σ σ δ σ δ′′∗ ′ ′′− = = − + + + − . 

To obtain (34), put Kε ε′′ ′= . 

Next, given ,u u U∗′′ ∈  and assume that 2|| || < .''u u ∗− ∞  Let us prove that for 
any 0ε > , for ( ]0,1r∈  small enough, for any ( ]0, rδ ∈ , for 

( )1u u u Uδ δ ∗′ ′′= + − ∈ , we have that 
1 ,

2
.u u u ux x qδ π π δπ ε′ ′′−  − − ≤                      (37) 

Let 

( )( ) ( ) ( ) ( ){
( ) ( ) ( ) }

1 3 1 ,

,

, , : , , , ,

, , , ,

u u u

u u u u
x u

t t f t x q u f t x u

f t x u q f t x u u u

πξ ω ξ ω δ π δ π

π δ π δ

′′−

′′

′= = + −

′′− − −  
 

Now, 

( ) [ ) ( )( ){
( )( ) ( ) ( )

( ) ( ) } ( )

3 1 , ,
0,1

, ,

4

, sup , ,

, , , ,

, , : , .

u u u u u
x

u u u u u u
u x

u
u

t f t x q u u q

f t x q u u u u f t x u q

f t x u u u t

θξ ω δ π δθ θ δ

π δθ θ δ π δ

π δ ξ ω

′′ ′′−
∈

′′ ′′

′≤ + −

′ ′′+ + − − −

′′− − =  

 

Because ,

2

u uq
∗′′ < ∞  and 

2u u ∗′′ − < ∞ , then Lemma J in Appendix gives that 

( )4

2
.,. 0ξ →  when 0δ → . Next, let 1 ,u u u ux x qξ δ π π δπ′ ′′−

∗  = − −    , 

( ) ( ),, , , ,u u u uf t x u f t x q uξ π π δ′ ′′
∗∗ ′ ′= − + . Using ,u u u uM x x qξ δ′ ′′+

∗∗ ≤ − −  and 
3ξ ξ ξ∗ ∗∗= + , we get 1 , 4

2 2 2

u u u uM x x qξ δ δ ξ′ ′′+ −
∗ ≤ − − + , which 0→  when 

0δ → , by (36). Hence, (37) follows. 
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D) Continuity of ,u uu q ′→  at u∗ . 
Let ,u u U∗′∈ . Define ( ) ( ) ( ), ,, : , ,u u u ut q t q tδ ω ω ω

∗′ ′= − . Let us first prove that 

( )
2 2

.,. 0 when 0.u uδ ∗→ − →                   (38) 

Now, in a shorthand notation, 

( ) ( ) ( )[ ]{ }
( ) ( ){ }
( ) ( )[ ]{ }
( ) ( ){ }

,
0

,
0

,
0 0

,
0

, , , , d

, , , , d

{ , , , , d

, , , , d

t u u u u
x u

t u u
x u

t tu u u u
x u s

t u u u u
x u s

t f s x u q f s x u u u s

f s x u q f s x u u u s

s x u q s x u u u B

s x u q s x u u u B

δ

σ σ

σ σ

∗

∗ ∗ ∗

′

′∗ ∗ ∗ ∗ ∗

′

′∗ ∗ ∗

′= + −

 ′− + − 

′+ + −

 ′− + − 

∫

∫

∫ ∫

∫

 

( ) ( )
( ) ( )
( ) ( ) [ ]

( )

, ,
0

,
0

0

0

, , , , d

, , , , d

, , , , d

, , d

't u u u u u u
x x

t u u u
x x

t u
u u

t
u

f s x u q f s x u q s

f s x u f s x u q s

f s x u f s x u u u s

f s x u u u s

∗

∗

′

′∗ ∗

∗ ∗

∗ ∗ ∗

 = − 

 + − 

  ′+ − − 

 + − 

∫

∫

∫

∫

 

( ) ( )
( ) ( )
( ) ( ) [ ]

( )

, ,
0

,
0

0

0

, , , , d

, , , , d

, , , ,

, , d .

t j u u u j u u u j
x x sj

t j u j u u j
x x sj

t j u j
u u sj

t j
u sj

s x u q s x u q B

s x u s x u q B

s x u s x u u u dB

s x u u u B

σ σ

σ σ

σ σ

σ

∗

∗

′ ′

′∗ ∗

∗ ∗

∗ ∗ ∗

 + − 

 + − 

  ′+ − − 

 + − 

∑ ∫

∑ ∫
∑ ∫
∑ ∫

 

Using the notation in Lemma A in Appendix, we write  

( ) ( ) ( )
0 0 0 0

, d , d d d
t t t t

s st h s s s B s Bδ δ σ δ α α∗ ∗= + + +∫ ∫ ∫ ∫


 where  

( ) ( ), , ,u
xh s f s x uδ δ=



, ( ) ( ), , ,j j u
xs s x uσ δ σ δ∗ = , 

( ) ( )
( ) ( ) [ ] ( )

,, , , ,

, , , , , , ,

u u u
x x

u
u u u

f s x u f s x u q

f s x u f s x u u u f s x u u u

α
∗′∗ ∗

∗ ∗ ∗ ∗ ∗

 = − 
   ′+ − − + −    

( ) ( )
( ) ( ) [ ] ( )

,, , , ,

, , , , , , ,

j u j u u
j x x

j u j j
u u u

s x u s x u q

s x u s x u u u s x u u u

α σ σ

σ σ σ

∗′∗ ∗ ∗

∗ ∗ ∗ ∗ ∗

 = − 
   ′+ − − + −  

 

( z δ= , 0y ≡ , 0β β ∗= = ). 
Then, by (57), 

( )( )( ) ( ) ( )1 21 21 2 22 2

0 0
sup d d ,

t t
s t jjE s D E s E sδ α α∗ ∗
≤

 
≤ + 

 
∑∫ ∫



 

where 

( ) ( )( ) ( )( )( )
( )

1 2 1 221 2 22 ,
0 0 0

1 222
0

d , d , d

d

t t tu u

t

E s E e s u q s E e s u u u s

E M u u s

α
∗′ ∗

+ ∗

  ′≤ + − 
 

+ −

∫ ∫ ∫

∫
 

https://doi.org/10.4236/ojop.2018.71001


A. Seierstad 
 

 

DOI: 10.4236/ojop.2018.71001 12 Open Journal of Optimization 
 

for 

( ) ( ) ( ) ( ) ( ), : , , , , , , , , , ,u u
x x u ue s u f s x u f s x u e f s x u f s x u∗ ∗ ∗ ∗ ∗= − = −  

and 

( ) ( )( ) ( )( )( )
( )

1 2 1 21 2 2 22 ,
0 0 0

1 222
0

d , d , d

d

t t tu u
j j j

t

E s E e s u q s E e s u u u s

E M u u s

α
∗′∗ ∗

+ ∗

  ′≤ + − 
 

+ −

∫ ∫ ∫

∫
 

for 

( ) ( ) ( ) ( ) ( ), , , , , , , , , , .j u j j u j
j x x j u ue s u s x u s x u e s x u s x uσ σ σ σ∗ ∗ ∗ ∗ ∗= − = −  

Consider e.g the term  

( )( ) ( )( )
1 2 1 22 21, ,

0 0
, d , d

t u u u u
j jE e s u q s E e s u q s

∗′ ′   ≤      
∫ ∫ . Now,  

, ,2u u u u
je q M q

∗ ∗′ ′+≤ , ( ),
2 ,u u nq L J

∗′ ∈ ×Ω  , and 
2

0ux x∗− →  when  

2
0u u∗− → , Hence, by Remark T in Appendix,  

( )( )
1 221 ,

0
, d 0u u

jE e s u q s
∗′  → 

 
∫  when 

2
0u u∗− → . Similarly, the terms  

containing , , je e e∗ ∗  converge to zero when 
2

0u u∗− → . So  

( )( )( )1 22
sup 0s tE sδ≤ →  uniformly in t when 

2
0u u∗− → . 

Next, assume that 
2

u u
∗∗′ − < ∞ , ,u u U∗′ ∈ . We want to prove that then δ∗  

satisfies 

( )
2 2

.,. 0 when 0.u uδ ∗
∗ → − →                   (39) 

where, in a shorthand notation, 

( ) ( ) ( )[ ]

( ) ( )

,

,

, : , , , ,

, , , ,

u u u u
x u

u u
x u

t f t x u q f t x u u u

f t x u q f t x u u u

δ ω π π

π π
∗

′
∗

′∗ ∗ ∗ ∗ ∗

′= + −

 ′− + − 
 

Now, 

( ) ( ) ( )
( ) ( ){ }
( )( ) ( )( )
( )( ) ( )( )

, ,

,

, , , , ,

, , , ,

, , , ,

, , , ,

u u u u u u
x x

u u u
x x

u u
u u

u
u u

t f t x u q f t x u q

f t x u f t x u q

f t x u u u f t x u u u

f t x u u u f t x u u u

δ ω π π

π π

π π

π π

∗

∗

′ ′
∗

′∗ ∗

∗

∗ ∗ ∗ ∗

 = − 
 + − 
 ′ ′+ − − − 
 ′ ′+ − − − 

 

Let us show that the four terms in square brackets have 2. -norms 0→  
when 

2
0u u∗− → . Now, 

2
0ux x∗− →  when 

2
0u u∗− → . Hence, by 

Lemma J in Appendix, the second and fourth square bracket 0→  in 2.  
when 

2
0u u∗− →  (recall that 

2
u u

∗∗′ − < ∞  and ,

2

u uq
∗′ < ∞ ). Moreover 

the first and third square bracket have . -norms smaller than 
, ,2 u u u uM q q

∗′ ′+ −  and 2M u u+ ∗ − , respectively. So the 2. -norms of both 
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these terms 0→  when 
2

0u u∗− → , recall that , ,

2
0u u u uq q

∗′ ′− →  when 

2
0u u∗− → , see (38). So (39) has been proved. 

E) Dense subsets of 2cl U ∗∗ . 
Let ( ) ,

2 2cl ,prog n nu L J L
∗∗ ∗∗∗

∞∈ ×Ω =  (for this equality see Appendix L). Note 
that for each 0ε > , for some ( ),prog nu L J

∗∗

∞′∈ ×Ω  , 2u u ε′ − < . Let 
( ),essup ,tM u tω ω′= . For each ( ),t ω , let ( ),u t ω′′  be the projection of 

( ),u t ω′  on the line containing 0 and ( ),u t ω . Let ( ), 0u t ω∗ =  if ( ),u t ω′′  
has the opposite direction of ( ),u t ω  or if ( ), 0u t ω = , let ( ) ( ), ,u t u tω ω∗ =  
if ( ),u t ω′′  is longer than ( ),u t ω  and has the same direction as ( ),u t ω , and 
if ( ),u t ω′′  is smaller than ( ),u t ω  and has the same direction as ( ),u t ω , let 

( ) ( ), ,u t u tω ω∗ ′′= . Evidently, for some measurable ( ) [ ], 0,1u tφ ω ∈ , 
( ) ( ) ( ), , ,uu t t u tω φ ω ω∗ = , and ( ) ( ) ( ) ( ) ( ), , , , ,u t u t u t u t u tφ ω ω ω ω ω′− ≤ −  

and ( ) ( ) ( ) ( ), , , ,u t u t u t u tφ ω ω ω ω′′ ′≤ ≤  ( uφ  also depends on u′ , the 
notation hides this fact). Evidently, ( ) ( ),essup , ,t u t u t Mω φ ω ω ≤  and ( ),u tφ ω  
is progressively measurable. Now, for any 22clu U ∗∗

∗∗ ∈ , let  

( ) ( ){ }2 2: cl , clprog n
uU u w w U u L J U

∗∗

∗∗

∗∗ ∗∗
∗∗ ∗∗ ∞= + ∈ − ×Ω ⊂  . We have that 

uU
∗∗

 is 2. -dense in 2cl U ∗∗  because if 2ˆ clu U ∗∗∈ , for any 0ε > , for some 

( ),prog nu L J
∗∗

∞′∈ ×Ω  , ( )
2

û u u ε∗∗ ′− − <  ( ˆ,u u∗∗ , and hence, û u∗∗− , belong  

to the linear space ( )2cl ,prog nL J
∗∗

∞ ×Ω  ). Then  

( ) ( ) ( )( ) ( ) ( )( )ˆ 2
ˆ ˆ, , , , ,u u t u t u t u t u tφ ω ω ω ω ω ε

∗∗− ∗∗ ∗∗− − − < , and so  

2
ˆu w u ε∗∗ + − <  for  

( ) ( ) ( )( ) ( ) ( )ˆ 2ˆ, , , cl , n
u uw t u t u t U u L Jφ ω ω ω

∗∗

∗∗

∗∗
− ∗∗ ∗∗ ∞= − ∈ − ×Ω   ( 2cl U ∗∗  is 

convex).  
Note finally that if ,u u U ∗∗′′ ∈ , then u u w∗′′ ′′= + , u u w∗= +  for ,w w U ∗′′ ∈ , 

so 2 2 2 2 2u u w w w w′′ ′′ ′′− = − ≤ + ≤ , in fact 

2 2, cl 2.u u U u u∗∗′′ ′′∈ ⇒ − ≤                    (40) 

F) Final proof steps. 
Define 

( 1: 1 1 2 ,1 1 2 , 0,1, ,i i
iI i+ = − − =                    (41) 

Using Jensens inequality, for an arbitrary function 0φ ≥  we get 

( ){ } ( ){ }2 221 meas d 1 meas d
I I

I t I tφ φ≤      ∫ ∫ . It follows that 

( ) ( )( ) ( )

( ) ( ) ( )

1 2 1 2 1 22
1 12 2

1 221
2 2

2 d 2 2 d 2 2 d

2 2 d 1 2 .

i i i

i

i ii i i
I I I

ii
I

E t E t E t

t

φ φ φ

φ φ

− + − +

− +

     = =        

 ≤ ≤  

∫ ∫ ∫

∫
     (42) 

For ( ) ( )2. , , mz L
∗

∈ Ω Φ  , define ( )( ) ( )1 1 1 2. : . |z E z − Π = Φ   and  

( )( ) ( ) ( ) 11 1 2 1 1 2
. : . | . | , 1i ii z E z E z i−− −

   Π = Φ − Φ >   
. Define 
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( ) ( ) ( ) ( )2 22
. : sup 2 . for . , , ,i m

i iz z z L
∗

= Π ∈ Ω Φ   

( ) ( ) ( ){ }2 2
.,. , , : .,. .prog mB z L z

∗∞ = ∈ Ω Φ < ∞             (43) 

Furthermore, let 2L  be the subset of ( )2 , , mL
∗

Ω Φ   consisting of all 

element ( ) ( )2. , , mz L
∗

∈ Ω Φ   such that ( ) ( )2 2
. : sup 2 .i

i iz z= Π < ∞  and such 

that ( ) ( ) ( )1 1 1 2
. lim . lim . | kk i ki kz z E z→∞ →∞≤ ≤ −

 = Π = Φ ∑ , (limit in 2. -norm, 

( ) ( )1 1 1 2
. . | kii k z E z

≤ ≤ −
 Π = Φ ∑ ). It is easily seen that elements of the type 

( ), d
J
y t tω∫ , ( ) ( )2, ,prog my t L Jω

∗
∈ ×Ω  , ( )

2
.,.y < ∞ , precisely make up the  

set 2L . To see this, let ( ).,.y  be such a function, and, using Jensen’s 
inequality three times (and for any ( ) 0tα ≥ , that  

( )( ) ( )( )1 2 1 2
essup = essupt tt tα α ), note that for any interval J ′ , 

( ) ( )( )

( ) ( )( ) ( )( ) ( )( )
( )( ) ( )( )
( ) ( )( ) ( ) ( )

1 2 1 22 2

1 1 2 1 1 2

1 2 1 22 1 2 2

1 21/ 2 2

1 22

2

,. d | ,. d |

meas ,. d meas ,. d

meas essup ,. d

meas essup ,. meas .,. ,

k kJ J

J J

tJ

t

E E y t t E E y t t

E J y t t J E y t t

J E y t t

J E y t J y

− −′ ′

′ ′

′

       Φ ≤ Φ             

   ′ ′≤ =      

′≤

′ ′= =

∫ ∫

∫ ∫

∫
 (44) 

so, in particular, ( ) ( )1 22
,. d .,.

J
y t t yΠ ≤∫ . This yields also, for 1j > , that 

( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

1

2

0 12 2

1 1 2 1 1 2
1 12 2

1 1
2 2

1

,. d

,. d ,. d

,. d | ,. d |

2 1 2 .,. 2 1 2 .,. ,

i i

j j
i i

j J

j jI I
i j i

I I
j i j i

i j

j i

y t t

y t t y t t

E y t t E y t t

y y

−

≤ <∞ − ≤ <∞

− −
− ≤ <∞ − ≤ <∞

+ −

− ≤ <∞

Π

= Π = Π

   ≤ Φ + Φ      

≤ ⋅ = ⋅

∫

∑ ∑∫ ∫

∑ ∑∫ ∫

∑

   (45) 

so ( ) ( )2 2
, d 4 .,.

J
y t t yω ≤ < ∞∫ , see (43). Moreover, by (44), similarly, 

( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )

1 2

1 1 2 2

1 1 2 1

1 1 20 1 1 2
2

2

, d , d

, d , d |

, d , d , d |

2 2 .,. ,

k

k

kk

jJ J
j k

J J

J

k

y t t y t t

y t t E y t t

y t t y t t E y t t

y

ω ω

ω ω

ω ω ω

≤ ≤

−

−

−−

− Π

 = − Φ 

 = − − Φ  

≤

∑∫ ∫

∫ ∫

∫ ∫ ∫

     (46) 

so ( ), d
J
y t tω∫  is a 2L -limit of ( )1 , djj k J

y t tω
≤ ≤

Π∑ ∫ . Hence,  

( ) 2, d
J
y t t Lω ∈∫ . Note also that ( ),essup ,t y tω ω < ∞  ⇒  
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( )

( )

( )

( )

( )

1

1

11

1

1 1 2

1

1 1 21 1 2

1

1 1 21 1 2

,

essup 2 , d

essup 2 , d

essup 2 , d |

2 , d |

4essup ,

i

ii

ii

i
i J

i
i

i

i

t

y t t

y t t

E y t t

E y t t

y t

ω

ω

ω

ω

ω

ω

ω

ω

ω

−

−

−−

−

−−

−−

Π

= Π

 ≤ Φ  
 + Φ  

≤ < ∞

∫
∫

∫

∫

 

for all 1i >  (holding “the more” for 1i = ). 

Finally, if ( ) 2z Lω ∈ , then ( ) ( ) ( )
11 1 2

0
, d lim , d

k

kJ
z t t t tω γ ω γ ω

+−

→∞= =∫ ∫ , for 

( ) ( ) ) ( ) ( )11 1 2 ,1 1 2
1

,. : 2 2 . 1 : . ,m m
m

m
m

t z t zγ + − −≥

= Π = Ψ∑            (47) 

where ( ) ( ) ( ),sup 2 1 2 essup ,m
m m tz tωω γ ω

∞
Π = , 

and where ( ) ( )
2 2

.,. 2 .zγ ≤ ⋅ , ( ).,.γ  progressively measurable. (So the linear 
map Ψ  satisfies ( ) ( )

2 2
. 2 .z zΨ ≤ ⋅ .) 

Let Θ  be the linear map from B∞  (see (43)) into ( )2 , , mL
∗

Ω Φ   defined 
by ( ) ( )1

0
.,. , dz z t tω→ ∫  and note that ( ) ( ). .z zΘΨ = , ( ) 2.z L∈ . In (45) we 

have just proved that Θ  has norm 4≤  for the norms 2.  and 2 .  (or for 

2 2. .→ , as we shall express it). 
Now, let ( ) ( ){ }2. : 2 .sup m

mmL z L z∗
∞ ∞
= ∈ Π < ∞ , let cl(2) be closure in 2L  in 

2 . -norm, let ( ) ( ) ( ) ( ){ }2 2
0, . : .B z L zβ β∗ ∗

∞= ∈ < , let  

( ) ( ) ( ) ( ) ( )2 2 20, : cl 0,B Bβ β∞ ∗= , and let ( )2 0,B β∞  be a 2. -ball in  

( ),prog mL J
∗

∞ ×Ω  . 

Now, for ( ) ( )( )2 0, 1 4z B cα∗ ′∈ − , we have ( )1
,. d

c
z s sγ

′
′= ∫ , where 

( ) ( ) ( ) ( ) ) ( )1

1
21 1 2 ,1 1 2

1
, 2 1 2 1 0, 2 .i i

i
i c c

i
s c z Bγ ω α+

∞
− ∞

 ′ ′− − − −=

′ ′= − Π ∈∑     (48) 

Hence, by (33), using ( )2 2cl ,m prog mL L J
∗ ∗∗

∞= ×Ω   and ( )2 20, 2 mB Bαα
∗∞ ∗⊂ , 

for u U ∗
∗ ∗∈ , (for U ∗

∗  and cU ′ , used in a moment, see definitions subsequent to 
(31)), we get 

( ) ( )( )
( ) ( )

1

2

1 1 1 1
2 2 2

d 0, 1 4

d 0, 2 d cl d cl d ,

c

c c c c

z t B c

z t B t Q t Q t

α

α

∗
′

∞
′ ′ ′ ′

′+ −

⊂ + ⊂ ⊂

∫

∫ ∫ ∫ ∫





 

where 

( ) ( )[ ]{ }ˆ , ˆ ˆ: , , , , :u u u u c
x uQ f t x u q f t x u u u u Uπ π∗ ∗ ∗ ′∗

∗ ∗= + − ∈      (49) 

(note that ( ) ( )1
.,. ,. d

c
s sγ γ

′
′′ ′′→ ∫  is continuous in 2 2. .→ , as shown above). 

Let cu U ′∈ , u U ∗
∗ ∗∈ . Then 

( ) ( ) ( )( ){ }
( ) ( )( ){ }

, ,
0

1 ,

1 , , , , d

, , , , d .

cu u u u u u
x u

u u u u
x uc

q f t x u q f t x u u u t

f t x u q f t x u u u t

π π π

π π

∗
∗ ∗ ∗ ∗

∗ ∗ ∗

′ ∗
∗ ∗ ∗

∗ ∗ ∗′

= + −

+ + −

∫

∫
 

Using Remark W, 4Θ ≤ , and the fact that the first integrand has a . - 
norm ( ) ( ) ( ) ( )

2
1 64 1 64 1 64 1 32c M u u c c cα α α α+ ∗

∗′ ′ ′ ′≤ − + − ≤ − + − = −  
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by (32) (hence the first integral has a 2 . -norm ( )1 8cα ′≤ − , we get from (49) 
that 

( ) ( )( ) ( ) ( )1 ,
2 2d 0, 1 8 cl 1 .

cU u
c

z t B c qα
′

∗∞
′

′+ − ⊂∫
              (50) 

Observe that, given 2clu U ∗∗∈ , uu U′′∈  (
2u u u u ∗

∞
′′ ′′⇒ − < ∞⇒ − < ∞ ), 

by 4Θ ≤  for 2 2. .→  and (37), for any given 0ε > , for ( ]0,1r∈  small 
enough, for any ( ]0,rδ ∈ , 

( ) ( ) ( ) ( )11

2
1,. 1,. 1,.u u u u ux x qδ δδ π π δπ ε′′+ − ′′− ⋅ − − ≤           (51) 

And, by (39) and 4Θ ≤ , for 
u

u U ∗′∈  (
2

u u u u
∗∗ ∗

∞
′ ′⇒ − < ∞⇒ − < ∞ ), 

then 

( ) ( ), ,
2 22

1,. 1,. 0 when 0, cl .u u u uq q u u u Uπ π
∗′ ′ ∗ ∗∗− → − → ∈      (52) 

To obtain the conclusion in Theorem 1, we will now apply Corollary I in 
Appendix, and for this end, we make the following identifications: ( )2

ˆ clY L∗∞= , 
γ µ∗ ∗=  (for µ∗  see below), 2K∗′ = , 2clA U ∗∗= , 2.σ ∗ = , the norm .  on 
Ŷ  equal to 2 . , a u+ ′′= , a u′ ′= , a u∗ ∗= , a u= , a uA U=



 , 
( )ˆ u uH a x xπ π

∗
= Θ −Θ   , , ,ˆa a u uq qπ′ ′= Θ 

 , ( ) ( )1,.uH a E a x = ⋅ 


 ,  
( ), , 1,.a a u uq E a q′ ′ = ⋅ 

 

 , ˆ 0y = . By (34) and (51) it follows that the property (61) 
is satisfied for ( )1a a aδ δ+′ = + −    for aa A+ ∈





  ( 2 2u u δ′ − ≤  by (40)), and (62) 
is trivially satisfied by concavity of U, both (61) and (62) in the manner required 
in Corollary I. By (50), for ( )1

: ,. d
c

z z t t∗
′

= ∫
  ,  

( ) ( )( ) ( ) ( )2cl ,
2 2, 1 8 cl co 1,.U uB z c qα π

∗∗∞ ∗ ′− ⊂  for u U ∗
∗∈ , so for ( )1 8cε α ′= − , 

( ) , ˆˆ, clco A aB z q Yε∗ ⊂ ⊂




 , ( )cl ,a B a µ∗ ∗∈  ), where :µ µ∗
∗= , µ∗  defined 

subsequent to (31). By 4Θ ≤  and (27) and (24), Ĥ  and H


 are continuous. 
By (26), (28), and 4Θ ≤ , ,a aa q ′′ →  

   is continuous in A , for any a A∈ 

 , and 
by (38) and (52), for 

a u
a u A U U∗ ∗

∗∗′ ′= ∈ = =




 , ,a aa q ′→  

   is continuous at 
a u∗ ∗= . The required boundedness of ,a aq ′  is satisfied because of (25). 
Evidently, A  is complete, see Appendix, Remark M. Hence all conditions in 
Corollary I are satisfied. Thus, for some 0 0Λ ≥ , some 2 . -continuous linear 
functional ν  on ( )2cl L∗∞ , ( )0 , 0νΛ ≠ , for all 2clu U ∗∗∈ ,  

( ) ( ), ,
0 1,. 1,. , 0u u u uE a q qπ ν

∗ ∗ Λ ⋅ + ≤ 
. 

By Hahn-Banach’s theorem, ν  has an 2 . -continuous linear extension to 
all 2L , also denoted ν . 

Proof of  Remark 1 . Let 1T = .  Note that (50) and 0z∗ =  gives 

( ) ( )( ) ( ) ( ){ }2cl ,
2 20, 1 8 cl co 1U uB c qα π

∗∗ ∗∞ ′− ⊂ . If 0 0Λ = , the necessary condition  

(16) implies ( ) ( ){ }2cl ,
2cl co 1 , 0U uqπ ν

∗∗ ∗
≤  and hence  

( ) ( )( )
( )22 cl0, 1 8 , 0 0LB cα ν ν ∗

∞

∞ ′− ≤ ⇒ = , a contradiction. So 0 0Λ ≠ . 

From (16), in a shorthand notation, we get, for w U ∗∈ , and even for 

{ }2: 0, clw U u u Uλ λ ∗∈ = ≥ ∈ , that 

( )1 1 1
00 0 0

d , d , d , .w w
u x u xf w t E f q f w t a f q tπ ν π ν≤ −Λ + −∫ ∫ ∫        (53) 
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Fix any ( ) ( ).,. ,prog mL Jβ
∗

∞∈ ×Ω  , such that  

( )( ) ( ) ( )2 22
1 , , , , , : .uf t x t u u t u tβ ω ω ω θ∗ ∗ ∗ ∗= + + =  By (21) and 

2
u

∗∗ < ∞ , 

there exists a ( )**

2cl ,prog nw U L J∞′ ′∈ ×Ω  , such that  

( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ), , , , , , , , , , ,u ut f t x t u t u t f t x t u t w tβ ω π ω ω ω π ω ω ω∗ ∗ ∗ ∗ ∗ ′+ = ,  

( ) ( ) ( ) ( )( ) ( )0, , , , , , ,uw t t f t x t u t u tω β β ω ω ω ω∗ ∗ ∗′ ≤ + . So  

( ) ( )( ), , , ,uf t x t u t wβ π ω ω∗ ∗= , where w w u∗′= − ,  

( ) ( ) ( ) ( )( ) ( ) ( )0, , , , , , , ,uw t t f t x t u t u t u tω β β ω ω ω ω ω∗ ∗ ∗ ∗≤ + + , so w U∈    

( 0 02w β β β θ
∞

≤ + ) and ( ) ( )0 0 02 2 2 2
, 2 1uw t f u uβ β ω β β θ∗ ∗≤ + + ≤ + . 

By (25), for some constant K, ( )022
essup 2 1w

tq K w K β θ≤ ≤ + , so the 
absolute value of the scalar products on the right hand side of (53) are smaller 
t h a n  2 2a M K w M w+ ++  ( θ θ∗≤ , ( )( )0: 2 1a M K Mθ β+ +

∗ = + + )  a n d 
1

02
dw

xf q tν π⋅ ∫ , respectively, the last number being small than  

( )022
4 4 4 2 1w

xf q M K w Mν π ν ν β θ+ +≤ ≤ + . Hence, by (53), for  

( )0: 4 2 1K Mθ ν β+
∗′ = + + , 

1

0
d ,t Kβ ν θ′≤∫ . Replacing β  by β− , by the 

same argument, if 2β θ− = , we get 
1

0
d ,t Kβ ν θ′− ≤∫ . In fact, we have 

1

0
d ,t Kβ ν θ′≤∫  for all ( ),prog mL Jβ

∗

∞∈ ×Ω  , 2β θ= . 

Thus, on this subspace of ( )2 1, , mL J
∗

×Ω Φ  , 
1

0
d ,tβ β ν→ ∫  is 2. - 

continuous. Hence, by Hahn-Banach’s theorem (see [8]) and a representation 
theorem, for some ( ),v t ω∗∗  in ( )2 1, , mL J

∗
×Ω Φ  ,  

1 1

0 0
d , , dt E v tβ ν β ∗∗=∫ ∫  , for all ( ),prog mL Jβ

∗

∞∈ ×Ω   (in fact on  

( )2 ,prog mL J
∗

×Ω  ). 

Note that for ( ), ,prog m
tt

L Rβ
∗

∞∈ Ω Φ


,  

( ) ( )1 1 1

0 0 0
, d , d , ,. d , ,. ds E s s s E s sβ ν β ν β ν β ν∗∗ ∗∗= = =∫ ∫ ∫ , which 

means that ν  is 2. -continuous on ( ), ,prog m
tt

L R
∗

∞ Ω Φ


 and has a unique 

2. -continuous extension to the 2. -closure of ( ), ,prog m
tt

L R
∗

∞ Ω Φ


, which 
equals ( )2 1, , mL R

∗
Ω Φ  (and includes 2L ) in case of left continuity of tt →Φ . 

Proof of Remark 2. 
Let 1T = , 0 0x = . Let 0: , ,E aν φ φ ν φ∗ ′ ′ ′= → +Λ  ( 2Lφ′∈ ) and let 
( )1, ,C t ω ∗  and π ∗  be the adjoints of ( )1, ,z C t zω→  and of π . 
It is easily proved (using Lemma A in Appendix and 4Θ ≤  for 2 2. .→ ) 

that for ( ) ( )2. , , , 1n
sy L s

∗
∈ Ω Φ < , ( ) ( ) ( )2 2

1, ,. . .C s y D yπ ≤  for some 
constant D, see Remark P in Appendix. Hence, for any given 1s < , by the 2. - 
continuity of ( ) ( ) ( ). 1, ,. . ,y C s yπ ν→  on ( )2 , , n

sL
∗

Ω Φ  , 1s <  and hence 
of ( ) ( ) ( ). 1, ,. . ,y C s y ν∗→ , there exists a ( )2 , , n

sL
∗

Ω Φ  -function ( ),p s ω−  
on Ω  such that for any ( )2 , , n

sL
∗

Ω Φ  -function ( )α ω , we have 
( ) ( ) ( ) ( )1, ,. . , . , ,.C s E p sα ν α −

∗ = . The function ( ),p s ω−  is progressively 
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measurable and right continuous in 1s < , both a.s. and in 2L , see arguments 
in Remark Q in Appendix. 

Assume now 
2u ∗ < ∞ , (21) and left continuity of tt →Φ , which implies 

2. -continuity of ν  on all ( )2 1, , mL
∗

Ω Φ   (by extension). In this case the 
argument for 2. -continuity of ( ),.t p t−→  for 1t <  in Remark Q in 
Appendix extends to 1t = . Let ( ) ( )2 1. , , mLν

∗

∗∗ ∈ Ω Φ   be a representation of 
ν  and let ( ) ( ).,. ,prog ny L J R

∗

∞∈ ×Ω . Consider now 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

1 1

0 0

1

0

1

0

1

0

1

0

1, ,. ,. d , 1, ,. ,. , . d

,. , 1, ,. . d

,. , 1, ,. . | d

,. , 1, ,. . | d

,. , ,. d ,

s

s

C s y s s E C s y s s

E y s C s s

EE y s C s s

E y s E C s s

E y s p s s

π ν π ν

π ν

π ν

π ν

∗∗

∗ ∗
∗∗

∗ ∗
∗∗

∗ ∗
∗∗

−

=

=

 = Φ 

 = Φ 

=

∫ ∫

∫

∫

∫

∫

 

where ( ) ( ) ( ),. 1, ,. . | sp s E C s π ν∗ ∗
− ∗∗

 = Φ  . In this case, we can evidently put 
( ) ( ) ( ) ( )0,. 1, ,. . | 1, ,. | ,s sp s E C s E C s aπ ν− ∗

∗∗   = Φ +Λ Φ    and we have 

( ) ( ) ( ) ( )
0 0

1, ,. ,. d , ,. , ,. d , 1.
t t
C s y s s E y s p s s tν −

∗ = <∫ ∫  

In case of 
2

u
∗∗ < ∞ , (21), and left continuity of tΦ , by 2. -continuity of 

ν∗ , the two definitions of ( )p s−  coincide, because for both definitions we have 
( ) ( ) ( ) ( )1 1

0 0
1, ,. ,. d , ,. , ,. dC s y s s E y s p s sν −

∗ =∫ ∫  for all  
( ) [ ] ( )0,. 1 ,prog n

ty L J
∗

∞∈ ×Ω  , t arbitrary in [ )0,1 . 
Let now tΦ  be the natural filtration generated by the j

tB ’s , augmented by 
the P-null sets in 1:Φ = Φ , and let [ )0,1b∈ . 

Then, consider the pair of equations 

( ) ( ) ( ) ( )( )
( ) ( )( ) ( )

d , , , , , , d

( ) , , , , d d ,

x

j j j j
x t

j j

p t p t f t x t u t t

q t t x t u t t q t B

ω ω ω ω

σ ω ω

∗ ∗

∗ ∗

= −

− +∑ ∑
    (54) 

( ) ( ), , .p b p bω ω−=                         (55) 

By Theorem 2.2, p. 349 in [6], there is a unique progressively measurable 
collection ( ) ( ), , ,jp t q tω ω  [ ]( )0,t b∈ , ( ),t p t ω→  continuous in [ ]0,t b∈ , 
satisfying these equations (or more precisely, a.s. the integrated version of these 
equations), ( ) [ ]0, 2

.,. 1 bp < ∞ , ( ) [ ]0, 2
.,. 1j

bq < ∞ , with ( ),p t ω  equal to 
( ),p t ω− -a.s. for each t (see Remark O in Appendix). The uniqueness says that if 

two pairs ( ),p q , ( 1, , nq q q ′=  ) and ( )ˆ ˆ,p q  satisfy the pair of equations, then 
( ) ( )ˆPr , ,p t p tω ω =  for all [ ]0, 1t b∈ =  and ( ) ( )ˆ, ,q t q tω ω=  for a.e. 

[ ]0, 1t b ∈ = . We can let 1kb b= ↑  when k →∞  ( 1,2,k =  ) and obtain 
such functions ( ) ( ), , ,k kp t q tω ω  defined on each [ ]0, kb . For k k′ < , by the 
fact that ( ) ( ) ( ), , ,

kk k k b kp b p b p bω ω ω−
′ ′ ′ ′= =  a.s. and uniqueness, we have that 

( ) ( )( ) ( ) ( )( ), , , , , ,k k k kp t q t p t q tω ω ω ω′ ′ =  for a.e [ ]0, kt b ′∈  a.s. Then, 
evidently, there exists a unique pair ( ) ( )( ), , ,p t q tω ω  on [ )0,1  satisfying (54), 
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with ( ),p t ω  a.s. equal to ( ),p t ω−  for any [ )0,1t ∈ , ( ) [ ]0, 2
.,. 1 bp < ∞ , 

( ) [ ]0, 2
.,. 1j

bq < ∞  for all 1b < , ( ),t p t ω→  continuous.  
Let us show (19). For any 1s < , ( ) ( ) ( )1 1,w wq C s q s=  if 0w =  on ( ],1s , 

so in this case  
( ) ( ) ( ) ( ) ( ) ( ) ( )0 1 , 1, ,. , , ,w w w wq v C s q s v E q s p s E q s p s−

∗ ∗≥ = = =  (a 
consequence of (16)). 

Define ( ) ( ) ( )( ): ,. : , ,. , ,.x x xf f t f t x t u t∗ ∗ ∗ ∗= =  and uf
∗ , xσ ∗ , and uσ

∗  similarly. 
It turns out that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }0
,. , ,. ,. ,. ,. ,. ,. ,. d

sw
u uE p s q s E p t f t w t q t t w t tσ∗ ∗= +∫ . From this 

and ( ) ( )0 ,,. , , ,.wE p s q s≥  it follows that for all u U∈ ,  
( ) ( ) ( )( ) ( ) ( ) ( )( ),. ,. ,. ,. ,. ,. 0u up t f t u u t q t t u u tσ∗ ∗ ∗ ∗− + − ≤  for a.e. [ ]0,t s∈ , a.s., 

see Remark S. In fact, this holds for a.e. [ ]0,1t ∈  because 1s <  was arbitrary. 
An informal proof, using Ito’s formula, shows the last equality: 

( )
, ,d d , d ,d

, d d , d

d d d , d d

d d .

w w w w

w w
x u x u t

w w
x x t x u

u u

Ed p q E p q E p q E p q

E p f q t f w t E p q w B

E pf t q t q B q E q q t E q w t

E pf w t q w t

σ σ

σ σ σ

σ

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗

= + +

= + + +

   + − − + + +   
 = + 

 

So 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ){ }0

, ,. , , ,. 0,. , 0,. , ,. , , ,.

= ,. ,. ,. ,. ,. ,. d .

w w w

s
u u

E p s q s E p q E p s q s

E p t f t w t q t t w t tσ∗ ∗

− =

+∫
 

Remark 4. (Exact attainability). In Theorem 1, drop the assumption that u∗  
is optimal (and the optimization problem), so ( ,x u∗ ∗ ) is simply a pair satisfying  

(4) and ( ),.x T yπ ∗ =   a.s. Then, for each ( ) { }( ),
2 2.,. int cl co : clu uz q u Uπ

∗ ∗∗∈ ∈ , 

( ) ( )2.,. cl ,prog mz L J
∗

∞∈ ×Ω  , (cl2 and int = interior both corresponding to 2.   

and the space ( )2cl L∗∞ ), for all 0r > , for some number ( ]0,rγ ∈  and some 
control 2clu U ∗∗∈ , ( ) ( )

0
, , d

Tux T y z t tπ ω γ ω= + ∫  a.s.                    
Proof of Remark 4. Let 1T = , 0 0x = . Corollary G in Appendix will be 

applied. Let ( )2clY L∗∞= , µ µ∗= , 2.σ = , the norm .  on Y equal to 2 . , 
u a′ ′= , u a∗ ∗= , u a= , a u+ ′′= , 2clA U ∗∗= , a uA U= , 
( ) ( ) ( )1,. 1,.uH a x xπ π ∗= − , ( ), , 1,.a a u uq qπ′ ′= , 2K ′ = , ( )1

,. d
c

z z z t t∗ ∗
′

= = ∫
  . 

Recall that ( ) ( ) ( ) ( )2cl ,,
2 2, clco cl co 1,.U uA aB z q qε π

∗∗∞ ∗ ⊂ = , ( )1 4cε α′= −  when 
u U ∗

∗∈ . By (51) it follows that the property (61) is satisfied for 
( )1a a aδ δ+′ = + −  for aa A+ ∈ , and (62) is trivially satisfied. By (27) H is 

continuous, by (28), ,a aa q ′′ →  is continuous in A for any a A∈ , and by (52), 
for aa A′∈ , ,a aa q ′→  is continuous at a u∗ ∗= . 

Assume that ( ) ( )2cl ,
2.,. cl co 1,.U umB z qε π

∗∗ ∗∗∗ + ⊂   and let ( ),. d
J

b z t t= ∫ . For 

any ( ) ( )2
ˆ 0, 2b B ε∗∈ , it was shown earlier that there exists a  

( ),prog mz L J
∗

∞′∈ ×Ω   such that ( )ˆ ,. d
J

b z t t′= ∫ , ( )
2 2

.,. 2z b ε′ ≤ ⋅ <   
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( ( ) ˆ.,.z b′ = Ψ , 2Ψ ≤ , ( ) ,.,. mz Bε

∗∗′ ∈ ), so ( ) ( ) ( )2cl ,
22 , 2 cl co 1,.U uB b qε π

∗∗ ∗∗ ⊂  

and ( ) ( ) ( )2cl ,
22 , 2 cl co 1,.U uB b qε π

∗∗ ∗∞ ⊂ . Thus, if  

( ) { }( ),
2 2.,. int cl co : clu uz q u Uπ

∗ ∗∗∈ ∈ , then  

( ) ( ) ( )2cl ,
2,. d int cl co 1,.U u

J
b z t t qπ

∗∗ ∗
= ∈∫ . Hence all conditions in Corollary G are 

satisfied and the conclusion in Remark 4 follows.                         

Remark 5 If it is required that ( ),.x T Cπ ∈  instead of ( ),.x T yπ =  , where 
C is a 2 . -closed convex set in ( )2cl L∗∞ , and if (15) holds for Γ  replaced by  

C′Γ −Ψ , ( ) ( ){ }2
: : 1C z C x T z x Tπ π∗ ∗′ = ∈ − − ≤  (for Ψ  see (47)), then  

(16) again holds, and with ( )1,. , 0C xπ ν∗− ≥ . In particular, this holds if 

( ){ 2cl : j jC z L z y∗
∞= ∈ ≥  a.s, 1, ,j m m∗∗ ∗= ≤ , j jz y=  a.s.,  

}1, ,j m m∗∗ ∗= + 
, jy  given numbers. In fact, because ( ) ( )2,. clux T Lπ ∗

∞∈  
automatically, the results here cover the case where the terminal constraints are 

( ),.j jx T y≥  a.s, 1, ,j m∗∗=  , ( ),.j jx T y=  a.s., 1, ,j m m∗∗ ∗= +  .       
Proof of Remark 5. A proof can be obtained (for 1T = ) by replacing 

( )2clA U ∗∗=  by A C′×  and aA


  by aA C′×


 , with ( )Ĥ a  replaced by 
( )ˆ , uH a c x x cπ π ∗= Θ −Θ −   , and ,ˆa aq ′   replaced by , , ,ˆa a c u uq q cπ′ ′= Θ − 

 , keeping 
H


 and ,a aq ′ 

  as before and letting ˆ 0y = , 0c∗ = . (Then ( )ˆ , 0H a c = , a u= , 
( ) ( ) ( ). . 1,.c c xπ ∗′= − , c C′∈ , gives  

( ) ( ) ( ) ( )( ) ( ) ( )1,. 1,. . 1,. 1,. . 0u ux x c x x cπ π π π∗ ∗′ ′− − − = − = , i.e.  
( ) ( ). 1,.uc x Cπ′ = ∈ ). The details are omitted. 
Remark 6 (The case 0jπσ ≠  for some or all j, m n∗ ∗≤ ). Let 

2.cl  be 
closure in ( )2 ,prog mL J

∗
×Ω   as well as in ( )2 , , m

TL
∗

Ω Φ  . For u U∗ ∗∈ , let  

[ ) [ ]{ },10,, 2: 1 1 ,u
ccc kU w u U w u k∗

∗ ∗′′′
′= ∈ + − ≤



.  When 0πσ ≠ ,  and tΦ  is the  

natural filtration, augmented by null sets as before, the necessary condition of 
Theorem 1 can be obtained for ν  defined and continuous on ( )2 , , m

TL
∗

Ω Φ   
(with 0 0Λ ≥ , ( )0 , 0νΛ ≠ ), if, for some 0k >



, for some 1c′ < , for some 

( )2, ,prog mz z L J
∗

∗ ∗∗ ∈ ×Ω  , 
a) for some ( ]0,1δ ∈ , 0β∗ > , [ ] ( ) ( )( )

22 2 .,11 , , cl uc B z B z Dβ β
∗∗ ∗ ∗∗ ∗′ × ⊂  when 

2
u u δ∗
∗ − ≤ , u U∗ ∗∈ , where 

[ ] ( ) ( )( ) ( )({
( ) ( )( ) ( ) ( )( )

[ ] ( ) ( )( ) ( )

( ) ( )( ) ( ) ( )( ) ) }

,
,1

,
,1

,

: 1 , , , , ,

, , , , , , ,

1 , , , , ,

, , , , , , : .

u u u
u xc

u
u

u u u
xc

uu
u c k

D f t x t u t q t

f t x t u t u t u t

t x t u t q t w

t x t u t u t u t u U

π ω ω ω

π ω ω ω ω

πσ ω ω

πσ ω ω ω ω

∗ ∗
∗

∗

∗ ∗

∗∗

∗′

∗ ∗

∗′

∗ ∗ ′

= 

+ − 



+ − ∈


 

If 0z z∗ ∗∗= = , then 0 0Λ > . The condition (A), with 0z z∗ ∗∗= = , is implied 
by 

b): For some 0 0β > , for all ( ), ,t x u , for any 2my
∗

∈ , 

( ) ( )( ){ }0, , , , , : , .u uy f t x u w t x u w w U w yπ πσ β∈ ∈ ≤  
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Letting 
2

: 1 k uξ ∗= + +


, ( )2
ˆ , , m

TY L
∗

= Ω Φ  , and  

{ }2: ,aA A U u U u ξ′= = = ∈ ≤   , it is here sufficient to operate with the 2.  

-norm instead of 2 .  on Ŷ , with 2.σ ∗ = . Note that ,
u
c kU U∗
′ ⊂  , so (A) holds 

for ,
u
c kU ∗
′
  replaced by U . The set arising by replacing ,

u
c kU ∗
′
  by U  in uD

∗
 is  

denoted D . Define 
1 1

d d tc c
z z t z B∗

∗ ∗∗′ ′
= +∫ ∫ . The condition (A), so modified, 

implies that for some 0δ ′ > , ( ) ( ){ }22 . 0 0
, cl co d d : ,

T T
tB z a t b B a b DδΩ ∗ ′ ⊂ + ∈∫ ∫  ,  

u∗  close to ( )2, ,u B z δ∗ Ω ∗ ′  a ball in ( )2 , , m
TL

∗
Ω Φ  , so  

( ) ,ˆ ˆ, clco A aY B z qδ∗ ′⊃ ⊂


  ( a  close to a∗
 ). See Appendix, Remark V for the 

next to last inclusion and the implication (B) ⇒ (A). 
Now, in the manner required in Corollary I, (34) ⇒ (61) (with 2K ξ∗′ = , 
,u u U′ ∈  , ( )2 2

u u u u Kδ δ ∗′ ′′ ′− = − ≤  ), (24) and (26) implies continuity of H  
and ,a aa q ′′ →  

  , and (38) implies continuity of ,a aa q ′→  

   at a∗
 . 

4. Conclusion 

In this paper, necessary conditions for optimal control of diffusions with hard 
end restrictions on the states have been obtained. The main case considered is 
the one where the states restricted at the terminal time correspond to differential 
equations not containing Brownian motions. Brownian motions only occur in 
differential equations for states unconstrained at the terminal time. A removal of 
this restriction is discussed in Remark 6. 
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Appendix 

The appendix contains, among other things, a number of wellknown results, 
included for the convenience of the reader. The first one concerns a result on 
comparison of solutions. Still 1T = . 

Lemma A. Assume that ( ), ,h s z ω


 (an n∗ -vector) and ( ), ,s zσ ω∗ , (a 
n n∗ ′×  matrix, with columns jσ∗ , 1, ,j n′=  ) are Lipschitz continuous in 

nz ∗∈  with rank K


 and progressively measurable in ( ),s ω . Assume that six 
progressively measurable functions  
( ) ( ) ( ) ( ) ( ), , , , , , , , ,z s s s y s sω α ω α ω ω β ω∗   and ( ),tβ ω∗  exist (α∗ , β ∗  n n′×

-matrices), satisfying 

( ) ( ) ( )( )

( ) ( )( )

0 0 0

0 0

, , d , , , d

, d , , , d

t t

t t
s s

z t z s s h s z s s

s B s z s B

ω α ω ω ω

α ω σ ω ω∗
∗

= + +

+ +

∫ ∫

∫ ∫



  



 

and 

( ) ( ) ( )( )

( ) ( )( )

0 0 0

0 0

, , d , , , d

, d , , , d ,

t t

t t
s s

y t y s s h s y s s

s B s y s B

ω β ω ω ω

β ω σ ω ω∗
∗

= + +

+ +

∫ ∫

∫ ∫



  



 

where ( )0 0 2 0, , , nz y L∈ Ω Φ  . We assume that the eight integrands belong to 
( )2L J ×Ω -spaces. Then, for some constant D



, 

( ) ( )

( ) ( )

2

0 0 2 0 02 2

1 2 1 22 2

0 0

sup

d dsup sup

d d

s t

s s

s t s t

t t
j j

j j

z s y s

D y z s s

E s E s

α β

α β

≤

≤ ≤

∗ ∗

−

≤ − + +


+ + 



∫ ∫

∑ ∑∫ ∫





  

 

            (56) 

(applied to matrices the index j indicates columns), and for some constant D∗ , 

( ) ( )( )

( ) ( )

( ) ( )

( ) ( )

2

0 0 2 0 0
2 2

1 2 1 22 2

0 0

1 2 1 22 2
0 0 2 0 0

1 2 1 22 2

0 0

sup

d dsup sup

d d

d d

d d ,

s t

s s

s t s t

t t
j j

j j

t t

t t
j j

j j

z s y s

D y z s s

E s E s

D y z E s E s

E s E s

α β

α β

α β

α β

≤

∗

≤ ≤

∗ ∗

∗

∗ ∗

−

    ≤ − + +   
   


+ + 



≤ − + +


+ + 



∫ ∫

∑ ∑∫ ∫

∫ ∫

∑ ∑∫ ∫





  

 



  

 

         (57) 

D


 and D∗  only dependent on K


. 
Proof of (57). We shall use a shorthand notation. Using the algebraic 

inequality ( )2
2

1
N

j jj ja N a
=

≤∑ ∑ , then for some positive constant k, 
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( ) ( ) ( )

( ) ( )

( )

( )

2

0 0 0 0

0 0 0
2

0 0 0

:

, d , d

d d , d

, d d d

t t j j
sj

t t t

t t tj j j j
s j s j sj j

t y t z t

y z h s y s s y B

s s h s z s

s z B B B

φ

σ

β α

σ α β

∗

∗ ∗
∗

= −

= − + +

+ − −

− − +

∑∫ ∫

∫ ∫ ∫

∑ ∑∫ ∫ ∫

 



  







 

( ) ( )( )

( ) ( ){ }

22
0 0 0

2 2

0 0

2 2 2

0 0 0

, , d

, , d d

d d d

t

t tj j j
sj

t t tj j
j s j sj j

k y z k h s y h s z s

k s y s z B k s

k s k B k B

σ σ α

β α β

∗ ∗

∗ ∗

≤ − + −

+ − +

+ + +

∫

∑ ∫ ∫

∑ ∑∫ ∫ ∫

 

  

   

The Burkholder-Davis-Gundy inequality yields, for a “universal” constant  

K ,  that ( ) ( )( ) ( ) ( )
2 2

0 0
, , d , , dsup

s tj j j j j
ss tE s y s z B K E s y s z sσ σ σ σ∗ ∗ ∗ ∗≤ − ≤ −∫ ∫

       

 . 

Similar inequalities hold for the other terms involving jB . Hence (using also 
Jensen’s inequality) we get 

( ) ( )( )
( ) ( )

( ) ( )( )

22
0 0 0

2

0

2 2

0 0

2 2

0 0

: sup

sup , , d

sup , , d

sup d sup d

sup d sup d

s t

s
s t

s j j j
s t sj

s s
s t s t

s sj j
s t j s s t j sj j

t E s

kE y z kE s h s y h s z s

kE s y s z B

kE s kE s

kE B kE B

ψ φ

σ σ

α β

α β

≤

≤

≤ ∗ ∗

≤ ≤

∗ ∗
≤ ≤

=

≤ − + −

+ −

+ +

+ +

∫

∑ ∫

∫ ∫

∑ ∑∫ ∫



 

 

     

   

 

 

( ) ( )

( ) ( )

22
0 0 0

2

0
2 2

0 0

2 2

0 0

, , d

, , d

sup d sup d

d d

t

t j j
j

s s
s t s t

t t
j jj j

kE y z k E h s y h s z s

kK E s y s z s

kE s kE s

kK E s kK E s

σ σ

α β

α β

∗ ∗

≤ ≤

∗ ∗

≤ − + −

+ −

+ +

+ +

∫
∑ ∫

∫ ∫

∑ ∑∫ ∫

 

     

  



 

 

 

 

( ) ( )
2 2 22 2

0 0 0 0
2 2

0 0

2 2

0 0

d d

sup d sup d

d d

t t

s s
s t s t

t t
j jj j

kE y z k EK y z s kKn EK y z s

kE s kE s

kK E s kK E s

α β

α β

≤ ≤

∗ ∗

′≤ − + − + −

+ +

+ +

∫ ∫

∫ ∫

∑ ∑∫ ∫

 

      



 



 

 

( ) ( )

( ) ( )
2 2 2

0 0 0 0
2 2

0 0

2 2

0 0

d d

sup d sup d

d d .

t t

s s
s t s t

t t
j jj j

kE y z kK s s kKK n s s

kE s kE s

kK E s kK E s

ψ ψ

α β

α β

≤ ≤

∗ ∗

′≤ − + +

+ +

+ +

∫ ∫

∫ ∫

∑ ∑∫ ∫

 

    



 



 

 

Note that, by Gronwall’s inequality, for any functions ( )w t , ( )v t , if  

( ) ( ) ( )
0

0 d
t

w t v t Kw s s≤ ≤ + ∫ , and ( )v t  is increasing, then ( ) ( )( )1 eKtw t v t≤ + . 
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Hence, for ( )( )2 12 : 1 ekK KnK k ′+= +






, 

( ) ( ) ( )2 2
22

0 0 0 0

2 2

0 0

sup d sup d

d d .

s s
s t s t

t t
j jj j

t K E y z E s E s

K E s K E s

ψ α β

α β

≤ ≤

∗ ∗


≤ − + +


+ + 

∫ ∫

∑ ∑∫ ∫



  



 

 

Using the fact that the square root of a sum of positive numbers is ≤ the sum 
of square roots of the numbers, we get 

( ) ( )( )

( ) ( )
( ) ( )

2

0 0 2 0 0
2 2

1 2 1 22 2

0 0

sup

sup d sup d

d d .

s t

s s
s t s t

t t
j jj j

y s z s

K y z s s

K E s K E s

α β

α β

≤

≤ ≤

∗ ∗

−

≤ − + +


+ + 


∫ ∫

∑ ∑∫ ∫



  



 

 

Note that 
0 0 0

sup d sup d d
s s t

s t s ts s sα α α≤ ≤≤ ≤∫ ∫ ∫
   , and that  

20 02
d d

t t
s sα α≤∫ ∫
  . Using this for the term containing α , and a similar 

argument for the term containing β , then (57) follows. 

Proof of (56). 
Using Ito’s isometry, 

( ) ( ) ( ) ( )
2 2

0 0
, , d , , d ,

t tj j j j j
sE s y s z B E s y s z sσ σ σ σ∗ ∗ ∗ ∗− ≤ −∫ ∫

    

2 2

0 0
d d ,

t tj
j s jE B E sα α∗ ∗=∫ ∫  

2 2

0 0
d d .

t tj
j s jE B E sβ β∗ ∗=∫ ∫  

Then, again using ( )2
2

1
N

j jj ja N a
=

≤∑ ∑  and Jensen’s inequality, for some 

positive constant k, 

( ) ( )

( ) ( )

( ) ( )( )

22
0 0 0

2

0

2 2

0 0

2 2

0 0

: sup

sup d

sup d

sup d sup d

sup d sup d

s t

s
s t

s j j j
s t sj

s s
s t s t

s sj j
s t j s s t j sj j

t E s

kE y z k Es h y h z s

k E y z B

k E s k E s

k E B k E B

γ φ

σ σ

α β

α β

≤

≤

≤ ∗ ∗

≤ ≤

∗ ∗
≤ ≤

=

≤ − + −

+ −

+ +

+ +

∫

∑ ∫

∫ ∫

∑ ∑∫ ∫



 

 

   

 

 

 

( ) ( )

( ) ( )

22
0 0 0

2

0
2 2

0 0

2 2

0 0

sup d

sup d

sup d sup d

sup d sup d

s
s t

s j j
s tj

s s
s t s t

s s
s t j s t jj j

kE y z k E h y h z s

k E y z s

k E s k E s

k E s k E s

σ σ

α β

α β

≤

≤ ∗ ∗

≤ ≤

∗ ∗
≤ ≤

≤ − + −

+ −

+ +

+ +

∫
∑ ∫

∫ ∫

∑ ∑∫ ∫
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2 2 22 2
0 0 0 0

2 2

0 0

2 2

0 0

d d

sup d sup d

d d

t t

s s
s t s t

t t
j jj j

kE y z k EK y z s kn EK y z s

k E s k E s

k E s k E s

α β

α β

≤ ≤

∗ ∗

′≤ − + − + −

+ +

+ +

∫ ∫

∫ ∫

∑ ∑∫ ∫

 

      

 



 

( ) ( )

( ) ( )
2 2 2

0 0 0 0
2 2

0 0

2 2

0 0

d d

sup d sup d

d d .

t t

s s
s t s t

t t
j jj j

kE y z kK s s kK n s s

k E s k E s

k E s k E s

γ γ

α β

α β

≤ ≤

∗ ∗

′≤ − + +

+ +

+ +

∫ ∫

∫ ∫

∑ ∑∫ ∫

 

    

 



 

Thus, for ( )( )22 11 ekK nK k ′+∗ = +




, 

( ) ( ) 2

2 222
0 0 0 0

2 2

0 0

sup

sup d sup d

d d ,

s t

s s
s t s t

t t
j jj j

E y t z t

K E y z E s E s

E s E s

α β

α β

≤

∗
≤ ≤

∗ ∗

−

≤ − + +
+ + 

∫ ∫

∑ ∑∫ ∫

 



  



 

so (56) follows. 
Simple results om Gâteaux derivatives appear in the next two lemmas. 
Lemma B. Let ( ), : n nt z Jσ ∗ ∗∗× →    be continuously differentiable in z for 

each t, and have one-sided limits with respect to t, and assume ( ),z t z Mσ ∗≤  
for all ,t z . For each ( ) ( )2.,. , nprogz L J ∗∈ ×Ω  , for each “direction” 
( ) ( )2.,. , nprogz L J ∗∈ ×Ω  , and for each t, ( ) ( )( )0

, , , d
t

sz t s z s Bω σ ω′ ′→ ∫
  

( ( ) ( )2.,. , nprogz L J ∗′ ∈ ×Ω  ), has, in the norm 2. , a bounded linear Gâteaux 
derivative at ( ).,.z  in direction ( ).,.z , which equals 

( )( ) ( )
0

, , , d
t

z ss z s z s Bσ ω ω∫
  . The derivative is uniform in t. 

Proof. By Ito’s isometry, 

( ) ( )( ) ( )( )

( )( ) ( )

( ) ( )( ) ( )( )

( )( ) ( ) )
( ) ( )

1
0

2

1
0

2

, , , , ,

, , , d

, , , , ,

, , , d

: 1

t

z s

t

z

E s z s z s s z s

s z s z s B

E s z s z s s z s

s z s z s s

t

δ σ ω δ ω σ ω

σ ω δ ω

δ σ ω δ ω σ ω

σ ω ω

β β

−

−

∗∗ ∗∗

 + −

− 

 = + − 

−

= ≤

∫

∫

 

 

 

 

 

When 0δ → , the term in curly brackets converges to zero for each ( ),s ω  
and is smaller than the 1L -function ( ) ( ) 222 ,M z s ω∗

 . Hence, Lebesgue’s 
dominated convergence theorem gives that ( )1 0β ∗∗ →  when 0δ → .       

Lemma C. Let ( ), : n nf t z J ∗ ∗∗× →


   be continuously differentiable in z for 
each t, and have one-sided limits with respect to t, and assume ( ),zf t z M∗≤



 
for all ,t z . For each ( ) ( )2.,. ,progz L J Z∈ ×Ω , for each “direction”  
( ) ( )2.,. ,progz L J X∈ ×Ω , and for each t, ( ) ( )( )0

, , , d
t

z t f s z s sω ω′ ′→ ∫


  
( ( ) ( )2.,. ,progz L J X′ ∈ ×Ω ), has, in the norm 2. , a bounded linear Gâteaux 
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derivative at ( ).,.z  in direction ( ).,.z , which in equals  
( )( ) ( )

0
, , , d

t
xf s z s z s sω ω∫


 . The derivative is uniform in t. 
Proof. Define 

( ) ( ) ( )( ) ( )( ){
( )( ) ( )}

1
0

2

: , , , , ,

, , , d ,

t

z

t E f s z s z s f s z s u

f s z s z s s

β δ ω δ ω

ω δ ω

∗ −= + −

−

∫
 







 

( ) ( ) ( )( ) ( )( ){
( )( ) ( )}

1
0

2

: , , , , ,

, , , d .

t

x

t E f s z s z s f s z s u

f s z s z s s

β δ ω δ ω

ω δ ω

∗∗ −= + −

−

∫
 





 

Jensen’s inequality yields the inequality ( ) ( )t tβ β∗ ∗∗≤ . The remaining 
arguments are as in the preceding proof, they yield  

( ) ( ) ( )0 1 0t tβ β β∗ ∗∗ ∗∗≤ ≤ ≤ →  when 0δ → .                          
Below, on product spaces, maximum norms (= maximum of norms) and 

maximum metrics are used. In the sequel, the following entities are used: 

Y is a normed space, A is a complete pseudometric space with  
pseudo-metric ρ, and a* is a given element in A. The function H(a)  
from A into Y is continuous.                                 (58) 

Theorem D. (Attainability) Let the entities in (58) be given. Let positive 
numbers ( )ˆ, , , , 0,1K µ µ µ µ′ ∈ , and an element ẑ∗  in Y be given. Assume that 
the following properties hold for all ( )ˆcl ,a B a µ∗∈ : For all v̂ Y∈  with 
ˆ ˆv z µ∗ ′− = , for all 0r > , a pair ( ) ( ], 0,a A rδ′ ∈ ×  exists, such that 

( ) ( ) ( ) ( )ˆ ˆ ˆ1H a H a v v zδ µ δµ µ∗′ ′ ′− − ≤ − +  and ( ) ˆ,a a K vρ δ′ ≤ .   (59) 

Then, for all ( ) ( )( )ˆ ˆcl , 4z B H a K zµµ µ µ∗ ∗′ ′∈ + , there exists a pair 
( ) ( ) ( )ˆ ˆ ˆ, cl , 2 0, 2a B a K zα µγ µγ µ∗ ∗ ′∈ × +  , such that ( )ˆz z H aα ∗+ = , where 

( ) ( ) ˆˆ: 4 1K z H a zγ µ µµ µ∗ ∗′ ′= + − ≤ . 
Corollary E. Assume that { }ˆ ˆ ˆ: inf : 0w v v z µ∗ ′= − = > . Then, in (59), 

evidently ( ) ˆ,a a K vρ δ′ ≤  can be replaced by the stronger inequality 
( ),a a Kwρ δ′ ≤ .                                                    
(On the other hand, when 0w > , then ( ) ˆ,a a K vρ δ′ ≤  ⇒ ( ),a a K wρ δ′ ′≤  

for ( )ˆK z K wµ∗′ ′= + .) 
Central ideas in the proof of Theorem D stem from the proof of the 

multifunction inverse function theorem Theorem 4, p. 431, in [9]. 
Proof of Theorem D. The property (59) also holds for v̂  in the set 

{ }ˆ: : 0, ,B v v Y v zλ λ µ∗ ∗ ′= > ∈ − =   . To see this, let v̂ B∗′∈  and let 0r > . 
Then ˆ ˆv vλ′ =  for some 0λ > , some v̂  such that ˆ ˆv z µ∗ ′− = . Now, for all 

( )ˆcl ,a B a µ∗∈ , there exists a pair ( ),a δ′ , 0 rδ λ< ≤ , such that the inequalities 
in (59) hold. From these inequalities, for ( ]: 0,rδ δ λ′ = ∈ , using ˆ ˆv vδ δ′ ′ = , it 
follows that ( ) ( ) ( ) ( )ˆ ˆ ˆ1H a H a v v zδ µ δ µ µ∗′ ′ ′ ′ ′ ′ ′− − ≤ − +  and  
( ) ˆ,a a K vρ δ′ ′ ′≤ . Hence, (59) holds for v̂ B∗′∈ . 
Below, write ˆ :z µ κ∗ ′+ = . The following lemma is needed in the proof: 
Lemma F. Let ( )( )ˆcl , 4z B H a Kµµ µ κ∗ ′∈ . Assume that the pair 
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( ) ( ) [ ]1 1 ˆ ˆ, cl , 2 2 ,0a B a Kλ µ µ κ∗∈ × −  minimizes 

( ) ( ) ( ) ( ){ }1 1ˆ, 2 max , ,a H a z z K a a Kλ λ µµ κ ρ λ λ κ∗ ′→ + − + −  

in ( ) [ ]ˆ ˆcl , ) ,0B a Kµ µ κ∗ × − . Then ( )1 1 ˆ 0H a z zλ ∗+ − = . 

Proof of Lemma F. By contradiction, assume ˆ 0z > , ( )1 1ˆ ˆ:z H a z zλ ∗= + − . 
The vector ˆ ˆ ˆ ˆ:v z z zµ∗ ′= −  satisfies ˆ ˆv z µ∗ ′− = , so ˆˆ ˆ ˆ ˆz v z z zµ∗ ′= −  belongs 
to B∗ . Hence, by the extended property (59), there exist an a A′∈  and a 

( )ˆ ˆ2K zδ µ κ≤ , ( ]0,1δ µ′∈ , such that 

( ) ( ) ( )
( ) ( ) ( )

1 ˆ ˆ ˆ

ˆ ˆ ˆ ˆ1 1 .

H a H a z z z

z z z z

δ µ

µ δµ µ κ µ δµ

∗

∗

′ ′− − −

′ ′ ′≤ − − ≤ −
             (60) 

Moreover, ( ) ( )1 ˆˆ ˆ ˆ, 2a a K z z zρ δ µ µ∗′ ′≤ − ≤ , (use the first inequality for δ ), 
which implies ( )ˆcl ,a B a µ∗′∈  Define [ ]1 ˆˆ ,0z Kλ λ δ µ κ′ = − ∈ −  
( )ˆˆ 2z Kδ µ κ≤ . Then, using (60), 1δµ′ ≤ , and the definition of ẑ , we get 

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )
( )

( ) ( )

1 1 1

1 1

1 1

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ1

ˆ ˆ ˆ1

ˆ ˆ ˆ1

ˆ ˆ ˆ1 | | (1 ) 1 .

H a z z z H a H a H a z z z

z H a z z z z z z z

z H a z z z

z z z

z z z

λ λ δ

δ µ λ δ µ δµ

λ δµ µ δµ

δµ µ δµ

δµ µ δµ µδµ

∗ ∗ ∗

∗ ∗ ∗

∗

′ ′ ′+ − = − + + − + −

′ ′≤ − + + − + − + −

′ ′= − + + − + −

′ ′= − + −

′ ′ ′≤ − + − = −

 

Using ( ) ( )ˆ ˆ1H a z z zλ µδµ∗′ ′ ′+ − ≤ −  and 1 ẑλ λ δ′ − = −  yields 

( ) ( ) ( ){ }
( ) ( ){ }
( )

( ) ( ) ( ){ }

1 1

1 1 1 1 1 1

2 max , ,

ˆ ˆ ˆ ˆ ˆ1 ( / 2 ) max ,

ˆ ˆ ˆ1 2

ˆ 2 max , , ,

z H a z K a a K

z K K z z z z K

z z z

H a z z K a a K

λ µµ κ ρ λ λ κ

µδµ µµ κ δ µ δ κ

µδµ µδµ

λ µµ κ ρ λ λ κ

∗

∗

∗

′ ′ ′ ′ ′− + + + −

′ ′ ′≤ − + −

′ ′≤ − + <

′= + − + −

 

a contradiction of the optimality of ( )1 1,a λ . 
Continued proof of the theorem. Let ( )( )ˆcl , 4z B H a Kµµ µ κ∗ ′∈ , 

let γ  be as in the conclusion of the theorem, and let  
( ) ( ) ˆ, :a H a z zφ λ λ ∗= + − . Note that ( ) ( ) ˆ,0 : 4a H a z Kφ γµµ µ κ∗ ∗ ′= − ≤ . Let 

the distance between ( ),a λ  and ( ),a λ′′ ′′  be  
( ) ( ){ }2 max , ,K a a Kµµ κ ρ λ λ κ′ ′′ ′′−  in the complete space  

( ) [ ]ˆ ˆcl , ,0B a Kµ µ κ∗ × − . By Aubin and Ekeland (1984, Theorem 1, p. 255),  
(Ekeland’s variational principle), there exists a  
( ) ( ) [ ]1 1 ˆ ˆ, cl , ,0a B a Kλ µ µ κ∗∈ × −  such that 

( ) ( ) ( ) ( ){ }1 1 1 1, , 2 max , ,a a K a a Kφ λ φ λ µµ κ ρ λ λ κ′≤ + −  

for all ( ) ( ) [ ]ˆ ˆ, cl , ,0a B a Kλ µ µ κ∗∈ × −  and 

( ) ( ) ( ){ }
( )
1 1 1 1, 2 max , , 0

ˆ,0 4 ,

a K a a K

a K

φ λ µµ κ ρ λ κ

φ µµ µγ κ

∗

∗

′+ −

′≤ ≤
 

which gives ( )1 ˆ, 2a aρ µγ∗ ≤ , 1 ˆ 2Kλ µγ κ≤ . By Lemma F,  
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( )1 1 ˆ 0z H a zλ ∗− + + = , so ( )1ˆz z H aα ∗+ = , for [ ]1 ˆ0, 2Kα λ µγ κ= − ∈ .      
Below, ,a aq ′  is a sort of Gâteaux derivative at a of ( ).H . 
Corollary G. Let 0µ > , Y a normed space, A a complete pseudometric space 

with metric σ , a∗  a given element in A, and let ( ) :H a A Y→  be 
continuous. For each a A∈ , let aA A⊂  be a set dense in A. Assume the 
existence of a function ,a aq ′ , from A A×  into Y and a positive constant K ′  
such that, for each ( )cl ,a B a µ∗∈  , for all 0r > , all 0ε > , all aa A+ ∈ , there 
exists a pair ( ),a δ′ , ( )cl ,a B a K δ′ ′∈  , ( ]0,rδ ∈  such that 

( ) ( ) , .a aH a H a qδ εδ
+

′ − − ≤                    (61) 

Assume also that for all a A∈ ,  

, ,co cl .A a A aq q⊂                         (62) 

Assume that ,a aa q→


  is continuous in A for any a A∈ , and that ,a aa q→


 
is continuous at a∗  for any 

a
a A ∗∈ . Assume finally that b is an interior point 

in ,clco A aq
∗

, and that, for some 0ε > , some z Y∗ ∈ , ( ) ,, clco A aB z qε∗ ⊂  for 
all ( )cl ,a B a µ∗∈  . Then, for some ˆ 0γ >  and some a A∈ ,  

( ) ( )ˆH a b H aγ∗ + = . 
Proof. Write ,clcoa A aQ q= , and let ( ), aB b Qα

∗
⊂   for some 0α > . Then, 

for some 0κ > , ( )0, az B Q bκ α
∗∗− ∈ ⊂ − . Define ( ){ }co , ,zB z B z bε∗= + . 

Evidently, b is an interior point in zB  if z z bκ ∗= − + . Then b is an interior 
point in zB  even if z z bκ ∗= − +  is only an approximate equality, in fact there 
exist positive numbers ρ∗  and ξ  such that ( ), zB b Bξ ⊂  for all 

( )cl ,z B z bκ ρ∗ ∗∈ − + . Because az Q bκ
∗∗− ∈ − , by (62) there exists a a A∈ , 

such that , 2a ab z qκ ρ
∗∗ ∗− − < , and we can even assume 

a
a A ∗∈ , by density 

of 
a

A ∗  and continuity of ,a aa q ∗→


 . By the continuity of ,a aa q→


 in the 
corollary, for 0β >  small enough, , , 2a a a aq q ρ

∗ ∗− ≤   for ( ),a B a β∗∈ . We 
assume β µ≤  , 2Kβ ′≤  . Evidently, ,a ab z qκ ρ∗ ∗− − < . Hence, 

( ), ,a aq B z bκ ρ∗ ∗∈ − +  for all ( ),a B a β∗∈ . Thus, for ( )cl ,a B a β∗∈ , 

( ) ( ){ } { } [ ],
, ,, : co ,cl , co , 0,1a a

a a a a a a
q

B b B q B z b q Q b Q bξ ε∗⊂ = + ⊂ + ⊂ +


 

 

 ,  
because ,a a aq Q∈

  and aQ  is convex. Hence, ( ) [ ]0, 0,1aB Q bξ ⊂ − , 

( )cl ,a B a β∗∈ . It follows that if v̂ Y∈ , ˆ 2v ς ξ= = , then, for any 

( )cl ,a B a β∗∈ , by (62), for some a A+ ∈ , [ ]0,1γ ∈ , 

( ),ˆ 4a av q bγ ς
+

− − <                       (63) 

We can even assume aa A+ ∈  by continuity of ,a aa q→


 . By (61), for 
( )1 4ε ς= , for some a A′∈ , and some arbitrarily small ( )0,1 2δ ∈ , 

( ) ( ) ( ) ( ), 1 4 , , .a aH a H a q a a Kδ εδ δς σ δ
+

′ ′ ′− − ≤ = ≤ 

       (64) 

Now, by (63), ( ), ˆ 4a aq v bδ δ γ ςδ
+

− + ≤ . Then, by (64), 

( ) ( ) ( ) ( ) ( )ˆ ˆ1 2 1 2 .H a H a v b vδ γ δς δ′ − − + ≤ =          (65) 
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( ( )cl ,a B a β∗∈ , ( )cl ,a B a K δ′ ′∈  , [ ]0,1γ ∈ ). In Theorem D, replace ( )H a  
by ( )H a bλ− , a by ( ),a λ , a∗  by ( ),0a∗  and A by [ ]0,1A× , and let 
µ̂ βς= , µ ς′ = , ˆ 0z∗ = , 1 2µ = , K K ′=  ,  

( ) ( )( ) ( ){ }, , , max , ,a a a a Kρ λ λ ςσ ς λ λ′′ ′′ ′′ ′ ′′= − . Then the conditions in 
Theorem D are satisfied when, in (59), ( ), ,a a δ′  is replaced by 
( ) ( )( ), , , ,a aλ λ δ′ ′ , a′  as just constructed, [ ]0,1λ δγ λ′ = + ∈ , ( 1 2δ < , for 
( ) ( )( )ˆ, cl ,0 ,a B aλ µ∗∈ , ( ),a aσ β∗ ≤ , and 1 2λ ≤  as  

ˆ 2K Kς λ µ βς ς′ ′≤ = ≤  ). Thus, we get that, for all 0θ >  small enough, 

( ) ( )H a b H a bθ γ∗ + = −   for some ( ) [ ], 0,1a Aγ ∈ × , or  

( ) ( ) ( )H a b H aγ θ∗ + + = . 
Remark H. If , 0a aq

∗ ∗
= , then 0γ θ+ >  can be taken to be arbitrary small (b 

can be replaced by bβ


 for any ( ]0,1β ∈


). Hence, in this case,  

( ) ( )ˆH a b H aγ∗ + =  holds for some arbitrarily small ˆ 0γ > . 
Corollary I Let Ŷ  be a normed space, let 0γ ∗ > , let A  be a complete 

pseudometric space with metric σ ∗  and let ,aA a A∈


 

  be dense in A . Assume 
that a∗

  is a given element in A , let ( ) ( ) ( )( )ˆ ˆ, : :H a H a H a A Y Y= → ×


 

     be 
continuous. Let ( ), , , ˆˆ ,a a a a a aq q q Y′ ′ ′= ∈ ×     



  , ,a a A′ ∈ 

  . Assume that (61) and (62) 
are satisfies for ( ),, , , , , , , , , , ,a a

aH q A A Y a a a a Kµ σ′ ∗ +′ ′  replaced by  

( ),, , , , , , , , , , ,a a
aH q A A Y a a a a Kγ σ′ ∗ + ∗ ∗

∗′ ′ 



   

      and also that ,a aa q ′→  

   is continuous 
at a∗

  for any 
a

a A ∗′∈




  and that ,a aa q ′′ →  

   is continuous for any a A∈  , with  
, 0a aq = 

  for all a . Assume, for some given ˆŷ Y∈ , that  

( ) ( ){ } ( )ˆ ˆ:
max

a a A H a y
H a H a∗

∈ ∈ =
=



  

 

  . Assume also, for some 0ε > , some ˆz Y∗ ∈ , 
that ( ) ,ˆ, clco A aB z qε∗ ⊂





  for all ( ){ }, ,a a A a aσ γ∗ ∗ ∗∈ ∈ ≤

    . Assume, finally, 
that ( )

,
,

: sup sup a a
a Aa B a

M q
γ∗ ∗

′
′∈∈

= < ∞ 





 



. Then, for some nonzero continuous 
linear functional ( )ˆ ,y λ∗   on Ŷ × , λ



 a number 0≥ , we have 
, ,ˆ ˆ, 0a a a aq y qλ
∗ ∗′ ′∗ + ≤   



  for all a A′∈ 

 . 
Proof. Define ( )2 2z z M∗∗ ∗= − , and { }min 2,2Mε ε∗∗ = . Define  

( ) [ ]{ }, ,ˆ: clco , : , 8 ,0a a a a aK q q a A Mγ γ′ ′ ′= + ∈ ∈ −    





 . Evidently, for  

( ){ }: ,a a a aσ γ∗ ∗ ∗∈ ≤    ,  

( ) { } ( ){ }, , ,ˆ, 0 clco , : ,a a a a a a aB z q q a A q Kε γ γ′ ′ ′∗ ′× ⊂ + ∈ = − ⊂      

 



  and  

{ } { } { } ( ) ( ) ( ){ }, ,ˆ0 : 4 4 0 8 ,0 clco , : 8 ,0a a a aM M M q q Mβ β γ γ× − < = × − ⊂ + ∈ −   

 ,  
so ( ) ( ) ( ) { } ( ) { } ( ), 1 2 , 0 1 2 0 8 ,0 aB z B z M Kε ε∗∗ ∗∗ ∗   ⊂ × + × − ⊂  



 . Assume by 
contradiction that ( )0,ζ  belongs to int aK

∗
  for some 0ζ > . Define 

[ ]9 ,0A A M= × − , and for ( ),a a Aα= ∈ , ( ),a a Aα′ ′ ′= ∈ , let  
[ ]9 ,0a aA A M= × −



 , ( ), , ,ˆ ,a a a a a aq q q α α′ ′ ′ ′= + −   

  and  

( ) ( ){ }, max , , 9a a a a K Mσ σ α α∗
∗′ ′ ′ ′= − 

  , and let ( ) ( ) ( )( )ˆ ,H a H a H a α= +


  , 
( ),a a α=  . Then, for K K∗′ ′=  , { }min , 9Kµ γ ∗ ′= 

  (62) and (61) are evidently 
satisfied, (the latter for ( )1α δα δ α+′ = + −  when ( ),a a α+ + +=  ). Obviously, 

( ) ,, clco A aB z qε∗∗ ∗∗ ⊂  for each ( ) ( ), cl ,a a B aα µ∗= ∈   where = ( ,0)a a∗ ∗
  (⇒

Mα ≤  ⇒ [ ] [ ]8 ,0 9 ,0M M α− ⊂ − −  ⇒ ,clco A a aq K⊃  ). Hence, by the 
preceding corollary, for some 0η > , ( ) ( ) ( )0, H a H aη ζ ∗+ =  for some 

( ) [ ], 9 ,0a a A Mα= ∈ × −

 . Hence, ( ) ( )ˆ ˆ ˆH a H a y∗= =  , ( ) ( )H a H aα ηζ ∗+ = +
 

  , 
or ( ) ( ) ( )H a H a H aηζ α∗ ∗= + − >

  

   , contradicting optimality. Thus the set 
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( ){ }0, : 0L ζ ζ= >  is disjoint from int aK
∗
 , so the convex set L can be 

separated from the convex set int aK
∗
  by a nonzero continuous linear 

functional ( )ˆ ,y y λ∗ ∗=


 such that , 0 ,aK y L y
∗ ∗ ∗≤ ≤ , ( )0 aK

∗
∈  , which 

implies 0λ ≥


. 
Lemma J. Let ( ) ( ) ( ) ( )2ˆ, , , , , , nz t z t z t L Jω ω ω ∗∈ ×Ω  . Let  
( ), : n nf t z J ∗ ∗∗× →


   be continuous in z and measurable in t. Assume that 
( , )zf t z


 exists for all ( ),t z  and that ( ),zf t z M≤


  for all ( ),t z . Let 
( )( ), ,zz f t z t zω′ ′→ +



 be continuous in z′  at 0z′ = , uniformly in ,t ω . Let 
( )

2
essup ,. 1t z t ≤ , ( )

2
ˆessup ,.t z t < ∞ . When 0δ ↓ , then 

( ) ( )( ) ( )( ){ } ( )
2

ˆessup , ,. ,. , ,. ,.t z zf t z t z t f t x t z tδ ∗  + −  
 

  

0→  uniformly in ( ).,.z  such that ( )
2

essup ,. 1t z t ≤ .                   
Proof. Let an error function ( )e d  be a nonnegative function on [ )0,∞  

such that ( ) ( )0 0e d e↓ =  when 0d ↓ . By continuity of  
( )( ), ,zz f t z t zω′ ′→ +



, uniformly in , ,t ω  there exists an increasing error 
function ( )e d  such that ( )( ) ( )( ) ( ), , , ,z zf t z t z f t z t e zω ω′ ′+ − ≤

 

 for all 
, ,z t ω′ . Let ( ) ( ) ( ){ }ˆ ˆ: , essup ,tM t J z t z tω ω ω= ∈ ≤ . Evidently, 

( ) ( )1 d 1MJ
t tω =∫ , and for a.e. t, ( ) ( )1 1M tω =  a.s.3 

Suppose by contradiction that some 0ε >  exists, such that, for each 
1,2,k =  , there exist ( )( ), .,.k kzδ   such that, for 
( ) ( ) ( )( ) ( )( ){ } ( )ˆ, : , , , , ,k z k k zt f t z t z t f t z t z tς ω ω δ ω ω = + −  

 

  

( )
2

essup ,. ,t k tς ε≥                       (66) 

and 1k kδ < , ( )
2

essup ,. 1t z t ≤ . Now for a.e. t, ( ) ( ) ( ) ( ).2 2
,. = 1 ,.k kMt t tς ς , so 

( ) ( ) ( ). 2
essup 1 ,.t kM t tς ε≥ .  L e t  ( ) ( ){ }2 2

: ,. essup ,. for allk t kM t z t z t k′ = ≤  .  

The set M ′  has full Lebesgue measure ( ) ( )( )meas measM J′ = . Then there 
must exist kt M ′∈  such that 

( ) ( ) ( ). 2
1 ,. 2.k k kM t tς ε≥                    (67) 

Now, 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )

( )( ) ( ) ( )

ˆ: 1 , , 1 ,

ˆ, essup , : .

k
k k k k k k k kM M

k k k t k

t t e z t t z t

e z t z t

ω ωζ ω ς ω δ ω ω

δ ω ω α ω

= ≤

≤ ⋅ =





 

There exists an increasing concave error function ( ) ( )e d e d∗ ≥ , see Lemma 
K below. Evidently, by Jensen’s inequality,  

( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )

2 2

, , ,.

,. essup ,.

k k k k k k k k

k k k t k

E e z t E e z t e E z t

e z t e z t e

δ ω δ ω δ

δ δ δ

∗ ∗

∗ ∗ ∗

     ≤ ≤     

≤ ≤ ≤

  

 

.  

So a subsequence ( )
jkβ ω  of ( )( ): ,k k k ke z tβ δ ω=   converges a.s. to zero, hence 

 

 

3Note that ( ) ( )1 d 1MJ
t tω =∫ , for all ω , so ( ) ( ) ( ) ( )1 1 d 1 dM MJ J

E t t E t tω ω
   = =   ∫ ∫  which implies that 

( ) ( )1 1ME tω
  =   for a.e. t and hence, for a.e. t, that ( ) ( )1 1M tω =  a.s. 
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also ( )
jkα ω  converges a.s. to zero ( ( )ˆessup ,t z t ω  is a.s. finite by the 

assumption on ( )ˆ .,.z  in the Lemma). Moreover, 

( ) ( ) ( ) ( ) ( )ˆ ˆ2 1 , 2 essup ,k
k k tMM t z t M z tωζ ω ω ω≤ ≤  , ( )ˆessup ,.t z t  being a 2L -  

function by the assumption on ( )ˆ .,.z  in the Lemma. By dominated 
convergence ( )

2
. 0jkζ →  when jk →∞ , and a contradiction of (67) is 

obtained.                                                          
Lemma K. Let ( ) [ ], 0,1e d d ∈  be an increasing error function. There exists 

an increasing concave error function ( )e d∗  such that ( ) ( ). .e e∗ ≥ . 
Proof. Let ( )( ){ }11 2 , 1 2 : 0,1,n nC e n+= =   and let ( ){ }0,0C C′ =  . The 

set C′  is compact. There is a line through ( ) ( )( )1 1, 1 2, 1t e e=  with minimal 
positive slope touching C′  “to the left of” ( )1 1,t e  at some perhaps nonunique 
point ( ) ( )( )2 21

2 2, 1 2 , 1 2n nt e e+= , 2 1n ≥ . Here, “touching” means that the line 
contains a point of [ ){ }: 0,1 2C C′′ ′= ×  , but no point in C′′  lies strictly 
above the line. We choose 2 1 0n n> =  as large as possible (perhaps 2n = ∞ ). 
All points ( )( )11 2 , 1 2n ne+ , 20 n n≤ ≤ , ly below or on the segment 1S  
between ( )2 2,t e  and ( )1 1,t e . If 2 0t > , repeat the construction by replacing 
( )1 1,t e  by ( )2 2,t e . The segment 2S  so obtained between ( )2 2,t e  and some 

( ) ( )( )3 31
3 3, 1 2 , 1 2n nt e e+= , 3 2n n> , 3n  chosen as large as possible, has a slope 

strictly larger than the slope of 1S , otherwise 2n  would not be as large as 
possible. All points ( )( )11 2 , 1 2n ne+ , 2 3n n n≤ ≤ , ly below or on the segment 

2S . Continue this prosess. The points 0it >  obtained equals 1 2 in  for some 
increasing subsequence in  of 0,1,2,  Perhaps 0it ′ =  ( )in ′ = ∞  for some 
i′ , or 0it >  for 1,2,i =   in which case ( )1 2 0in

ie e= → . The union of the 
segments iS  forms the graph of an increasing concave error function ( )e d∗ . 
We have that the points ( )( )1 11 2 , 1 2n ne+ ∗ +  on the segments have the property 
that they “dominate” the points ( )( )11 2 , 1 2n ne+  in the sense that 

( ) ( )11 2 1 2n ne e∗ +≤ , and for in n=  we have ( ) ( )11 2 1 2i in ne e +∗= . Then for 
all 1n ≥ , 1in n≥ + , for ( 11 2 ,1 2n nd + ∈  ,  

( ) ( ) ( ) ( ) ( ) ( ) ( )111 2 1 2 1 2 1 2 1 2i in nn n ne d e e e d e e e+∗ + ∗ ∗ ∗≤ ≤ ≤ ≤ ≤ = . (If  
0it ′ = , the segment 1iS ′−  contains ( )0,0  as well as ( )( )1 111 2 , 1 2i in ne′ ′− −+ , so 

( )e d∗  is linear on ( 1 10,1 2 in ′− +   and ( ) ( )e d e d∗≤  for ( 1 10,1 2 ind ′− + ∈  , 
( )0 0e∗ = .) 
Remark L (Proof of (29)) Let  
( ) ( ) ( ) ( ){ }2 2 2
.,. .,. , : .,. <n prog nz L z L J z

∗∗∗∈ = ∈ ×Ω ∞  and let ( )
2

.,.z α
∗
= < ∞ . 

Let ( ) ( )essup ,t z t ω β ω=  and let ( ){ }:NM Nω β ω= ≤ . Then  
( ) ( ) ( )1 0

NMβ ω β ω ω− →  a.s. when N →∞  as ( ).β  is a.s. finite, because 
2 2Eβ α≤ . Then  

( ) ( ) ( ) ( ) ( )essup , , 1 essup , 1 1 0
N N Nt M t M Mz t z t z tω ω ω ω β ω− = = →   a.s. and 

by Lebesgue’s dominated convergence theorem also in 2L . So ( ),prog nL J∞ ×Ω   
is 

2. ∗ -dense in 2
nL∗∗  (and then also 2. -dense). Evidently,  

( ) ,
2,prog n nL J L∗∗∞ ×Ω ⊂ , moreover, as shown, ( ),

2 2cl ,n prog nL L J∗∗
∞⊂ ×Ω  , so 

( )2 2 2 2cl cl ,n n prog nL L L J∗ ∗∗
∞= = ×Ω  . 
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If ( )2 ,prog nu L J ∗∗∈ ×Ω  , then ( )
2

.,. 0ux
∗
<  by (57) in Appendix. If 

( ) ( )2.,. ,prog nu L J ∗∗′ ∈ ×Ω  , u U ∗∗′′∈ , then 

( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )

( ) ( ) ( ) ( )

., .,. , .,. ., .,. , .,.

., .,. , .,. ., .,. , .,.

., .,. , .,. ., .,. , .,.

.,. .,. .,. .,. ,

u u

u u

u u

u

f x u f x u

f x u f x u

f x u f x u

M x x M u u

∗

∗

∗ ∗

′ ∗

′

∗

′+ ∗ + ∗

′′ −

′′ ′′≤ −

′′+ −

′′≤ − + −

 

so ( ) ( )( ) ( ) ( )( ) ,
2., .,. , .,. ., .,. , .,.u u nf x u f x u L

∗ ∗′ ∗ ∗′′ − ∈ . Because  
( ) ( )( ) ( ) ( )( ) ( ) ( )., .,. , .,. ., .,. , .,. .,. .,.u uf x u f x u M u u′ ′ +′′ ′ ′′ ′− ≤ − , then  
( ) ( )( ) ( ) ( )( )., .,. , .,. ., .,. , .,.u uf x u f x u

∗′ ∗′′ −  →  
( ) ( )( ) ( ) ( )( )., .,. , .,. ., .,. , .,.u uf x u f x u

∗′ ∗′ −  in 2.  when (in 2. )  

( )2cl ,prog nu u L J
∗∗

∞′′ ′→ ∈ ×Ω  , u U ∗∗′′∈ , hence  
( ) ( )( ) ( ) ( )( ) ,

2., .,. , .,. ., .,. , .,.u u nf x u f x u L
∗′ ∗ ∗′ − ∈  when 2clu U ∗∗′∈ . 

Now, ( ) ( )( ) ( ) ( )., .,. , .,. .,. ,u prog n
uf x u u L J

∗
∗

∗ ∞  ∈ ×Ω    when  

( ),prog nu L J
∗∗

∞∈ ×Ω  , by uf M +≤ , and then  
( ) ( )( ) ( ) ( ) ( )( ) ( )., .,. , .,. .,. ., .,. , .,. .,.u u

u n uf x u u f x u u∗ ∗
∗ ∗   →     in 2.  when 

nu u→  in 2. , ( )2cl ,prog nu L J
∗∗

∞∈ ×Ω  , ( ),prog n
nu L J

∗∗

∞∈ ×Ω  , so 
( ) ( )( ) ( ) ( )2., .,. , .,. .,. cl ,u prog n

uf x u u L J
∗

∗
∗ ∞∈ ×Ω     when  

( )2cl ,prog nu L J
∗∗

∞∈ ×Ω  . Moreover, by (57) in Appendix, , ,
2

u u nq L
∗

∗′ ∗∈  when 

( )2, ,prog nu u L J
∗∗

∗′ ∈ ×Ω  , so  
( ) ( )( ) ( ) ( ), ,

2 2., .,. , .,. .,. cl ,u u u n prog n
xf x u q L L J

∗ ∗
∗ ∗′ ∗

∗ ∞∈ ⊂ ×Ω   when  

( )2, ,prog nu u L J
∗∗

∗′ ∈ ×Ω  . 
Hence ( ) ( ).,. .ux xπ π ∗−   as well as ( ), .,.u uqπ ∗

  belong to  

( ) ,
2 2cl ,prog m mL J L

∗ ∗∗
∞ ×Ω =  when 2, clu u U ∗∗

∗ ∈   
( ( ) ( )2cl ,prog nu u u u u u L J

∗∗∗ ∗
∗ ∗ ∞⇒ − = − − − ∈ ×Ω  ). 

Remark M (Completeness of 2cl U ∗∗ ) 
Evidenly, ( )2 ,prog nL J

∗∗
×Ω   is complete, so a 2. -Cauchy-sequence ( ).,.nz  

in 2cl U ∗∗  is 2. -convergent to some ( ) ( )2.,. ,prog nz L J
∗∗

∈ ×Ω  . Then for a 
subsequence ( ).,.

jnz , for a.e. t, ( ) ( )
2

,. ,. 0
jnz t z t− → . From this we get that, for 

any 0ε > , if ( ) ( ) 2
essup ,. ,.t n mE z t z t ε− ≤  when ,n m  are large, then for a.e. 

t even ( ) ( ) 2
,. ,.nE z t z t ε− ≤ , so ( ) ( ) 2

essup ,. ,.t nE z t z t ε− ≤ , which means 
that 2cl U ∗∗  is 2. -complete. 

Remark N ( [ ] [ ]|t sE g E g Φ → Φ   in 2L -norm and a.s. when t s↓ ). 
Let ( )2 , , ng L∈ Ω Φ  , and let jt s↓ . By weak compactness, a convex com- 

bination : |
j in j

j i tig E gλ  
= Φ 

 
∑ , i

jn
t s> , i

jn j≥ , converges in 2.  and also 
almost uniformly to some sΦ -measurable limit4 g∗ , the latter convergence by 
considering subsequences if necessary. By 2. -convergence, g∗  evidently satisfies 

[ ] [ ]

| lim | |

lim [ | |

j in j

j

s j i t si

j i s si

g E g E E g

E g E g

λ

λ

∗ ∗    = Φ = Φ Φ      
= Φ = Φ

∑

∑
. 

 

 

4A.s. convergence of the component k
jg  to kg ∗ , 1, ,k n=  , means { }:

j

k
tg aω
′

∗ ≥ ∈Φ  for any 

given j′  (a arbitrary), hence { }:
j

k
t sj

g aω
′

∗

′
≥ ∈ Φ = Φ



. 
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Let 0ε >  and 0ε ′ >  be arbitrary, let M be a set on which jg  converges 
uniformly, ( )P M ε ′≤ , and let j be the smallest j such that 

2jg g ε∗− ≤  and 

{ }1M jg g ε∗

∞
− ≤ . Let min i

j

j
i n

t t s= > . Then, for jt t≤ , s t< , 2q∞ > ≥ , 
using Jensens inequality twice, 

[ ]{ }

{ } { }

{ } ( )

1

1 1

1 |

1 | | |

1 | | 1 |

1 | d .

j in j

M t q

M i t t ti
q

qq

M j t t M j t
q

q qq q

M j t jM

E g g

E E g E g

E g E g E E g g

E E g g g g P

λ

ε

∗

∗

∗ ∗

∗ ∗

Φ −

     = Φ Φ − Φ         

    = Φ − Φ ≤ − Φ        

  ≤ − Φ ≤ − ≤    

∑

∫

 

For 2q = , this holds even for M = Ω , yielding 2. -convergence of 
[ ]| tE g Φ  when t s↓ , using . sup .q q∞

=  yields almost uniform  
convergence. 

Remark O. In this remark let “tr” mean tranpose. Note that 

( ) ( ) ( ) ( ) ( ) ( ). , = , . , . , ,E z p b C T b z z C T bν ν∗−
∗ ∗=  ( ( ) ( )2. , , n

bz L
∗

∈ Ω Φ  ) 

and that, for ( ) ( )2. , , n
ty L

∗
∈ Ω Φ  , t b< , 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

. , , . , , , . ,

, . , , , . ,

. , , . , , | .

E y p t C T t y C T b C b y y

C b t y C T b E C b t y p b

E y C b t p b E y E C b t p b τ

ν ν

ν

−
∗ ∗

∗ −
∗

∗− −

= =

= =

 = = Φ 

 

Taking now ( )p t−  to be a row vector, then ( )p t−  satisfies  
( ) ( ) ( ), |tr tr tr

tp t E C b t p b− − = Φ  . Letting ( ) ( ) ( ) ( ), , , , jY t t T A t B tΨ  be the 
entities on pp. 348-350 in [6], for ( ) ( )( )tr

xA t f t∗= − , ( ) ( )( )trj
j xB t tσ ∗= − , 

( )trp bθ −= , T b= , we have that ( ) ( ),0trt C tΨ = , and then  
( ) ( ) ( ) ( )0, ,0 | , |tr tr tr

tY t C t E C b E C b t τθ θ   = Φ = Φ     by (2.20) in that book, 
so by (2.9) in that book, for some ( )q t , ( ) ( )trp t Y t=  satisfies (54),(55). 

Remark P (Proof of continuity of ( ) ( ) ( ). 1, ,. . ,y C s yπ ν→  on  

( )2 , , n
sL

∗
Ω Φ  , s T< ). 

Let 1T = , 0 0x = , 1s <  and let k be the smallest k such that 1 1 2ks ≤ − . 
Note that if ( ) ( )2. , , n

sy L
∗

∈ Ω Φ  , then ( ). 0k y′Π = , for k k′ > , and that 
( ) ( )

2 2
. 2 .i

i y y−Π ≤ ⋅ . Hence  
( ) ( ) ( )( ) ( )1 12 2 22
. . 2 . .k k i

ii iy y y y−
= =

= Π ≤ ≤∑ ∑ . On the other hand  
( ) ( ) ( )

2 2 2
. sup 2 . 2 2 .i k

i iy y y= Π ≤ ⋅ . Hence, on ( )2 , , n
sL

∗
Ω Φ  , the norms 2.  

and 2 .  are equivalent. (Thus, the spaces ( )2 , , m
sL

∗
Ω Φ  , 1s <  are 

subspaces of 2L , in fact of ( )2cl L∗∞ , because ( )2 2, , .m
sL

∗
Ω Φ = -closure of 

( ), , m
sL

∗

∞ Ω Φ  .) For ( ) ( )2. , , n
sy y L

∗
= ∈ Ω Φ  , define 

( ) ( ) ( ) ( )( ) ( )

( ) ( )( ) ( )

, , , , , , , , d

, , , , , , d .

ty y
xs

t y
x ss

q t s y f s x s u s q s s s

s x s u s q s s B

ω ω ω ω ω

σ ω ω ω

∗ ∗

∗ ∗

= +

+

∫

∫ 

    

   

       (68) 
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Then an application of Appendix, Lemma A gives that  
( ) ( ), , 22

sup , ,. .y
t s t s q t s D y≥ ≤  for some constant D independent of ( ).y . Then 

[ ] ( ) ( ) ( ),1 22
1 . ., ,. . .y

s q s t DM yπ +∂ ∂ ≤  

Because 4Θ ≤  for 2 2. .→ , then  

( ) ( )

[ ] ( ) ( )

[ ] ( ) ( ) ( )

2

1

,102

,1 22

1, ,. .

1 , ,. d

4 1 ., ,. 4 . .

y

y
s

y
s

q s y

t q t s t t

t q s t DM y

π π

π

π +

−

 = ∂ ∂ 

≤ ⋅ ∂ ∂ ≤

∫            (69) 

Now, ( ) [ ] ( ) ( ) ( ) ( ) ( )1

,10
. 1 , ,. d 1, ,. 1, ,. .y y

sy t q t s t t q s C s yπ π π π + ∂ ∂ = = ∫ , so 

( ) ( ) ( )1
2 22

1, ,. 4 . 2 .y kq s D y yπ + +≤ + . For some constant γ ,  

( ) ( )
2

. , .z zν γ≤ ⋅  for ( ) ( )2. clz L∗∞∈ , so  

( ) ( ) ( ) ( )1
2 2

1, ,. . , 4 . 2 .kC s y DM y yπ ν γ γ+ +≤ + , ( ) ( )2. , , n
sy L

∗
∈ Ω Φ  . 

Remark Q (Proof of 2. -continuity of ( )t p t−→ , t T< ). 
Let 1T = , and fix ( )0,1s′′∈ . By Remark P, ( ) ( ) ( ). 1, ,. . ,y C s yπ ν′′→  is 

2. -continuous in ( )2 , , n
sL

∗

′′Ω Φ  , so there exists an ( )2 , , n
sL

∗

′′Ω Φ  - 
function ( ),.p s∗

− ′′ , such that ( ) ( ) ( ) ( )1, ,. . , . , ,.C s y E y p sπ ν ∗
−′′ ′′= . Define 

( ) ( ) ( ),. , ,. ,.p s C s s p s∗∗ ∗
− −′′ ′′= , s s′′≤ . Note that  
( ) ( ) ( ),0, , , ,0,C s C s s C sω ω ω′′ ′′= , so ( ), ,s C s s ω′′→  is continuous because 
( ) ( ) ( ) 1, , ,0, ,0,C s s C s C sω ω ω −′′ ′′=  and ( ),0,s C s ω→  is continuous  

(compare Theorem 6.14 p. 47 in [6], a similar theorem holds for random 
coeffficients). Because ( )

2
sup , ,.s s C s s′′≤ ′′ < ∞  by Lemma A in Appendix, 

( ), ,.s C s s′′→  is 2. -continuous. Hence ( ),.s p s∗
−→  is a.s. and 2.

-continuous. 
Evidently, for any ( ) ( )2. , , n

sy L
∗

∈ Ω Φ  , 

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1, ,. . ,

1, ,. , ,. . , , ,. . , ,.

. , , ,. ,. . , ,. .

C s y

C s C s s y E C s s y p s

E y C s s p s E y p s

π ν

π ν ∗
−

∗ ∗ ∗
− −

′′ ′′ ′′ ′′= =

′′ ′′= =

 

Then, for any ( ) ( )2. , , n
sy L R

∗
∈ Ω Φ , 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

. , ,. 1, ,. . , . , ,.

. , ,. | . , ,. | .s s

E y p s C s y E y p s

EE y p s E y E p s

π ν ∗
− −

∗ ∗
− −

= =

   = Φ = Φ  
 

From this it follows that ( ) ( ),. ,. | sp s E p s∗
− − = Φ   for all [ ]0,s s′′∈ . 

Let ,s s s′′<  be given. Note that if ( ) ( )2. , , n
sLφ

∗

′′∈ Ω Φ   and tt →Φ  is 
(also) left continuous, then ( ) ( )lim . | . |s ss s E Eφ φ′′↑    Φ = Φ     in 2.  and a.s. , 

 

 

5If ks s s′ = ↑ , this corollary ensures only 
1

. -convergence of |
ksE φ Φ   to [ ]| sE φ Φ , but also 

of 
2 |

ksE φ Φ   in 
1

.  (to 
2 | sE φ Φ  , which means that 21 |

kM sM E E φ  → Φ  
 is 

equicontionuous, 1M ∈Φ  (the countable additivity is uniform). Then [ ]| |
ks sE Eφ φ Φ → Φ   in 

2
. , because ( )2 21 | 1 |

k kM s M sE Eφ φ  Φ ≤ Φ    , so ( ){ }2

1 |
kM sM E E φ → Φ   is equicontionuous. 
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see Corollary A.9, Appendix C in [1]5 and ( ) ( )lim . | . |s ss s E Eφ φ′′↓    Φ = Φ     in 

2.  and a.s., see Remark N in Appendix, or, for both these results, Theorem 6.23 
in [10]. Using this for ( ) ( ). ,.p sφ ∗

−=  and ( ) ( ) ˆˆ ˆ,. , ,. | sp s E p s∗
− − = Φ   and 

continuity of ( ),.p s∗
−  yield that ( ),.s p s−→  is a.s. and 2. -continuous, as we 

shall see: Fix any s s′′< . When s′  is close to s,  
( ) ( ) ( ) ( ) ( ),. ,. | ,. | ,. | ,.s s sp s E p s E p s E p s p s∗ ∗ ∗

′ ′− − − − −     ′ ′= Φ ≈ Φ ≈ Φ =      . This 
is obvious for the 2. -norm, and also for a.s.-convergence, once we have shown 
that ( ) ( ),. | ,. |s sE p s E p s∗ ∗

′ ′− −   ′ Φ ≈ Φ     almost uniformly. Note that by 
Egoroff’s theorem, ( ) ( ),. ,.p s p s∗ ∗

− −′ →  almost uniformly. Let  
( )ˆ 2

ˆsup ,.s s p sκ ∗
′′≤ −= < ∞ . For any ( )0,1ε ∈ , for some set sM ′′∈Φ , with 

( ) 21 ME ε≤  and some 0δ > , ( ) ( )( )1 ,. ,.M p s p s ε
∞

∗ ∗
− −′ − ≤  when s s δ′ − ≤ . 

By almost uniform convergence again, we can find a set sM ∗
′′∈Φ , with 

1
M

E ε∗ <
 and a ( ]0,δ δ∗ ∈  such that  

1 [1 | 1 1 | 2s sM MM M
E E ε∗ ∗

∞

′ Φ − Φ ≤      when s s δ ∗′ − ≤ . Defining 
{ }: 1 | sMM Eω ε′ = Φ >    and M M M∗′′ ′=  , we have  

( )1 1 | 1 2 1 3 2M s M MME ε ε ε′′ ′ ′′ ′′Φ ≤ + =    and 1 1 | 1 2sMM M M M
E ε∗ ∗′′ ′

Φ ≥  
 

  
and hence ( )1 1 1 | 2sMM M M M

E ε∗ ∗ ′′ ′
≤ Φ  

 

  when s s δ ∗′ − ≤ . Thus, 

{ }
{ } ( ) { }

1 1 1 | 2

1 | 2 2 1 2

sMM M M M

sM M

E E E

E E E

ε

ε ε ε

∗ ∗ ′′ ′

′

≤ Φ  

≤ Φ ≤ ≤  

 



 

 

when s s δ ∗′ − ≤ . Then, 

( ) ( )

( ) ( )( )
( ) ( )( )

( )
( )

1 2

1 2

1 ,. ,. |

1 1 ,. ,. |

1 1 ,. ,. |

1 2 1 1 |

1 2 1 3 2 .

M s

M M s

M sM

M M sM

M M

E p s p s

E p s p s

E p s p s

Eε κ

ε κ ε

∗ ∗
′′ ′− −

∗ ∗
′′ ′− −

∗ ∗
′′ ′− −

′′ ′′ ′

′′ ′′

 ′− Φ 

 ′≤ − Φ 

 ′+ − Φ 

≤ + Φ  

≤ +





 

So we have ( ) ( ) ( )1 2,. | ,. | 2 3 2s sE p s E p s ε κ ε∗ ∗
′ ′− −   ′Φ − Φ ≤ +     when 

s s δ ∗′ − ≤  and s M M M∗′′ ′∈ =  . Now,  

( )M M M M M M∗ ∗ ∗′′ ′ ′= =     , and 

( ) ( )1 1 1 2
MM M M M M

E E E ε ε∗∗ ∗ ∗′ ′
= + ≤ +

  


. Hence, 

( ) ( ),. | ,. |s sE p s E p s∗ ∗
′ ′− −   ′Φ → Φ     almost uniformly. 

Remark R (Proof of (21)⇒ (15), with ( ).,. 0z = , when 
2

u
∗∗ < ∞ ) 

Let ( ) ( ) ( )( ) ( ) 2, , , , , ,u m
uz t f t x t u t u t Lω π ω ω ω

∗
∗ ∗ ∗

∗= ∈ . For any ( ) ,
1.,. my B

∗∗∈ , 
there exists a ( ),u t Uω′ ∈ , with ( ) ( ) ( )0, , ,u t y t z tω β ω ω′ ≤ + , ( ) 2.,. nu L

∗∗∗′ ∈  
(and with ( ) ( )02 2

.,. 1u M uβ + ∗′ ≤ + ), such that  
( ) ( ) ( ) ( )( ) ( ), , , , , , ,u

uy t z t f t x t u t u tω ω π ω ω ω∗
∗ ′+ =  and hence 

( ) ( ) ( )( ) ( ) ( )( ), , , , , , , .u
uy t f t x t u t u t u tω π ω ω ω ω∗ ∗

∗ ′= −  

Then for ( )0 2 2
1 M u uθ β + ∗ ∗= + + , we have 
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( ) ( ) ( )( ) ( ) ( )( )1 1, , , , , , , ,u
uy t f t x t u t u t u tθ ω π ω ω θ ω ω∗− − ∗

∗
 ′= −   

note that ( )1

2
1u uθ − ∗′ − ≤ , so (15) holds for 1α θ −= , ( ).,. 0z = . 

Remark S. (Proof of (19)). Let u be any given element in U,  
( ) ( ) ( ) ( ) ( ), , , , ,u ut p t f t q t tβ ω ω ω ω σ ω∗ ∗= + , and let ( )0,1b∈  be an arbitrarily 

given Lebesgue point of ( ) ( )( ) ( )2,. ,. : , , nt t u u t J Lβ ∗→ − → Ω Φ  . Then, for 
any ( ), ,bLφ ∞∈ Ω Φ  , 0 1φ≤ ≤ , 

( ) ( ) ( )( ) ( ) ( ) ( )( )1

2
. ,. ,. d . ,. ,. 0,

b

b
t u u t t b u u b

δ
δ φ β δφ β

+− ∗ ∗ − − − →  ∫   (70) 

when 0δ ↓ . We have  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }0 ,. , ,. ,. ,. ,. ,. ,. ,. d

bw
u ub

E p s q s E p t f t w t q t t w t t
δ

σ
+ ∗ ∗≥ = +∫ ,  

when [ ] ( ) ( )( ),1 ,.b bw t u u tδφ ∗
+= − , for 1 s b δ> > + . From this and (70) it 

follows that 

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ). ,. ,. ,. . ,. ,. ,. 0.u uE p b f b u u b q b b u u bφ φ σ∗ ∗ ∗ ∗ − + − ≤   

Because φ  was arbitrary, (19) follows for t b= , i.e. for a.e. t. 
Remark T. Let ( ), ,µ′ ′ ′Ω Φ  be a finite measure space. If  
( ), :h x X Xω ′ ′×Ω →  ( ,X X ′  Euclidean spaces) is continuous in x and ′Φ - 

measurable in ω , ( ) ( )sup ,x h x ω α ω≤ , ( ) ( )2. , , ,Lα µ′ ′ ′∈ Ω Φ  , and 
( ) ( )nx xω ω→  in µ′ -measure, ( ( )nx ω  and ( )x ω  ′Φ -measurable), then 
( )( ) ( )( ), ,nh x h xω ω ω ω→  in ( )2 , , ,L Xµ′ ′ ′Ω Φ . This result, which is a special 

case of Krasnoselskii's theorem (see p. 20 in [9]), can be proved as follows. By 
contradiction, assume for some 0ε >  and for some subsequence jn  that 

( )( ) ( )( )
2

, ,
jnh x h xω ω ω ω ε− >  for all j. A subsequence ( ) ( ):

jk

k
nx xω ω=  

converges µ′ -a.e. to ( )x ω . Then, by continuity,  

( )( ) ( )( ), ,kh x h xω ω ω ω→  µ′ -a.e. and even in 2L , by Lebesgue's dominated 
convergence theorem. A contradiction has been obtained. 

Remark U. (On 2L , 
2 2. .≤ ) 

On 2L , 
2 2. .≤ . To show this, for the component ( ).jz  of ( ).z , note that 

( )( ) ( )( )
( )( ){ } ( ) ( ){ }
( )( ){ }

1

22
1

2

, , 1 1 2
2

. .

. 2 . . |

.

k

j j
kk

j j j
k i kk i k i k

j
kk

E z E z

E z E E z z

E z

−

∞

=

< −

= Π

 = Π + Π Π Φ 
= Π

∑
∑ ∑
∑

 

( ) ( ){
( ) }

( )( )
1 1

, , 1 1 2

1 1 2 1 1 2 1 1 2
2

2 . . |

. | | ) | ])

. ,

k

k k i

j j
ii k i k

j

j
kk

E z E E z

E z

E z

− −

< −

− − −

  + Π Φ  
 − Φ Φ Φ 

= Π

∑

∑

 

so 

( ) ( ) ( ) ( )

( ) ( ) ( )
2 2 2

22

. . 1 2 2 .

1 2 . . .

j j k k j
k kk k

k j j
k

z z z

z z

≤ Π ≤ Π

≤ ≤

∑ ∑
∑

 

Remark V. (Proof of (B) ⇒ (A) with 0z z∗ ∗∗= =  in Remark 6) 
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Let 1T = . By Lemma A in Appendix, for some 0K > ,  
( ) ( ) ( )( )1 21 2,

02
,. ,. dw uq t K E w t u t t∗′′

∗′′≤ −∫  when ,w u U∗ ∗′′ ∈ . Let 

( ) ( ){ }2 2 2
: 1 max max , , , , , ,u u

u U u un M u f t x u u t x u uγ π πσ
∗

+ ∗ ∗ ∗
∈

 ′= + ≥   
 

let [ )0,1c∈  satisfy ( ) ( )( ) 11 2
01 4c M n Kβ

−+ ′− ≤ , let  
[ ]( )2 1 ,1 ,n prog n

cL L c= − ×Ω   and let ( )1 21 2

2 dc

c
w E w t= ∫ ,  

{ }, 2: : cn n
c cB z L zα α= ∈ < ,  

[ ] [ ]( ) ( ) ( ){ }0,1 ,1 2
: 1 1 1 , , .,. .,. 8u

c c cU u u u U u u β γ∗
∗ ∗′= + − ∈ − ≤



. By (B) in Remark 5, 
for any ( ).,.u U∗∈ , any ( ) ( ) ,4.,. , .,. m

cv w B γ

∗
′ ′ ∈ , for some progressively 

measurable ( ).,.w U′′ ′∈ , 0w′′ =  on [ )0,c , for each ( ),t ω , [ ],1t c∈ , 

( ) ( )( )
( ) ( )( ) ( )( ( ) ( )( ) ( ))

, , ,

, , , , , , , , , , , ,u u
u u

v t w t

f t x t u t w t t x t u t w t

ω ω

π ω ω ω πσ ω ω ω

′ ′

′′ ′′=
 

where ( ) ( ) ( )( )0, , , ,w t v t w tω β ω ω′′ ′ ′≤ , so ( ) 0
2

.,. 8
c

w β γ′′ ≤ . Hence, by slight 
abuse of notation, we have that 

( ) [ ] ( ) ( )( ) [ ]{
[ ] ( ) }

,4 ,4 ,1 ,1

0
,1 2

1 , , , , , : 1 ,

1 .,. 8 .

m m u u
c c u uc c

c

c

B B f t x u w t x u w w U

w

γ γ π πσ

β γ

∗ ∗
′′ ′′ ′′ ′× ⊂ ∈

′′ ≤
 

By the choice of c, for u
cw U ∗∈


, 

[ ] ( ) [ ] ( )

( )( ) ( ) ( )( )
( ) ( )

, ,
,1 ,12 2

1 2 1 221 1 1 2,

1 2 1 2
02

1 , , , 1 , ,

d d d

1 8 1 2 .

c cw u w uu j u
x xc c

w u
c c c

c

f t x u q t x u q

M E q M K E w t u t t

M K c w u M K c n

σ

τ τ τ

β γ γ

∗ ∗

∗+ +
∗

+ +
∗

≤ ≤ −

′≤ − − ≤ − ≤

∫ ∫ ∫  

By Remark W and the previous inclusion, then ( )
2

,2 ,2 .
cl coc

m m
c c cB B Dγ γ

∗ ∗
× ⊂ , 

where  

[ ] ( ) ( )({
( ) ( ) ) }

,
,1

,

: 1 , , , , ,

, , , , : .

w uu u
c x uc

w u uu u
x u c

D f t x u q f t x u w

t x u q t x u w w U

π π

πσ πσ

∗

∗ ∗

= +

+ ∈


 

Now, by definition of γ , for 0δ + >  small, ( )
2

, ,u
uf t x u uπ ∗  and  

( )
2

, ,u
u t x u uσ ∗  are γ≤  when 

2
u u δ∗ +
∗ − ≤ , so  

[ ] ( ), ,2 ,11 , ,m m u
c c ucB B f t x u uγ γ π
∗ ∗

∗⊂ −  and [ ] ( ), ,2 ,11 , ,m m u
c c ucB B t x u uγ γ σ
∗ ∗

∗⊂ − , so  

2
, , .

cl coc
m m c
c cB B Dγ γ

∗ ∗
× ⊂ , where 

[ ] ( ) ( )( )({
( ) ( )( )) }

,
,1

,

: 1 , , , , ,

, , , , : .

w uc u u
x uc

w u uu u
x u c

D f t x u q f t x u w u

t x u q t x u w u w U

π π

πσ πσ

∗

∗ ∗

∗

∗

= + −

+ − ∈


 

Hence, (B) ⇒ (A) has been proved. 
Let tΦ  be the natural filtration, augmented as before. Postulating now (A), 

by Ito’s representation theorem, 
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( ) ( ){ }1
2 1 2, , d : , ,m prog m m

tc
L v w B w L J v

∗ ∗ ∗

′
′ ′ ′ ′Ω Φ ⊂ + ∈ ×Ω ∈∫   , so by the linear 

interior mapping theorem, for some 
2. -ball ( )2 0,B δΩ ′′  in ( )2 1, , mL

∗
Ω Φ  , 

( ) ( ){ }1
2 ,0, d : , 0,m m

t cc
B c v w B w B v Bξδ ξ

∗ ∗Ω
′′

′′ ′ ′ ′ ′ ′⊂ + ∈ ∈ ⊂∫  . But then  

( ) ( ) ( ) ( ){ }
( ) ( ) ( ){ }

2

2

1 1
2 .

1 1

. 0 0

0, cl co d d : ,

cl co d d : ,

t uc c

t

B a z t b z B a b D

a z t b z B a b D

δ
∗

Ω
∗ ∗∗′ ′

∗ ∗∗

′′ ⊂ − + − ∈

⊂ − + − ∈

∫ ∫

∫ ∫ 

. 

Remark W. Let I be a set and let X be a normed space. Let the maps v and w 
from I into X have the following properties. Given 0ε > , ( )0,1k ∈ , p X∈ , 
assume that ( ) ( ), clcoB p v Iε ⊂  and that )(1|)()(| kiwiv −≤− ε  for all i. 
Then ( ) ( ), clcoB p k w Iε ⊂ . 

For a proof see p. 327 in [11]. 
Remark X. (A nonzero continuous linear functional on 2L  vanishing on all 

( )2 , , m
tL

∗
Ω Φ  , t T< ) 

Let 1T = , tΦ  the natural filtration corresponding to some given tB . For 
simplicity, assume 1m∗ = . Choose a 2v L∗ ∈  such that ( )

2
2 1j

jv j j∗Π = + . 
Then 

2
1v∗ = , so v∗  belongs to the 

2 . -boundary of the 
2 . -ball ( )2 0,1B  

in 2L . Then for some nonzero continuous linear functional µ  on 2L , 
( )2 0,1 , ,B vµ µ∗≤ . Let [ )0,1t∈  and let k be any given integer such that 

1 1 2kt ≤ − . If ( )2 1 1 2
, ,kLφ

−
∈ Ω Φ   and ( ) ( )1

2 2 1k jφ − +≤ + , then 

( ) ( ) ( ) ( )1

2
2 2 2 2 1 1 1kj j

j j jφ − +Π ± ≤ ⋅ + ≤ +  for j k≤  and ( )
2

2 0j
j φΠ ± =  

for j k> , so ( )
2

2 1j
j v φ∗Π ± ≤  for all j (⇒ ( )2 0,1v Bφ∗ ± ∈ ). Then the 

inequality involving µ  yields , 0φ µ± ≤ , i.e. µ  vanishes on ( )2 , ,tL Ω Φ  , 
1t < . To show in detail that such a v∗  exists, let 1 1

i ii M Mv = −  , 

[ )11 1 2 1 1 2
0,i iiM B B −− −

 = − ∈ ∞  . Then  

1 1 11 1 2 1 1 2 1 1 2
| | | 0i i ii i iE v P M P M− − −− − −

     Φ = Φ − Φ =      , so for j i< ,  

11 1 2 1 1 2
| | 0j jj i i iv E v E v −− −

   Π = Φ − Φ =    , and for j i> ,  

11 1 2 1 1 2
| | 0j jj i i i i iv E v E v v v−− −

   Π = Φ − Φ = − =    . Letting  

( ) ( )( )1 1 2 1i
iiv i i v∞∗

=
= +∑ , we get  

( )( )
( )( )
( )( )( ) ( )( )

11 1 2 1 1 2

2 1

1 1 1 | 1 1 |

1 1 1 1

j jj jj j

j j

j
j j j

M MM M

M jM

v j j v

j j E E

j j j j v

−

∗

− −

Π = Π +

   = + − Φ − − Φ   

= + − = +

 



,  

so ( )( ) ( )
22

2 1 1j
j jv j j v j j∗Π = + = +  and ( )2 1j

jv j j∗

∞
Π ≤ + . 

Note that ν ∗  belongs to the 
2 . -boundary of ( ) ( ) ( )2 20,1 clB L∞ ∗

∞⊂  and the 
φ's belong to ( )2cl L∗∞ , so the arguments above actually yield a nonzero 

2 . - 
continuous linear functional on ( )2cl L∗∞ , vanishing on all ( )2 , ,tL Ω Φ  , t T< . 

Remark Y. ( ( )1
2 2\ cl ,progL L J R∞ ×Ω  is nonempty). 

On iI  define ( ) ( )1 1
i iIi t iψ ωΩ= ∑ , where iΩ  are some arbitrarily chosen 
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sets such that 2E1 1
i

iΩ = , 
1 1 2ii −

Ω ∈Φ . Then for all t, ( )
2

,. 1tψ = , so 
2 1ψ =  

and ( ){ }1
2 2 2: , ;progL z L J R zψ ∈ = ∈ ×Ω < ∞ . Now  

( ) ( )essup , 1
it t iψ ω ωΩ≥  for all i, so ( )essup ,.t t iψ

∞
≥  for all i. 

Now ( )2cl ,progL J Rψ ∞∉ ×Ω . Let us show that. Assume by contradiction that 

2 1 2α ψ− ≤  for some ( ),progL J Rα ∞∈ ×Ω . Using the projection of α  onto 
ψ  as in E. in the proof of Theorem 1, we have for some progressively 
measurable [ ]0,1ϕ ∈ , that ( ) ( ) ( ) ( ) ( ), , , , ,t t t t tφ ω ψ ω ψ ω α ω ψ ω− ≤ − ,  
( ) ( ) ( ), , ,t t tφ ω ψ ω α ω≤ , ( ),essup ,t tω α ω < ∞ . 
For all t, ( ) ( )( ) ( )

2
1 ,. 1 1 . 1 2

i iI t t iφ Ω− ≤ . Then  

( ) ( ) ( ) ( ) ( )
2 2

1 1 ,. 1 2 1 ,. 1 ,.
i i i iI It i t t t i tφΩ Ω− ≤ , or 

( ) ( ) ( ) ( )
2 2

1 1 ,. 1 2 1 ,. 1
i i i iI It t i t tφΩ Ω− ≤ . Then ( ) 21 16t

iP A i≥  where  

( ){ }2: , 1 8t
i iA tω φ ω= ≥ Ω , otherwise (using 1φ ≤ ) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )
2 2 2

2

1 ,. 1 ,. 1 1 ,. 1 1 ,. 1 , ,.

1 4 1 8 1 2

t ti i i i ii i
I I IA A

t t t t t t t t t

i i i

φ ω φΩ Ω≤ + −

≤ + <
.  

But then, for all i, ( ) ( ) ( ) ( )
( )( ) ( ) ( )
( )( ) ( )

, ,

,

,

essup essup 1 1 , , ,

essup 1 1 8 1 , ,

essup 1 1 8 1 , 8

ti i

ti i

ti i

t t I A

t I A

t I A

t t t t

t t t

t t i i

ω ω

ω

ω

φψ ω φ ω ψ ω

ω ψ ω

ω

≥

≥

≥ ≥

,  

contradicting ( ), ,essup essup ,t t tω ωφψ α ω≤ < ∞ . 
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