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Abstract

In this paper, we approximate the solution to time-fractional telegraph equa-
tion by two kinds of difference methods: the Griinwald formula and Caputo
fractional difference.
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1. Introduction

The classical telegraph equation has another name of the transmission line equa-
tion. Because it is originated from the variational relationship between the vol-
tage wave and the current wave on the well-proportioned transmission line, such
equation can describe the ordinary diffusion phenomena well. However, when
comes to the abnormal diffusion phenomena during the finite long transmits
process, where the voltage wave or the current wave possibly exists, the classical
telegraph equation cannot describe it well. Fortunately, we have the fractional
telegraph equation to handle certain kinds of abnormal diffusion phenomena.
For example, R.C. Cascaval [1] investigated several aspects of the fractional tele-
graph equation, in an effort to better understand the anomalous diffusion
process observed in blood flow experiments. Fractional telegraph equation is an
telegraph equation where the integer derivative with respect to time or space is
replaced by a derivative of fractional order. Furthermore, the fractional telegraph
equation is broadly studied to explain the random walks of the suspension flows.

In fact, there are lots of authors who have studied the fractional telegraph eq-
uation. E. Orsingher and X. Zhao [2] used the Fourier transform methods to

studied the space-fractional telegraph equation. A so-called perturbation Laplace
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method, a generalized differential transform method and Fourier sin and cos
transforms were used by Y. Khan [3], M. Gar [4] and S. Zhang [5] to study frac-
tional telegraph equations, respectively. S. Das [6] used homotopy analysis me-
thod, an effective approximate analytical mathematical tool, to solve fractional
telegraph equation. W. Jiang [7] obtained the exact solution to the
time-fractional telegraph equation with Robin boundary value conditions by us-
ing the reproducing kernel theorem. While, A. Ansari [8] used the Bromwich
integral for the inverse Melin transform to find an integral representation for a
fractional exponential operator, which can be applied to obtain a formal solution
of the time-fractional telegraph equation. The Adomian decomposition method
was used by S. Momani [9] to achieve analytic and approximate solutions to the
space and time fractional telegraph equation. By using a method of separating
variables, J. Chen [10] solved a time-fractional telegraph equation with three
kinds of nonhomogeneous boundary conditions, namely, Dirichlet, Neumann,
Robin boundary conditions. Mittag-leffler functions and generalized Mit-
tag-leffler functions are very important to fractional differential equations. And,
S. Yakubovich [11] and R.F. Camargo [12] used them to study fractional tele-
graph equations.

Orsingher and Beghin [13] obtained the Fourier transform of the fundamental
solutions to time-fractional telegraph equations of order 2a. For the special case
a =1/2, they gave the exact representation of the fundamental solution and
showed that it was the distribution of a telegraph process with Brownian time. In
this paper, we will consider the numerical solutions to this equation.

Actually, some authors have already studied the numerical solutions to some
kinds of time or space fractional telegraph equations, such as C. Li [14], Z. Zhao
[15], N. J. Ford [16], A. Sevimlican [17], and M. Dehghan [18]. The fractional
telegraph equation we consider here is different from all of which they discussed
in their papers. Moreover, we will use some other difference methods which are
different from what they used, too.

What we will discuss is the following time-fractional telegraph equation [13]:

o*u o“u  , 0%
e e

for 0<a <], (1.1)

where 0<x<L,0<t<T, the coefficient 1>0.

For 0<a <1/2, We have the initial conditions,
u(x,0) =5(x). (1.2)

While, for 1/2 < a <1, besides the condition (1.2), condition
u,(x,0)=0

is added.

As for the boundary condition, we consider the Dirichlet boundary condition,
u(0,t)=u(L,t)=0,0<t<T.

The fractional derivatives appearing in (1.1) is in the sense of Caputo, that is
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(m)
r : .[(: f 1(+i)_m dz, form-l<a<m
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ft), fora=m
g O a

where m=|a | and fe(C".

2. The Difference Method

In this section, we introduce the basic ideas for the numerical solution to the
time-fractional telegraph Equation (1.1) by difference scheme.

For some positive integers M and N, the grid sizes in space and time for the
finite difference algorithm are defined by h=L/M and z=T/N ,
respectively. The grid points in the space interval [0,L] are the numbers
x, =ih,(i=0,1,---,M) and the grid points in the time interval [0,T] are
labeled t,=nz,(n=0,1---,N). We denote the values of the function U at the
grid points by U' =U(x;,t,). U which is the numerical solution to Equation

(1.1) can approximate its exact solution .

2.1. The Griinwald Formula

According to [[19], (2.36) and (2.37)], we have the following difference schemes
which is accurate of order O(z +h?®). To obtain the initial values, we use the
method of explicit difference.

Firstly, if 0<a <1/2, then

eSO )20 S (T -0)

2

=%(U." —20! +U!),1<i<M -1,0<n<N -1, (2.3)

i+1
Ul =6,1<i<M -1,
Ug=0Uy, =0,0<n<N,

where 6, =0(X) . Arranging the system above, we have

Cz n CZ n - ir,-—2a 2a —a (& n—j
_FU' +2-U, WLJZ:(‘;(—l)J[r2 ( i )+24r (j)]ui T

i+l
h2

2
C
FU in—l

n . 2
=3 (=1) [ ( j“)+2/1ﬂ(0j‘)]5i,1s i<M-1,0<n<N-1,
=0

Ul=6,1<i<M -1,
Uy =0,U;, =0,0<n<N.

We can write the system above in matrix form,
AU, +BU + AU =g, (2.4)

where U, =[U/,U},- UM and ¢, =[g] 0,0, ¢ =6,
(Pin = Z?zo(_l)j
2 n-2 n-—
(22 (“%y s 2207 ()6 = [ i V2207 na)]é‘i,lgngN.
j j
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Here Ay ...y and By ., arethe matrices of the following form,

0 _
, 1
C
A:—F 1
L l_
- -
2
p, T+2Ar° +2hi2
2
B=| p, B, % 2007 +2hi2
i’ ., 2c
Pn Pn-a pp 7 2127 +h_2

2
where p, = (-1)"[r%( :‘) L2007 (ﬁ)],lg n<N.

Remark 2.1. A/l the elements above the diagonal line of the matrix B are

zero, as well as the elements other than elements on the diagonal line of matrix

A.
Secondly, if 1/2<a <1, then

n - 2a : n -« )
YD UM =8) #2207 Y (D) () -6)
j=0 J j=0
2
:E—Z(Uiil—ZUi” +UM)1<i<M-10<n<N -1, (2.5)
U’=6,Ul =5,1<i<M -1,
U, =0,Uy;, =0,0<n<N,

Similarly, we can write the above system into the form of matrix,
AU,,+BU, +AU_ =¢,
o =[p°. " T
(pi!,O — (oi/,l — 5,
n-2«a
Z_—Za (
n

n_
- )+ 2477 ( na)]é'i,ZSnsN.

Here A\ ...y and By, arethe matrices of the following form,
0 -
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0 1
oa . 2c?
B = p2 pl Tz +2Atr +h—2
o ., 2
Pn o Pnas Py T 4227 +h_2

2
where p, = (~1)"[r%( :) Y ((r):)],ls n<N.

2.2. The Caputo Fractional Difference

Considering the definition of Caputo derivative, we may use the following
difference scheme involved in [[20], (21)]. By the method of implicit difference
which is more harmonic with the so-called Caputo derivative we use here, we
can get the initial values.

When 0<a <1/2, we have the following system
n-1 ) _ ) X

YR (VRIS
i=0

n-1 . _ . i
w220 T U U
=0

2 (2.6)
:h—z(ui“+1 -2U"+U/),1<i<M-1,0<n< N -1,
Ul =4,1<i<M -1,
Uy =0,Uy, =0,0<n<N,
and arrange the system above,
2 2 n-1 . _ _ .
TR LTHES 3 Gl G R e G Ui
h h iz J ]
n-1 ) _ _ . 2
DYl G B e T
j=0
=01<i<M-10<n<N-1
U’=45,1<i<M-1,
Uy =0,Uy, =0,0<n<N.
Writing the system above in matrix form, we know
AU, +B'U,+ AU, = ¢/,
where ¢'=[5,,0,--+,0]" , and B(n.1ynsy are the matrices of the following form,
- -
2
—py T H2Ar +2hi2
4 ' ' ! —2a -a 2C2
B" = _pl pl_pO TZ +2A1 +h—2
' ’ ' ' ' 2a —a 2(:2
~Pnaa Pna — Pz Pp—P 7 24207 +h_2
20— o -
where P/ =(-1)"[z7%( o 1)+?_/12""’( 0 1)],1£ n<N-1.
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When 1/2<a <1, we have the following system

¥y A -y
j=0
+2/11’“Z(—l)j( “hur—ury
) (27)
(U,+1 -2U"+U/,),1<i<M -1,0<n<N -1,
_(si,ui1=5i,1sis|v| -1,
U7 =0,Ul =0,0<n<N,

Remark 2.2. We give the supplemental initial values U;* =5, 1<i<M -1
without any conflict.

Arranging the system above, we have

hZU.L+2h ur +Z( )i[r *2“(2“ A2 ])Jui"*"

DI 2y 2 j])]ui"*j*l

72(120( 1) ( )UiIFF2 —h—zUilll

=O,1§isM—1,0£nsN—l,
U’=6,U"=6,1<i<M-1,
=0,U;, =0,0<n<N.

Writing the system above in matrix form, we know
A”Uil+1 + B"!Uil + A!/Uil ¢|":
where U./:[Ui—llui()'uil U ] , and ¢Im_ [(plw 1,(0",0 ¢le .qu)im,N ]T

1 1
m—1

{0 _(plmozé»i) (pi"""—01<n£N.

Here A} ,.n.2 and B, .o are the matrices of the following form,

>

0
0
, c? 1
A== L
1
ol _
0 1
”n ”n 202
Uo —Py Po +h_2
Bm = " " ”n ”n 202
0 P+ G P — Py p0+h_2
n " 14 n 2c2
Onvag Py t0ns Py — Po p0+h_2
where
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3. Stability and Convergence of the Method

From difference schemes (2.3), (2.5), (2.6) and (2.7), we obtain four couples of
matrices. Because every couple of iteration matrices is similar with each other,
we take the scheme (2.3) as an example. Treatments of other schemes are the
same as treatment of (2.3).

In order to transform the two-step difference scheme in (2.4) into the
one-step one, we use the modified Gauss-Elimination method, and transform
the Equation (2.4) into the following,

U=a,U,+6,1i<M -1 (3.8)

Next we should determine the matrices ¢;,, and f, above. From
Uy=aU,+ B, we can choose o =0,y and B =0y, - Substitute
U=o,U,+p, and U, =aU, + S into Equation (3.8), then

(A+Ba,, + A U, + (BB, + A B, + AB) = .

i+1 i

Writing into the form

i+l i+l

Bfia+ Axifn+ AB =g,
we obtain the following equalities

{aiﬂ =—(B+Aa) " A

{A+ Be,., + Aa,a. ., =0,

Ba=(B+ Aai)il(ﬁoi - AB),

where 1<i<M -1.

Applying the method of analyzing the eigenvalues of the iteration matrices of
the schemes, we can obtain the stability.

Let p(A) be the spectral radius of a matrix A, which means the maximum of the
absolute value of the eigenvalues of the matrix 4. We have the following results.

Theorem 3.1. The difterence scheme (2.3) is stable.

Proof. From the analysis of pages 24 and 83 in [21], we should prove that
pla)<11<i<M.

1) Obviously, p(e,)=0<1.

2) Since
0 _
c2
0 h?
§ . 27
T 2a + ZAT “ +T
h
c2
W2
a,=-B*A=[0 * h o ,
. _ C
T 2a +21T “ +T
h
c2
W2
0 * h >
_ o« 2C
T 2a + 22,‘[ “ +T
h
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CZ

2
pla,) = h <L,

_ _ C
T2
h2

3)If p(e;) <1, let us calculate p(e;,,).

Because
o _
CZ
h2
0 h202 c?
T LT+
h? h? 22
CZ
_ h?
Qg = 0 * CZ CZ '
T_2a+2ﬂ/[_a+72—72 i
h 3,3
C2
0 * h’
oa . 2¢t ¢
T2 - a
h? h% TIN+LN+

knowing that a;, = pla;) and 0<p(;)<1 for 2< jJ<N+1, we can obtain
that p(e;,,) <1. Consequently, we can get our conclusion by induction. |

Remark 3.1. According to the Lax equivalence theorem [22], we can obtain the

convergence of the method from stability and consistency of the proposed scheme.
Corollary 3.1. The difference schemes (2.5), (2.6) and (2.7) are all stable and

convergent.
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