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Abstract 
Banks have many variants of a product which they can offer to their custom-
ers. For example, a credit card can have different interest rates. So determin-
ing which variants of a product to offer to the new customers and having 
some indication on acceptance probability will aid with the profit optimisa-
tion for the banks. In this paper, the authors look at a model for maximisation 
of the profit looking at the past information via implementation of the dy-
namic programming model with elements of Bayesian updating. Numerical 
results are presented of multiple variants of a credit card product with the 
model providing the best offer for the maximum profit and acceptance proba-
bility. The product chosen is a credit card with different interest rates. 
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1. Introduction 

Traditionally, credit card issuers charged a “fixed interest rate” on their credit 
cards for all their customers. According to [1], since 1991 however, some credit 
card firms have switched to “variable interest rate” as a result to the credit card 
lending market becoming more competitive [1]. As reported by [2], profitability 
of credit card lenders consequently suffered a substantial loss due to this compe-
tition.  

Hence it is becoming increasing important to be able to secure the acceptance 
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of an offer in order to have profit. So, the lenders have to be able to “persuade” 
the customer to accept their offer. When a good customer is willing to accept an 
offer, he or she will generate profit to an organisation. One way of doing so is to 
“customise” the offer to the customer. The lenders could use information about 
the customer’s preferences so as a guide to make a decision on what type of offer 
the customer may be interested in. This information is already available from in-
itial collection for credit scoring purposes. By looking at which type of product 
accepted by different customers, the lenders can “learn” about the preferences of 
their customers. Hence, the decision on what offer to make can be modeled.  

There are a number of researchers who have researched acceptance probabili-
ty for financial products to maximise profitability; for example [3] [4] [5]. 

In this paper, the authors extended an acceptance model based on the work 
done by [4]. The lender’s decision problem has been modeled as a Markov Deci-
sion Process under uncertainty. The objective of this model is the maximisation 
of profit using a dynamic programming [6] model with Bayesian updating to 
incorporate the usage of past customer information to optimise acceptance 
probability. The problem is discussed in the next section. Then the optimal solu-
tions for variants of products are described. Finally, the numerical results are 
tabled and the conclusions are drawn in the last section. 

2. The Problem 

Banks have many variants of a personal financial product which they can offer to 
their customers. The attractiveness of the variants to the customer can be or-
dered in such a way that the likelihood of accepting that variant by the customer 
is monotonically decreasing while the lender’s profitability of the variant is mo-
notonically increasing. For example, a credit card with different interest rates 
likes 5%, 10% and so on. The decision on which offer to make to the next appli-
cant is based on the given knowledge of the previous offers and whether the offer 
accepted by previous customers. The objective of modeling the acceptance 
probability is to maximise the profit to the bank. 

In the model here, the authors follow the example of [4] and model the prob-
lem as a credit card product with different variant of interest rates. It is assumed 
that the customers are from homogenous population and the probability of any 
customer choosing variant t is tp  where 1,2, ,t m=   and 1 2 mp p p≥ ≥ ≥ . 
The profit to the lender of t variant chosen by customers is tP  where 

1 2 mP P P≤ ≤ ≤  and 0tP ≥ . Thus, the bank’s maximum profit is determined 
by { }max t tp P . However, one does not know the probability of tp , so we de-
fined tp  as with the condition of 1 2 mp p p≥ ≥ ≥ . Here assume Offer 1 is a 
credit card with 5% interest rate annually, Offer 2 is a credit card with 10% in-
terest rate annually, Offer 3 is a credit card with 15% interest rate annually and 
Offer 4 is a credit card with 20% interest rate annually. Also, assume the number 
of potential customers has a geometric distribution with parameter β with the 
last customer is 1 − β. 
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At the beginning, two variants of the credit cards are considered in the model. 
There are a few assumptions made in this model. First, assume that if a customer 
rejected variant t, meaning that he/she would also reject all worse variants u, 
where u t> . Similarly, if a customer accepted variant t, he/she would accepted 
all better variants v, where v t< . With so u t v> > . To illustrate, let u = 20% 
interest rate on a credit card, t = 10% and v = 5%. If one rejects an offer of 10% 
interest rate (t), then one is also likely to reject a credit card of 15% interest rate 
(u). And if one accepts the offer of 10% interest rate, one is likely to accept a 
“better offer” of 5% (v) interest rate. We ensure this by defining a set of condi-
tional probabilities where 1p  is the probability of accepting Offer 1 and 1q  is 
the Bernoulli random variable.  

1 1q p= ; 

2q  = Probability (customer would accept Offer 2/customer would accept Of-
fer 1). 

Since 1 1q p= , 
hence ( )2 2 1 2 1p q p q q= = . 
This condition ensures that 1 2p p≥ . 
For three variants of interest rates for the credit card, the conditional proba-

bility is as follows: 
Since 2 2 1p q q= , 
hence ( )3 3 2 3 2 1p q p q q q= =  and this ensures that 1 2 3p p p≥ ≥ . 
And so for the four variants of interest rates for the credit card, the condition-

al probability is as follows: 
Since 3 3 2 1p q q q= , 
hence ( )4 4 3 4 3 2 1p q p q q q q= =  and this ensures that 1 2 3 4p p p p≥ ≥ ≥ . 
For many variants of interest rates for the credit card, the conditional proba-

bility is defined as: 

1 1
m

m m m uup q p q− =
= =∏ , 

where mp  = Probability of accepting offer m, 

    mq  = Probability (customer would accept Offer m/customer would ac-
cept Offer 1m − ).  

This condition ensures that 1 2 3 mp p p p≥ ≥ ≥ ≥ . 
Given that tq  are all Bernoulli random variables so in a Bayesian setting, one 

could describe the bank’s knowledge of the information as a Beta distribution. 
The prior for tq  is by ( ),t t tB r n r−  whose probability density function is  

( ) 11 1 t tt n rr
t tq q − −− −  and expectation is t

t

r
n

 where tr  = the number of customers  

that have accepted the offer t and tn  = the number of customers who were ex-
tended offer t. At any point, the bank’s belief about the acceptance probabilities 

1 2 3 mp p p p≥ ≥ ≥ ≥  is given by the parameters ( )1 1 2 2, , , , , ,m mr n r n r n . Let 
the expected maximum total future profit to the bank as ( )1 1 2 2, , , , , ,m mV r n r n r n  
given that the current belief is ( )1 1 2 2, , , , , ,m mr n r n r n . 
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1 1,r n  are the parameters of the Beta distribution describing one’s belief of 

1p . So if Offer 1 is accepted, the parameters will get updated to 1 1r + , 1 1n + . If 
it is rejected, they get updated to 1r , 1 1n + . Thus, one could reinterpret these as:  

1r  = number of customer who already accepted Offer 1 (Offer 5% in this 
model); and 

1n  = number of customer who have been offered Offer 1 (Offer 5%). 
Hence 2 2,r n  are the parameters of the Beta distribution describing one’s be-

lief of 2p . Note the assumption that the offer of Offer 1 will have to be accepted 
first before Offer 2 can be considered. If Offer 2 is accepted, the parameters get 
updated to 2 1r + , 2 1n + . So when it is rejected, they get updated to 2r , 2 1n + . 
Thus,  

2r  = number of customer who already accepted Offer 2 (Offer 10% in this 
model); and 

2n  = number of customer who have been offered Offer 2 (Offer 10%). 
Note that 3 3,r n  are the parameters of the Beta distribution describing one’s 

belief of 3p . If Offer 3 is accepted, the parameters get updated to 3 1r + , 3 1n + . 
When Offer 3 is rejected, and the customer is assumed to would have accepted 
Offer 1 but could reject Offer 2; or accepted Offer 1 and Offer 2. Hence they get 
updated to 3r , 3 1n +  and the 1 1,r n  and 2 2,r n  is updated depending on the 
conditions of Offer 1 and Offer 2. Thus,  

3r  = number of customer who already accepted Offer 3 (Offer 15% in this 
model); and 

3n  = number of customer who have been offered Offer 3 (Offer 15%). 

4 4,r n  are the parameters of the Beta distribution describing one’s belief of 

4p . If Offer 4 is accepted, the parameters get updated to 4 1r + , 4 1n + . If it is 
rejected, then there are three possibilities: 

1) The customer would have accepted Offer 1 but rejected Offer 2 and Offer 3; 
2) The customer would have accepted Offer 1 and Offer 2 but rejected Offer 3; 
3) The customer would have accepted Offer 1, Offer 2 and Offer 3. Thus,  

4r  = number of customer who already accepted Offer 4 (Offer 20% in this 
model); and 

4n  = number of customer who have been offered Offer 4 (Offer 20%). 
In the above four cases, t tn r≥  for 1,2,3,4t = . 
By including the information obtained from the past acceptance and rejection 

of each variants of the product, the model becomes a “learning” model to sup-
port making decisions on which product to offer to the next customer.  

With such a belief distribution, the expected probability of Offer 1 being  

accepted is 1

1

r
n

, Offer 2 is 1 2

1 2

r r
n n

, Offer 3 is 31 2

1 2 3

rr r
n n n

 and Offer 4 is 31 2 4

1 2 3 4

rr r r
n n n n

. 

For k offers, this is defined as 1
k u
u

u

r
n=∏ .  

Let ( )1 1 2 2, , ,V r n r n  = expected maximum future profit from the next custom-
er. Consider a two variant case, given that one has to choose which of the two 
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variants of the product to offer to the next customer, function ( )1 1 2 2, , ,V r n r n  has 
to satisfy the optimal equation (see [7]):  

( )

( )

( )

( )

( )

( )

1 1 2 2

1 1
1 1 1 2 2

1 1

1
1 1 2 2

1

1 2 1 2
2 1 1 2 2

1 2 1 2

1 2
1 1 2 2

1 2

1
1 1 2 2

1

, , ,

1, 1, ,

1 , 1, , ;

max 1, 1, 1, 1

1 1, 1, , 1

1 , 1, , .

V r n r n

r rP V r n r n
n n

r V r n r n
n

r r r rP V r n r n
n n n n

r r V r n r n
n n

r V r n r n
n

β

β

 
+ + + 




  + − +  
  




= + + + + + 


 
+ − + + + 

 

  + − +  
  













        (1) 

For the 3 variants of the credit card product, function ( )1 1 2 2 3 3, , , , ,V r n r n r n  
satisfies the optimal equation of: 

( )

( )

( )

( )

( )

1 1 2 2 3 3

1 1
1 1 1 2 2 3 3

1 1

1
1 1 2 2 3 3

1

1 2 1 2
2 1 1 2 2 3 3

1 2 1 2

1 2
1 1 2 2 3 3

1 2

1

1

, , , , ,

1, 1, , , ,

1 , 1, , , , ;

1, 1, 1, 1, ,

1 1, 1, , 1, ,

max 1

V r n r n r n

r rP V r n r n r n
n n

r V r n r n r n
n

r r r rP V r n r n r n
n n n n

r r V r n r n r n
n n

r
n

β

β


+ + +



  + − +  
  


+ + + + +



 
+ − + + + 

 

 
= + −

 
( )

( )

( )

( )

1 1 2 2 3 3

3 31 2 1 2
3 1 1 2 2 3 3

1 2 3 1 2 3

31 2
1 1 2 2 3 3

1 2 3

1 2
1 1 2 2 3 3

1 2

1
1 1

1

, 1, , , , ;

1, 1, 1, 1, 1, 1

1 1, 1, 1, 1, , 1

1 1, 1, , 1, ,

1 , 1,

V r n r n r n

r rr r r rP V r n r n r n
n n n n n n

rr r V r n r n r n
n n n

r r V r n r n r n
n n

r V r n
n

β

+ 



+ + + + + + +



 
+ − + + + + + 

 

 
+ − + + + 

 

 
+ − + 
 

( )2 2 3 3, , , .r n r n
































   

 (2)

 

For the 4 variants of the credit card product, function  
( )1 1 2 2 3 3 4 4, , , , , , ,V r n r n r n r n  satisfies the optimal equation of: 
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( )

( )

( )

( )

1 1 2 2 3 3 4 4

1 1
1 1 1 2 2 3 3 4 4

1 1

1
1 1 2 2 3 3 4 4

1

1 2 1 2
2 1 1 2 2 3 3 4 4

1 2 1 2

1 2
1 1

1 2

, , , , , , ,

1, 1, , , , , ,

1 , 1, , , , , , ;

1, 1, 1, 1, , , ,

1 1, 1,

max

V r n r n r n r n

r rP V r n r n r n r n
n n

r V r n r n r n r n
n

r r r rP V r n r n r n r n
n n n n

r r V r n r
n n

β

β


+ + +


  + − +  
  


+ + + + +


 

+ − + + 
 

=

( )

( )

( )

( )

2 2 3 3 4 4

1
1 1 2 2 3 3 4 4

1

3 31 2 1 2
3 1 1 2 2 3 3 4 4

1 2 3 1 2 3

31 2
1 1 2 2 3 3 4 4

1 2 3

1 2

1 2

, 1, , , ,

1 , 1, , , , , , ;

1, 1, 1, 1, 1, 1, ,

1 1, 1, 1, 1, , 1, ,

1

n r n r n

r V r n r n r n r n
n

r rr r r rP V r n r n r n r n
n n n n n n

rr r V r n r n r n r n
n n n

r r
n n

β

+

  + − +  
  


+ + + + + + +


 

+ − + + + + + 
 

 
+ −


( )

( )

( )

1 1 2 2 3 3 4 4

1
1 1 2 2 3 3 4 4

1

31 2 4
4

1 2 3 4

31 2 4
1 1 2 2 3 3 4 4

1 2 3 4

31 2 4
1 1 2 2

1 2 3 4

1, 1, , 1, , , ,

1 , 1, , , , , , ;

1, 1, 1, 1, 1, 1, 1, 1

1 1, 1, 1,

V r n r n r n r n

r V r n r n r n r n
n

rr r r P
n n n n

rr r r V r n r n r n r n
n n n n

rr r r V r n r n
n n n n

β

+ + +


  + − +  
  


+ + + + + + + + +


 

+ − + + + + 
 

( )

( )

( )

( )

3 3 4 4

31 2
1 1 2 2 3 3 4 4

1 2 3

1 2
1 1 2 2 3 3 4 4

1 2

1
1 1 2 2 3 3 4 4

1

1, 1, 1, , 1

1 1, 1, 1, 1, , 1, ,

1 1, 1, , 1, , , ,

1 , 1, , , , , , .

r n r n

rr r V r n r n r n r n
n n n

r r V r n r n r n r n
n n

r V r n r n r n r n
n



































+ + +

 
+ − + + + + + 

 
 

+ − + + + 
 

  + − +  
  



















 (3)

 

For m variants of products, function ( )1 1 2 2, , , , , ,m mV r n r n r n  satisfies the 
optimal equation: 

( )

( )

( )

1 1 2 2

k

1 1:1 u 1 1

1
1 1

1 1 1

, , , , , ,

max  1, 1, , 1, 1

1  1, 1, , , 1 .

m m

k
u u

k u uk k m uu u

kk
u l

l l
l u u l

V r n r n r n

r r
P V r n r n

n n

r r
V r n r n

n n

β
≤ ≤ = =

−

= = −

    = + + + + +    
    

    + − + + +        

∏ ∏

∑ ∏







      (4) 

The first term in each offer is the probability that a customer will accept the 
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variant offered multiplied by the profit to the bank. The remaining terms de-
pends on the chance β that there will be another customer. In the β equation, the 
first term corresponds to the current offer being accepted. The remaining terms 
correspond to the offer being refused and it looks at the different ways it can 
happen. For example, the term ( )1 1 2 21, 1, , 1V r n r n+ + +  corresponds to the re-
fusal of the Offer 2. While ( )1 1 2 2, 1, ,V r n r n+  means one believes Offer 1 has 
been refused thus there is no updating of Offer 2. The term  
( )1 11, 1, , , 1l lV r n r n+ + +  corresponds to the refusal of the l-th offer. 

3. Optimal Solution for Many Variants of the Product 

Consider a variation of the problem in (1) where the lender has a cost of  

( )1
1 1 2 2

1

1 , 1, ,r V r n r n
n

β
 
− + 

 
 if an offer is made to a customer where the state is  

( )1 1 2 2, , ,r n r n  irrespectively of which offer is made. Since the cost is independent 
of the offer made, it cannot affect the optimal action. Let ( )1 1 2 2, , ,V r n r n  be the 
optimal expected profit for the modified problem. Then, we know the optimal 
policy when solving for ( )1 1 2 2, , ,V r n r n  is the same as for ( )1 1 2 2, , ,V r n r n , with  

( )

( )

( )

( )

1 1 1 2 2

2 2
2 1 1 2 21

2 21 1 2 2
1

2
1 1 2 2

2

1, 1, , ;
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n
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n
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
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







    (5) 

where i
i

PB
β

= , 0iP ≥ , and 1,2i = . 

For the 3 variants case, the optimal expected profit is defined as: 

( )
( )

( )

( )

( )

1 1 2 2 3 3

1 1 1 2 2 3 3

2 2
2 1 1 2 2 3 3

2 2

2
1 1 2 2 3 3

2
1

3 32 2
3 1 1 2 2 3 31

2 3 2 3

3
1

3

, , , , ,

1, 1, , , , ;

1, 1, 1, 1, ,

1 1, 1, , 1, , ;

max 1, 1, 1, 1, 1, 1

1

V r n r n r n

B V r n r n r n
r rB V r n r n r n
n n
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where i
i

PB
β

= , 1,2,3i = . 

For the 4 variants case, the optimal expected profit is defined as: 
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n
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n




























 + + + +

  
 + − + + + + + 
  


  + − + + +   





  (7)

 

where i
i

PB
β

= , 1,2,3,4i = . 

Recall that Equation (4) is the optimal equation for m variants of the product 
which is the extension of Equations (1)-(3) in the 2, 3 and 4-variants cases  

respectively. We subtract a cost of ( )1
1 1 2 2

1

1 , 1, , , , ,m m
r V r n r n r n
n

β
 
− + 

 


  from all  

the actions in state of ( )1 1, , , ,m mr n r n  of Equations (5)-(7). We know that this 
cannot affect the decisions made but allows us to simplify Equations (5), (6) and 
(7) to a general equation of: 

( )

( )

( )

1 1

1 1 1 1: 1 1 1

1
1 1

2 1 1

, , , ,

max 1, 1, , , , ,

1 1, 1, , , 1, , , .

m m

k k
j j

k k k k kk k m j jj j

kk
j l

l l m m
l j j l

V r n r n

r r
B V r n r n r n

n n

r r V r n r n r n
n n

β + +≤ ≤ ≤ = =

−

= = −

= + + +


     + − + + +         

∏ ∏

∑ ∏











 

     (8) 

The proof of the theorem can be referred in Seow and Thomas [6].  
If we have 2 variants,  
1) ( )*

2 1 2 2,r r r n≤ , one chooses Offer 1. 
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2) ( )*
2 1 2 2,r r r n> , one chooses Offer 2. 

If we have 3 variants, 
1) ( )* *

3 2 1 2 2 3 3, , ,r r r r n r n≤ ≤ , one chooses Offer 1. 
2) ( )*

3 2 3 3,r r r n≤ , one chooses Offer 2. 
3) ( )*

3 2 3 3,r r r n> , one chooses Offer 3. 
If we have 4 variants, 
1) ( )* * *

4 3 2 1 2 2 3 3 4 4, , , , ,r r r r r n r n r n≤ ≤ ≤ , one chooses Offer 1. 
2) ( )* *

4 3 2 3 3 4 4, , ,r r r r n r n≤ ≤ , one chooses Offer 2. 
3) ( )*

4 3 4 4,r r r n≤ , one chooses Offer 3. 
4) ( )*

4 3 4 4,r r r n> , one chooses Offer 4. 
So, if we have m variants, from the theorem as in [4] it is found that: 
At any state ( )1 1, , , ,m mr n r n , there exists functions  
( )*

1 1, , , , , 2,3, ,i i i m mr r n r n i m+ + =   so that:  
1) One chooses Offer 1 to all future customers if ( )*

2 1 2 2, , , ,m mr r r n r n≤  ;  
2) One chooses Offer 2 to all future customers if ( )*

3 2 3 3, , , ,m mr r r n r n≤  ;  
3) One chooses Offer t to all future customers if ( )*

1 1 1, , , ,t t t t m mr r r n r n+ + +≤  ; 
and 

4) One chooses Offer t + 1 to all future customers if ( )*
1 1 1, , , ,t t t t m mr r r n r n+ + +>  . 

We have proved that there is exists at most one  
( )*

1 1, , , , , 1, 2,3, ,t t t m mr r n r n t m+ + =   in the following Lemma 1. 
Lemma 1: 
At any state ( )1 1, , , ,m mr n r n , there is exists at most one  
( )*

1 1, , , , , 1, 2,3, ,t t t m mr r n r n t m+ + =   for the choice of t variants of all future 
customers. 

Proof 
To prove the Lemma above, we need to consider two cases. 
Case 1 where there is exactly one switch:  
1) Let P(m) be the statement that one chooses Offer t to all future customers if 

( )*
1 1 1, , , ,t t t t m mr r r n r n+ + +≤   and one chooses Offer 1t +  to all future customers 

if ( )*
1 1 1, , , ,t t t t m mr r r n r n+ + +>  . 

2) Let P(1) which is base offer be the default. Hence for m = 1, one chooses 
Offer 1. 

3) For m = 2, assume P(2) is correct, that is:  
a) ( )*

2 1 2 2,r r r n≤ , one chooses Offer 1. 
b) ( )*

2 1 2 2,r r r n> , one chooses Offer 2. 
Note that there is one ( )*

1 2 2,r r n . 
For the following statements, ** ** **

2 3 4, , ,r r r   is used to differentiate  
* * *
2 3 4, , ,r r r   since ** ** **

2 3 4, , ,r r r   are not the point to switch the offer. 
4) Suppose P(K) is true, for m = K, where P(K) is the statement that one 

chooses Offer t to all future customers if ( )*
1 1 1, , , ,t t t t K Kr r r n r n+ + +≤  ; and one 

chooses Offer t + 1 to all future customers if ( )*
1 1 1, , , ,t t t t K Kr r r n r n+ + +>  . P(K) 

also means that:  
a) One chooses Offer 1 if ( )*

2 1 2 2,r r r n≤ .  
b) One chooses Offer 1 if ( )** *

3 2 1 2 2 3 3, , ,r r r r n r n≤ ≤  and one chooses Offer 2 if 
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( )*
3 2 3 3,r r r n≤ . 

c) One chooses Offer 1 if ( )** ** *
4 3 2 1 2 2 3 3 4 4, , , , ,r r r r r n r n r n≤ ≤ ≤ ; one chooses 

Offer 2 if ( )** *
4 3 2 3 3 4 4, , ,r r r r n r n≤ ≤ ; and one chooses Offer 3 if ( )*

4 3 4 4,r r r n≤ . 
d) One chooses Offer 1 if  

( )** ** ** *
4 3 2 1 2 2 3 3 4 4, , , , , , , ,t K Kr r r r r r n r n r n r n≤ ≤ ≤ ≤ ≤  ; one chooses Offer 2 if  

( )** ** *
4 3 2 3 3 4 4, , , , , ,t K Kr r r r r n r n r n≤ ≤ ≤ ≤  ; one chooses Offer 3 if  

( )** *
4 3 4 4, , , ,t K Kr r r r n r n≤ ≤ ≤  ; one chooses Offer 4 if  

( )** ** *
6 5 4 5 5 6 6, , , , , ,t K Kr r r r r n r n r n≤ ≤ ≤ ≤  ; and so on, then one chooses Offer t 

if ( )*
1 ,t t K Kr r r n+ ≤ .  

e) One chooses Offer 1t +  if ( )*
1 ,t t K Kr r r n+ >  and there is one  

( )*
1 1, , , ,t t t K Kr r n r n+ +   or switch of offers. 

5) It can be shown that ( )1P K +  is true where ( )1P K +  is the statement 
that one chooses Offer t to all future customers if ( )*

1 1 1 1 1, , , ,t t t t K Kr r r n r n+ + + + +≤  , 
otherwise one chooses Offer 1t +  to all future customers if  

( )*
1 1 1 1 1, , , ,t t t t K Kr r r n r n+ + + + +>  . ( )1P K +  also means that:  
a) One chooses Offer 1 if ( )*

2 1 2 2,r r r n≤ .  
b) One chooses Offer 1 if ( )** *

3 2 1 2 2 3 3, , ,r r r r n r n≤ ≤  and one chooses Offer 2 if 
( )*

3 2 3 3,r r r n≤ . 
c) One chooses Offer 1 if ( )** ** *

4 3 2 1 2 2 3 3 4 4, , , , ,r r r r r n r n r n≤ ≤ ≤ ; one chooses 
Offer 2 if ( )** *

4 3 2 3 3 4 4, , ,r r r r n r n≤ ≤ ; and one chooses Offer 3 if ( )*
4 3 4 4,r r r n≤ . 

d) One chooses Offer 1 if  
( )** ** ** *

1 4 3 2 1 2 2 3 3 4 4 1 1, , , , , , , ,t K Kr r r r r r n r n r n r n+ + +≤ ≤ ≤ ≤ ≤  ; one chooses Offer 2 
if ( )** ** *

1 4 3 2 3 3 4 4 1 1, , , , , ,t K Kr r r r r n r n r n+ + +≤ ≤ ≤ ≤  ; one chooses Offer 3 if  
( )** *

1 4 3 4 4 1 1, , , ,t K Kr r r r n r n+ + +≤ ≤ ≤  ; one chooses Offer 4 if  
( )** ** *

1 6 5 4 5 5 6 6 1 1, , , , , ,t K Kr r r r r n r n r n+ + +≤ ≤ ≤ ≤  ; and so on, then one chooses 
Offer t if ( )*

1 1 1,t t K Kr r r n+ + +≤ .  
e) One chooses Offer 1t +  if ( )*

1 1 1,t t K Kr r r n+ + +> . 
Since P(K) is true, that is: 
1) One chooses Offer 1 if ( )*

2 1 2 2,r r r n≤ .  
2) One chooses Offer 1 if ( )** *

3 2 1 2 2 3 3, , ,r r r r n r n≤ ≤  and one chooses Offer 2 if 
( )*

3 2 3 3,r r r n≤ . 
3) One chooses Offer 1 if ( )** ** *

4 3 2 1 2 2 3 3 4 4, , , , ,r r r r r n r n r n≤ ≤ ≤ ; one chooses 
Offer 2 if ( )** *

4 3 2 3 3 4 4, , ,r r r r n r n≤ ≤ ; and one chooses Offer 3 if ( )*
4 3 4 4,r r r n≤ . 

4) One chooses Offer 1 if  
( )** ** ** *

4 3 2 1 2 2 3 3 4 4, , , , , , , ,t K Kr r r r r r n r n r n r n≤ ≤ ≤ ≤ ≤  ; one chooses Offer 2 if  
( )** ** *

4 3 2 3 3 4 4, , , , , ,t K Kr r r r r n r n r n≤ ≤ ≤ ≤  ; one chooses Offer 3 if  
( )** *

4 3 4 4, , , ,t K Kr r r r n r n≤ ≤ ≤  ; one chooses Offer 4 if  
( )** ** *

6 5 4 5 5 6 6, , , , , ,t K Kr r r r r n r n r n≤ ≤ ≤ ≤  ; and so on, then one chooses Offer t 
if ( )*

1 ,t t K Kr r r n−≤  
The introduction of an additional option of choice; the term  

( )*
1 1 1,t t K Kr r r n+ + +≤  in (5, d); can also be expressed as ( )*

1 1 1, , ,t t K K K Kr r r n r n+ + +≤ . 
Since ( )*

1 1 1, , ,t t K K K Kr r r n r n+ + +≤  has an additional option choice of ( )1 1,K Kr n+ + , 
then the next choice is one chooses variant t to all future customers if 
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( )*
1 1 1,t t K Kr r r n+ + +≤  before it comes to the last condition of choice which is 

where one chooses variant t + 1 if ( )*
1 1 1,t t K Kr r r n+ + +> . Hence, P(K + 1) is also 

true, that is:  
1) One chooses Offer 1 if ( )*

2 1 2 2,r r r n≤ .  
2) One chooses Offer 1 if ( )** *

3 2 1 2 2 3 3, , ,r r r r n r n≤ ≤  and one chooses Offer 2 if 
( )*

3 2 3 3,r r r n≤ . 
3) One chooses Offer 1 if ( )** ** *

4 3 2 1 2 2 3 3 4 4, , , , ,r r r r r n r n r n≤ ≤ ≤ ; one chooses 
Offer 2 if ( )** *

4 3 2 3 3 4 4, , ,r r r r n r n≤ ≤ ; and one chooses Offer 3 if *
4 3 4, 4( )r r r n≤ . 

4) One chooses Offer 1 if  
( )** ** ** *

1 4 3 2 1 2 2 3 3 4 4 1 1, , , , , , , ,t K Kr r r r r r n r n r n r n+ + +≤ ≤ ≤ ≤ ≤  ; one chooses Offer 2 
if ( )** ** *

1 4 3 2 3 3 4 4 1 1, , , , , ,t K Kr r r r r n r n r n+ + +≤ ≤ ≤ ≤  ; one chooses Offer 3 if  
( )** *

1 4 3 4 4 1 1, , , ,t K Kr r r r n r n+ + +≤ ≤ ≤  ; one chooses Offer 4 if  
( )** ** *

1 6 5 4 5 5 6 6 1 1, , , , , ,t K Kr r r r r n r n r n+ + +≤ ≤ ≤ ≤  ; and so on, then one chooses 
Offer t if ( )*

1 1 1,t t K Kr r r n+ + +≤ .  
5) One chooses Offer 1t +  if ( )*

1 1 1,t t K Kr r r n+ + +>  and there is one  
( )*

1 1 1 1, , , ,t t t K Kr r n r n+ + + + . 
Case 2 where there is no change in the decision of offer. 
If there is no change in the decision of the offer, from above proof of case 1 

means that there is only one variant at any state and  
( )*

1 1, , , , , 1, 2,3, ,t t t m mr r n r n t+ + =   m does not exist trivially. 

4. Empirical Results and Analysis 

In this section, the data needed to get information for learning the switch of of-
fers has been generated using the dynamic programming model. This is based 
on expected profit generated (in ₤). Some results generated by the model are 
shown in the following tables. We first defined β = 0.5 for 2 and 3 variants in 
the model. Then defined β = 0.999 for 4 variants. We have subtracted the 
“fee” from the model, hence the values shown are not the full profits. Please 
note the choice of β = 0.5 and 0.999 was based on the purpose to illustrate the 
profit generated at 50% discounting factor and almost 100% discounting fac-
tor. 

4.1. Two Variants Case 

If there are 2 variant of products (5% and 10% interest rates), then variant 5%  

will be chosen if 1 1 2
1 2

1 1 2

r r rP P
n n n

>  and otherwise, variant 10% will be chosen if 

1 2 1
2 1

1 2 1

r r rP P
n n n

> . 

Table 1 and Table 2 present some of the results generated by the model. The 
bold in the row is the point when the switch of offers occurs. We choose 1 3r =  
and 1 10n =  to represent a case where one’s belief of the acceptance of variant  

5% is 1
3

10
p = . 
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Table 1. Part of results generated by the acceptance model when P1 = 10.000, P2 = 
25.000, β = 0.5, m = 45, p = 10. 

r1 n1 r2 n2 Profit (£) Offer 

3 10 0 - 2 6 3.6943 5% 

3 10 3 6 4.6206 10% 

3 10 4 6 6.1572 10% 

3 10 5 6 7.6965 10% 

3 10 6 6 9.2358 10% 

 
Table 2. Part of results generated by the acceptance model when P1 = 10.000, P2 = 
25.000, β = 0.5, m = 45, p = 10. 

r1 n1 r2 n2 Profit (£) Offer 

3 10 0 - 8 22 3.6943 5% 

3 10 9 22 3.7872 10% 

3 10 10 22 4.1981 10% 

3 10 11 22 4.6179 10% 

3 10 12 22 5.0377 10% 

3 10 13 22 5.4575 10% 

3 10 14 22 5.8773 10% 

3 10 15 22 6.2971 10% 

3 10 16 22 6.7169 10% 

3 10 17 22 7.1367 10% 

3 10 18 22 7.5566 10% 

3 10 19 22 7.9764 10% 

3 10 20 22 8.3962 10% 

3 10 21 22 8.8160 10% 

3 10 22 22 9.2358 10% 

 
Table 3 and Table 4 present a case where one’s belief of the acceptance of  

variant 5% with the ratio of 1
1
2

p =  and some of the belief points at which the  

offer decision changes. 
Table 5 and Table 6 present a case where one’s belief of the acceptance of  

variant 5% with the ratio of 1
5
6

p =  and some of the belief points at which the  

offer decision changes. 
Table 7 and Table 8 show an example where there is no any point of the 

switch of offers occurs. That is ( )*
1 1, , , ,t t t m mr r n r n+ +   does not exists in any 

state. We choose 2 1r =  and 2 5n =  to represent a case where one’s belief of the  

acceptance of variant 10% is 2
1
5

p = . 
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Table 3. Changing of offers when r1 = 1, n1 = 2, P1 = 10.000, P2 = 25.000, β = 0.5, m = 45, 
p = 10. 

r2 0 1 2 3 4 5 6 7 8 9 

n2 1 - 2 3 - 5 6 - 7 8 - 10 11 - 12 13 - 15 16 - 17 18 - 20 21 - 22 23 - 24 

 
Table 4. Changing of offers when r1 = 8, n1 = 16, P1 = 10.000, P2 = 25.000, β = 0.5, m = 45, 
p = 10. 

r2 0 1 2 3 4 5 6 7 8 9 

n2 1 - 2 3 - 5 6 - 7 8 - 10 11 - 12 13 - 15 16 - 17 18 - 20 21 - 22 23 - 24 

 
Table 5. Changing of offers when r1 = 5, n1 = 6, P1 = 10.000, P2 = 25.000, β = 0.5, m = 45, 
p = 10. 

r2 0 1 2 3 4 5 6 7 8 9 

n2 1 - 2 3 - 5 6 - 7 8 - 10 11 - 12 13 - 15 16 - 17 18 - 20 21 - 22 23 - 24 

 
Table 6. Changing of offers when r1 = 15, n1 = 18, P1 = 10.000, P2 = 25.000, β = 0.5, m = 
45, p = 10. 

r2 0 1 2 3 4 5 6 7 8 9 

n2 1 - 2 3 - 5 6 - 7 8 - 10 11 - 12 13 - 15 16 - 17 18 - 20 21 - 22 23 - 24 

 
Table 7. Offer 5% to all future customers when P1 = 20.000, P2 = 50.000, β = 0.999, m = 
45, p = 10. 

r1 n1 r2 n2 Profit (£) Offer 

1 3 1 5 4.5480 5% 

2 3 1 5 10.9007 5% 

3 3 1 5 19.9805 5% 

 
Table 8. Offer 10% to all future customers when P1 = 20.000, P2 = 50.000, β = 0.999, m = 
45, p = 10. 

r1 n1 r2 n2 Profit (£) Offer 

1 6 4 10 1.9790 10% 

2 6 4 10 4.3508 10% 

3 6 4 10 7.2222 10% 

4 6 4 10 10.7365 10% 

5 6 4 10 15.0873 10% 

6 6 4 10 20.5377 10% 

4.2. Three Variants Case 

If there are 3 variant of products (5%, 10% and 15% interest rates), then variant  

5% will be chosen if 1 1 2
1 2

1 1 2

r r rP P
n n n

>  and 31 1 2
1 3

1 1 2 3

rr r rP P
n n n n

> . Variant 10% will 
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be chosen if 1 2 1
2 1

1 2 1

r r rP P
n n n

>  and 31 2 1 2
2 3

1 2 1 2 3

rr r r rP P
n n n n n

> . Otherwise, variant 15% 

will be chosen if 31 2 1
3 1

1 2 3 1

rr r rP P
n n n n

>  and 31 2 1 2
3 2

1 2 3 1 2

rr r r rP P
n n n n n

> . 

Table 9 and Table 10 presented some of the results generated by the model 
for three variant of products. The bold in the row is the point when the switch of 
offers occurs. We choose 1 3r =  and 1 16n =  to represent a case where one’s  

belief of the acceptance of variant 5% and variant 10% are 1 2
3
8

p p= = . The  

changes of offer shown are from variant 5% to variant 15%. 
Table 11 presents some of the results generated by the model for three va-

riants of the product. The bold row is the point when the switch of offers occurs. 
We choose 1 11, 1r n= =  and 3 33, 6r n= =  to represent a case where one’s belief  

of the acceptance of variant 5% and 15% are 1 1p =
 

and 3
1
2

p =  respectively.  

The changes of offer are from variant 5% to variant 10%. 
 
Table 9. Part of results generated by the acceptance model when P1 = 10.000, P2 = 25.000, 
P3 = 35.000, β = 0.5, m = 6, p = 6. 

r1 n1 r2 n2 r3 n3 Profit (£) Offer 

6 16 6 16 0 - 3 5 4.7471 5% 

6 16 6 16 4 5 4.9972 15% 

6 16 6 16 5 5 6.2305 15% 

 
Table 10. Part of results generated by the acceptance model when P1 = 10.000, P2 = 
25.000, P3 = 35.000, β = 0.5, m = 6, p = 6. 

r1 n1 r2 n2 r3 n3 Profit (£) Offer 

6 16 6 16 0 - 12 16 4.7471 5% 

6 16 6 16 13 16 5.0671 15% 

6 16 6 16 14 16 5.4522 15% 

6 16 6 16 15 16 5.8412 15% 

6 16 6 16 16 16 6.2305 15% 

 
Table 11. Part of results generated by the acceptance model when P1 = 10.000, P2 = 
25.000, P3 = 35.000, β = 0.5, m = 6, p = 6. 

r1 n1 r2 n2 r3 n3 Profit (£) Offer 

1 1 1 5 3 6 19.6875 5% 

1 1 2 5 3 6 20.6719 10% 

1 1 3 5 3 6 29.5469 10% 

1 1 4 5 3 6 39.3750 10% 

1 1 5 5 3 6 49.2188 10% 
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Table 12 presents some of the results generated by the model for three va-
riants of the product. The bold row is the point when the switch of offers occurs. 
We choose 1 14, 11r n= =  and 2 23, 7r n= =  to represent a case where one’s  

belief of the acceptance of variant 5% and 10% are 1
4

11
p =

 
and 2

3
7

p =   

respectively. 
Table 13 and Table 14 present a case where one’s belief of the acceptance of  

variant 5% with the ratio of 1 2
4
5

p p= =  and acceptance of variant 10% with  

the ratio of 1 2
3
8

p p= =  respectively for some of the belief points at which the  

offer decision changes.  
Tables 15-17, presented here show that there is no any point of the switch of 

offers occurs. That is ( )*r n  does not exists in any state of ( )1 1, , , ,m mr n r n . In 
Table 15, we choose 2 25, 13r n= =  and 3 34, 14r n= =  to represent a case  

where one’s belief of the acceptance of variant 10% is 2
5

13
p =

 
and acceptance  

of variant 15% is 3
2
7

p = . In Table 16, we choose 2 26, 15r n= =  and  

3 33, 12r n= =  to represent a case where one’s belief of the acceptance of variant  

10% is 2
2
5

p =
 

and acceptance of variant 15% is 3
1
4

p = . In Table 17, we  

choose 2 26, 11r n= =  and 3 33, 4r n= =  to represent a case where one’s belief  
 
Table 12. Part of results generated by the acceptance model when P1 = 10.000, P2 = 
25.000, P3 = 35.000, β = 0.5, m = 6, p = 6. 

r1 n1 r2 n2 r3 n3 Profit (£) Offer 

4 11 3 7 0 - 9 13 4.9934 10% 

4 11 3 7 10 13 5.3483 15% 

4 11 3 7 11 13 5.8748 15% 

4 11 3 7 12 13 6.4076 15% 

4 11 3 7 13 13 6.9412 10% 

 
Table 13. Changing of offers when r5 = 4, n5 = 5, r10 = 4, n10 = 5, P1 = 10.000, P2 = 25.000, 
P3 = 35.000, β = 0.5, m = 6, p = 6. 

r15 0 1 2 3 4 5 6 7 8 9 10 11 

n15 1 2 3 - 4 5 6 - 7 8 9 10 - 11 12 13 - 14 15 16 

 
Table 14. Changing of offers when r5 = 6, n5 = 16, r10 = 6, n10 = 16, P1 = 10.000, P2 = 
25.000, P3 = 35.000, β = 0.5, m = 6, p = 6. 

r15 0 1 2 3 4 5 6 7 8 9 10 11 12 

n15 1 2 3 4 - 5 6 7 8 - 9 10 11 12 - 13 14 15 16 
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Table 15. Offer 5% to all future customers when P1 = 10.000, P2 = 25.000, P3 = 35.000, β = 
0.5, m = 6, p = 6. 

r1 n1 r2 n2 r3 n3 Profit (£) Offer 

1 6 5 13 4 14 1.9625 5% 

2 6 5 13 4 14 4.2954 5% 

3 6 5 13 4 14 7.0948 5% 

4 6 5 13 4 14 10.4834 5% 

5 6 5 13 4 14 14.6163 5% 

6 6 5 13 4 14 19.6875 5% 

 
Table 16. Offer 10% to all future customers when P1 = 10.000, P2 = 25.000, P3 = 35.000, β = 
0.5, m = 6, p = 6. 

r1 n1 r2 n2 r3 n3 Profit (£) Offer 

1 10 6 15 3 12 1.1083 10% 

2 10 6 15 3 12 2.3416 10% 

3 10 6 15 3 12 3.7198 10% 

4 10 6 15 3 12 5.2663 10% 

5 10 6 15 3 12 7.0094 10% 

6 10 6 15 3 12 8.9822 10% 

7 10 6 15 3 12 11.2237 10% 

8 10 6 15 3 12 13.7799 10% 

9 10 6 15 3 12 16.7042 10% 

10 10 6 15 3 12 20.0588 10% 

 
Table 17. Offer 15% to all future customers when P1 = 10.000, P2 = 25.000, P3 = 35.000, β = 
0.5, m = 6, p = 6. 

r1 n1 r2 n2 r3 n3 Profit (£) Offer 

1 5 6 11 3 4 3.4935 15% 

2 5 6 11 3 4 7.8071 15% 

3 5 6 11 3 4 13.1930 15% 

4 5 6 11 3 4 19.9823 15% 

5 5 6 11 3 4 28.6029 15% 

 

of the acceptance of variant 10% is 2
6

11
p =

 
and acceptance of variant 15% is 

3
3
4

p = . 

Table 18 shows that as r1 increases but the rate 1

1

r
n

 and 2

2

r
n

 are fixed, the  

crucial value where one changes offers, ( )*
1 2 2,r r n , is monotonically non in-

creasing. We also give results for the effect of more information (increment of  
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Table 18. Effect of more information on the switch of offers. 

r1, n1 r2, n2 n3 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 Changes of Offer 

16, 16 1, 16 

( )*
2 3 3,r r n  

- - - - - - - - - - - - - - - - Remain 5% 

16, 16 4, 16 0 1 2 3 4 5 6 7 8 9 10 10 11 12 13 14 5% to 15% 

16, 16 8, 16 0 1 1 2 2 3 4 4 5 5 6 7 7 8 9 9 10% to 15% 

16, 16 14, 16 0 0 1 2 2 3 4 4 5 5 6 7 7 8 9 9 10% to 15% 

16, 16 15, 16 0 0 1 2 2 3 4 4 5 5 6 7 7 8 8 9 10% to 15% 

16, 16 16, 16 0 0 1 2 2 3 4 4 5 5 6 7 7 8 8 9 10% to 15% 

 
r2) in the table. The ( )*

1 2 2,r r n  for n2 varying from 1 to 16. Note that the hyphen 
(−) in the table means that there is no changes of the offer occurs where Offer 
5% is the only offer. 

4.3. Four Variants Case 

If there are 4 variants of products, then variant 5% will be chosen if  
1 1 2

1 2
1 1 2

r r rP P
n n n

> , 31 1 2
1 3

1 1 2 3

rr r rP P
n n n n

> , and 31 1 2 4
1 4

1 1 2 3 4

rr r r rP P
n n n n n

> . Variant 10% will 

be chosen if 1 2 1
2 1

1 2 1

r r rP P
n n n

> , 31 2 1 2
2 3

1 2 1 2 3

rr r r rP P
n n n n n

> , and  

31 2 1 2 4
2 4

1 2 1 2 3 4

rr r r r rP P
n n n n n n

> . Variant 15% will be chosen if 31 2 1
3 1

1 2 3 1

rr r rP P
n n n n

> ,  

31 2 1 2
3 2

1 2 3 1 2

rr r r rP P
n n n n n

> , and 3 31 2 1 2 4
3 4

1 2 3 1 2 3 4

r rr r r r rP P
n n n n n n n

> . Otherwise, variant 20% 

will be chosen if 31 2 4 1
4 1

1 2 3 4 1

rr r r rP P
n n n n n

> , 31 2 4 1 2
4 2

1 2 3 4 1 2

rr r r r rP P
n n n n n n

> , and  

3 31 2 4 1 2
4 3

1 2 3 4 1 2 3

r rr r r r rP P
n n n n n n n

> . 

Table 19 presents some of the results generated by the model for four variants 
of the product. The bold row is the point when the switch of offers occurs. We 
choose 1 12, 2r n= = , 3 31, 7r n= = , and 4 41, 7r n= =  to represent a case where 
one’s belief of the acceptance of variant 5%, 15% and 20% are 1 1p =

 
and 

3 4 0p p= =  respectively. The changes of offer are from variant 5% to variant 10%. 
Table 20 presents some of the results generated by the model for four variants 

of the products. The bold row is the point when the switch of offers occurs. We 
choose 1 14, 6r n= = , 2 22, 6r n= =  and 4 42, 3r n= =  to represent a case where  

one’s belief of the acceptance of variant 5%, 10% and 20% are 1 4
2
3

p p= =
 

and 

2
1
3

p =  respectively. The changes of offer shown is from variant 5% to variant  

15%. 
Table 21 presents some of the results generated by the model for four variants 

of the products. The bold row is the point when the switch of offers occurs. We  
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Table 19. Part of results generated by the acceptance model when P1 = 20.000, P2 = 
50.000, P3 = 80.000, P4 = 100.000, β = 0.999, m = 3, p = 2. 

r1 n1 r2 n2 r3 n3 r4 n4 Profit (£) Offer 

2 2 1 - 2 6 1 7 1 7 39.9800 5% 

2 2 3 6 1 7 1 7 49.9750 10% 

2 2 4 6 1 7 1 7 66.6333 10% 

2 2 5 6 1 7 1 7 83.2917 10% 

2 2 6 6 1 7 1 7 99.9500 10% 

 
Table 20. Part of results generated by the acceptance model when P1 = 20.000, P2 = 
50.000, P3 = 80.000, P4 = 100.000, β = 0.999, m = 3, p = 2. 

r1 n1 r2 n2 r3 n3 r4 n4 Profit (£) Offer 

4 6 2 6 1 - 2 3 2 3 22.8576 5% 

4 6 2 6 3 3 2 3 30.4635 15% 

 
Table 21. Part of results generated by the acceptance model when P1 = 20.000, P2 = 
50.000, P3 = 80.000, P4 = 100.000, β = 0.999, m = 3, p = 2. 

r1 n1 r2 n2 r3 n3 r4 n4 Profit (£) Offer 

5 6 1 5 6 7 6 7 30.9381 5% 

5 6 2 5 6 7 6 7 45.5365 20% 

5 6 3 5 6 7 6 7 68.3430 20% 

5 6 4 5 6 7 6 7 91.1750 20% 

5 6 5 5 6 7 6 7 114.0324 20% 

 
choose 1 15, 6r n= = , 3 36, 7r n= = , and 4 46, 7r n= =  to represent a case where  

one’s belief of the acceptance of variant 5%, 10% and 20% are 1
5
6

p =  and 

3 4
6
7

p p= =  respectively. The changes of offer shown is from variant 5% to  

variant 20%. 
Tables 22-24 shown that the changes of offer is from variant 10% to variant 

15%, variant 10% to variant 20% and variant 15% to variant 20% respectively. 
Tables 25-28 presented here show no point for the switch of offers. That is 
( )*

1 1, , , ,t t t m mr r n r n+ +   does not exist in any state of ( )1 1, , , ,m mr n r n . 
 

Table 22. Part of results generated by the acceptance model when. P1 = 20.000, P2 = 
50.000, P3 = 80.000, P4 = 100.000, β = 0.999, m = 3, p = 2. 

r1 n1 r2 n2 r3 n3 r4 n4 Profit (£) Offer 

6 6 3 5 1 - 3 6 2 5 59.9700 10% 

6 6 3 5 4 6 2 5 64.5389 15% 

6 6 3 5 5 6 2 5 79.9600 15% 

6 6 3 5 6 6 2 5 95.9520 15% 
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Table 23. Part of results generated by the acceptance model when P1 = 20.000, P2 = 
50.000, P3 = 80.000, P4 = 100.000, β = 0.999, m = 3, p = 2. 

r1 n1 r2 n2 r3 n3 r4 n4 Profit (£) Offer 

3 4 3 7 1 - 3 7 7 7 29.3439 10% 

3 4 3 7 4 7 7 7 33.0465 20% 

3 4 3 7 5 7 7 7 41.3082 20% 

3 4 3 7 6 7 7 7 49.5698 20% 

3 4 3 7 7 7 7 7 57.8314 20% 

 
Table 24. Part of results generated by the acceptance model when P1 = 20.000, P2 = 
50.000, P3 = 80.000, P4 = 100.000, β = 0.999, m = 3, p = 2. 

r1 n1 r2 n2 r3 n3 r4 n4 Profit (£) Offer 

4 6 4 6 4 6 0 - 4 6 40.9416 15% 

4 6 4 6 4 6 5 6 42.6443 20% 

4 6 4 6 4 6 6 6 50.7725 20% 

 
Table 25. Offer 5% to all future customers when P1 = 20.000, P2 = 50.000, P3 = 80.000, P4 = 
100.000, β = 0.999, m = 3, p = 2. 

r1 n1 r2 n2 r3 n3 r4 n4 Profit (£) Offer 

1 3 1 4 5 7 6 8 9.9967 5% 

2 3 1 4 5 7 6 8 23.3233 5% 

3 3 1 4 5 7 6 8 39.9800 5% 

 
Table 26. Offer 10% to all future customers when P1 = 20.000, P2 = 50.000, P3 = 80.000, P4 = 
100.000, β = 0.999, m = 3, p = 2. 

r1 n1 r2 n2 r3 n3 r4 n4 Profit (£) Offer 

1 3 5 6 4 7 2 7 20.8264 10% 

2 3 5 6 4 7 2 7 48.5903 10% 

3 3 5 6 4 7 2 7 83.2917 10% 

 
Table 27. Offer 15% to all future customers when P1 = 20.000, P2 = 50.000, P3 = 80.000, 
P4 = 100.000, β = 0.999, m = 3, p = 2. 

r1 n1 r2 n2 r3 n3 r4 n4 Profit (£) Offer 

1 4 2 7 2 2 4 6 7.9977 15% 

2 4 2 7 2 2 4 6 18.2789 15% 

3 4 2 7 2 2 4 6 30.8434 15% 

4 4 2 7 2 2 4 6 45.6914 15% 
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Table 28. Offer 20% to all future customers when P1 = 20.000, P2 = 50.000, P3 = 80.000, P4 = 
100.000, β = 0.999, m = 3, p = 2. 

r1 n1 r2 n2 r3 n3 r4 n4 Profit (£) Offer 

1 5 1 5 5 5 4 4 5.5096 20% 

2 5 1 5 5 5 4 4 12.5288 20% 

3 5 1 5 5 5 4 4 21.0576 20% 

4 5 1 5 5 5 4 4 31.0960 20% 

5 5 1 5 5 5 4 4 42.6440 20% 

5. Conclusion 

From the results, we can clearly see that there is at most one point of switch of-
fers. No matter how many variants of the product offered, the switching offer 
will not more than one. Based on this observation, the model can tell the best 
offer to extend to the next customer in an efficient manner and maximise the 
profit earned. Hence the model is able to identify the best offer for variants of 
credit cards. Further research would be to test this on different financial prod-
ucts like mortgages. 
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