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Abstract

For a class of nonlinear systems whose states are immeasurable, when the
outputs of the system are sampled asynchronously, by introducing a state ob-
server, an output feedback distributed model predictive control algorithm is
proposed. It is proved that the errors of estimated states and the actual sys-
tem's states are bounded. And it is guaranteed that the estimated states of the
closed-loop system are ultimately bounded in a region containing the origin.
As a result, the states of the actual system are ultimately bounded. A simula-
tion example verifies the effectiveness of the proposed distributed control
method.
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1. Introduction

Traditional process control systems just simply combine the measurement sen-
sors with control actuators to ensure the stability of closed-loop systems. Al-
though this paradigm to process control has been successful, the calculation
burden of this kind of control is large and the performance of the system is not
good enough [1]. So far the stability of closed-loop systems has been guaranteed
and at the same time, the performance of the closed-loop systems has been im-
proved if the control systems are divided into local control systems (LCS) and
networked control systems (NCS). And it can reduce the burden of calculation.
But this kind of transformation needs to redesign LCS and NCS to ensure the
stability of closed-loop systems. As a result, the control strategy is changed [2].
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Model predictive control (MPC) is receding horizon control which can deal
with the constraints of systems’ inputs and states during the design of optimiza-
tion control. It adopts feedback correction, rolling optimization, and has strong
ability to deal with constraints and dynamic performance [3] [4] [5]. Therefore,
it can be more effective to solve the optimal control problem for distributed sys-
tems. That is distributed model predictive control [6]. The distributed model
predictive control takes into account the actions of the local controller in the
calculation of its optimal input trajectories. At the same time, LCS and NCS are
designed via Lyapunov-based model predictive control (LMPC). But when the
LCS is a model predictive control system for which there is no explicit control
formula to complete its future control actions, it is necessary to redesign both
the NCS and LCS and establish some communication between them so that they
can coordinate their actions. We refer to the trajectories of u, and u, as
LMPCI and LMPC2. The structure of the system is as Figure 1.

There are many research results about distributed MPC design at present. In
literature [7], a novel partition method of distributed model predictive control
for a class of large-scale systems is presented. Literature [8] presents a coopera-
tive distributed model predictive control algorithm for a team of linear subsys-
tems with the coupled cost and coupled constraints. A distributed model predic-
tive control architecture of nonlinear systems is studied in literature [2]. Based
on literature [2], literature [9] considers a distributed model predictive control
method subject to asynchronous and delayed measurements. A distributed
model predictive control strategy for interconnected process systems is proposed
in reference [10]. In literature [11], a design approach of robust distributed
model predictive control is proposed for polytopic uncertain networked control
systems with time delays. Reference [12] presents that the distributed model
predictive control method is applied for an accurate model of an irrigation canal.
For a hybrid system that comprises wind and photovoltaic generation subsys-
tems, a battery bank and an ac load, a distributed model predictive control me-
thod is designed to ensure the closed-loop system stable in reference [13].

These references are obtained on the assumption that the systems’ states can
be measured continuously. The systems whose states are immeasurable are not

taken into account in these references. However, immeasurable states often
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Figure 1. Distributed LMPC control architecture.
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happen in practice. In literature [14], under the condition that the states are not
measured, a distributed model predictive control algorithm for interconnected
systems based on neighbor-to-neighbor communication is presented. Literature
[15] considers the design of robust output feedback distributed model predictive
control when the dynamics and measurements of systems are affected by
bounded noise. But both literatures are studied for the linear systems. An out-
put-feedback approach for nonlinear model predictive control with moving ho-
rizon state estimation is proposed in reference [16]. Reference [17] considers
output feedback model predictive control of stochastic nonlinear systems. Yet
these two references are centralized model predictive control methods. The
computational complexity grows significantly.

On the basis of the above references, this paper considers a class of nonlinear
systems whose states are immeasurable. By introducing a state observer, and us-
ing output feedback, under the assumption that the outputs of the system are
sampled of asynchronous measurements, an output feedback distributed model
predictive control algorithm is designed. Therefore, the ultimately boundedness
of the estimated states and the boundedness of the error between estimated
states and the actual system’s states are proved, and then it is proved that the
states of the actual system are ultimately bounded. And the stability of the
closed-loop system is guaranteed. The performance of the system is improved
and the burden of calculation is reduced.

This paper is arranged as follows. The second section is the preparation work.
In the third section, the state observer is designed, and its stability is analyzed.
The fourth section designs a controller based on Lyapunov function to make
sure the asymptotic stability of the nominal observer. In the fifth section, an
output feedback distributed model predictive control algorithm is proposed and
the stability of the closed-loop system is proved. The instance simulation is pro-

vided in the sixth section. Conclusion is given in Section 7.

2. Preliminaries
2.1. Definitions and Lemmas

In this paper, the operator || denotes Euclidean norm of variates. The symbol
X(t) denotes the derivative of x(t). The symbol Q, denotes the set
Q = {X eR™:V(x)< I’} where V'is a scalar positive definite, continuous diffe-
rentiable function and V(0)=0 and ris a positive constant. Definitions and
lemmas used in this paper are as follows:

Definition 1 [18]: A function f(X) is said to be locally Lipschitz if there ex-
ists a constant L, such that |f(Xl)— f (X, )| < LX|X1—X2| for all x, and X,
in a given region of xand L, is the associated Lipschitz constant.

Definition 2 [18]: A continuous function y: [O,a) — [0,00) belongs to class
K if it is strictly increasing and y(0)=0. A continuous function A(r,s) is
said to belong to class KL if, for fixed 5, f(r,s) belongs to class K with
respect to r and, for fixed r, B(r,s) is decreasing with respect to s and
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B(r,s)>0 as s—>0.

Lemma 1 [18]: Let [0,---,0]T be an equilibrium point for the nonlinear sys-
tem X=f (t, X) where f :[0,oo)>< D > R" is continuous differentiable,
D={xeR"
[of /ox] is bounded on D, uniformly in # Let B beaclass KL function and

|X|<r} where r is a positive constant and the Jacobian matrix

I, be a positive constant such that S(r,,0)<r.Let D, = {X eR"(|x| < ro} . As-
sume that the trajectory of the system satisfies
x(1)] < B(|x(t)] . t-t), ¥x(t;) €Dy, Vt=t,>0 1)

Then, there is a continuously differentiable function V :[0,00)x D, — R that
satisfies the inequalities

a (|X]) <V (t.%) < ez, (|])

VLNt () <-a() @

where a;,a,,a; and «a, are class K functions defined on [0,r,]. If the sys-
tem is autonomous, V' can be chosen independent of ¢

Lemma 2 [18]: Let [0,~--,0]T be an equilibrium point for the nonlinear sys-
tem X= f(t,x). The equilibrium point is uniformly asymptotically stable if and
only if there exist a class KL function £ and a positive constant ¢, indepen-
dent of t;, such that

X(O)] < B(|x(t)].t=1, ), V=1, 20,V|x(t,)| <c 3)

2.2. Problem Formulation

Consider a class of nonlinear systems described as follows:

(1) = £ (x(0),0 (1)1, (1) w(1))
y(t)=h(x)+o(t)

where x(t) e R™ denotes the state vector which is immeasurable. U, (t) eR™,

(4)

U,(t)eR™ are control inputs. U, and U, are restricted to be in two non-
empty convex sets U, c R™,U, cR™ . w(t)eR™ denotes the disturbance
vector. y(t)e R™ is the measured output and v(t)eR™ is a measurement
noise vector. The disturbance vector and noise vector are bounded such as
weW, veV where

W ={weR™:|w|<c,c, >0}

(5)
V:{VER”V v <c,.c, >O}

with ¢, and c, are known positive real numbers. We assume that fand A are
locally Lipschitz vector functions and f (0, 0,0, 0) =0, h(O) =0. This means that

the origin is an equilibrium point for system (4). And we assume that the output
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of system (4), y; is sampled asynchronously and measured time is denoted by
{t, >0} such that t =t;+kAk=0,1--- with t; being the initial time, A
being a fixed time interval. Generally, there exists a possibility of arbitrarily large
periods of time in which the output cannot be measured, then the stability prop-
erties of the system is not guaranteed. In order to study the stability properties in
a deterministic framework, we assume that there exists an upper bound T,
on the interval between two successive measured outputs such that
max {t,,, —t,} <T, . This assumption is reasonable from a process control pers-
pective.

Remark 1: Generally, distributed control systems are formulated on account
of the controlled systems being decoupled or partially decoupled. However, we
consider a seriously coupled process model with two sets of control inputs. This
is a common phenomenon in process control.

The objective of this paper is to propose an output feedback control architec-
ture using a state observer when the states are immeasurable. The state observer
has the potential to maintain the closed-loop stability and improve the
closed-loop performance. We design two LMPCs to compute U, and U,. The
structure of the system is as follows:

Remark 2: The procedure of the system shown in Figure 2 is as follows

1) When the states are immeasurable, the observer is used to estimate the
current state x.

2) LMPC2 computes the optimal input trajectory of u, based on the esti-
mated state X and sends the optimal input trajectory to process and LMPCI.

3) Once LMPCI1 receives the optimal input trajectory of u,, it evaluates the
optimal input trajectory of U, based on X and the optimal input trajectory of
u,.

4) LMPCI1 sends the optimal input trajectory to process.

5) At next time, return step (1).

3. Observers and Property

3.1. The Design of Observers

Define the nominal system of system (4) as following:

X
—_— Process -
u, * T u,
LMPC2 LMPC1 Observers

T T ﬁ

Figure 2. Distributed LMPC architecture where the states are immeasurable.
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(6)

where X e€R™ denotes the state vector of nominal systems, y" eR™ is the
noise free output.
Assume that there exists a deterministic nonlinear observer for the nominal

system (6):
¥ =F (L (0. ().0(0).y () )

such that X" asymptotically converges X for all the states X,X € R™, where
X" eR™ indicates the state vector of nominal observer. From Lemma 2, there

exists a class L function £ such that:
X (0)=% (0] < (¥ (1) =% (6)]-t-t,) ®

We assume that Fis a locally Lipschitz vector function. Note that the conver-
gence property of observer (7) is obtained based on nominal system (6) with
continuous measured output.

From the Lipschitz property of fand Definition 1, there exists a positive con-
stant M, such that:

‘f(x*,ul,uz,o)‘s M, 9)

forall X" eR"™.
The actual observer of the system is obtained when the deterministic observer
is applied to system (4). The observer of system (4) is described as follows with

the state disturbance and measurement noise:
X=F(&(t).u,(t),u, (1), y(t,)) (10)

where y(t,) isthe actual sampled measurement at t,, for Vt>t,.

3.2. The Property of Observers

In this subsection, the error between the actual system's states and estimated
states will be studied under the condition of state disturbance and measurement
noise when observer (10) is applied to system (4).

Theorem 1: Consider observer (10) with output measurement y(tk) starting
from the initial condition X(t,), the error of estimated state %(t) and actual
state X(t) is bounded:

|e(t)|=|x(t)—>“<(t)|sﬂ(|e(tk)|,t—tk)+51(t—tk)+52(t—tk) (11)
for Vt>t, where e(t )=x(t )—X(t,) isthe initial error of the states, and

5,(7) ='2|—Cl(e'1’ -1)
’ (12)
5,(7) = (bM,NA +¢,) (e% -1)

i\

where |, and |,, ¢, and q,, b are Lipschitz constants associated with £ F
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and A, respectively, and Nis the predictive horizon.
Proof: For Vt>t,, from (8) and X (t,)=X(t ), X (t )=X(t ), it can be ob-
tained that:

K (0)-% (0] < B (1) (1) 11,
:ﬁ(|x(tk)—>‘<(tk)|,t—tk) (13)

=ﬁ(|e(tk)|,t—tk)

Based on the Lipschitz property of fand Definition 1, there exist constants
I,,1, , such that:

()~ (0] =] £ (x(0), (). () WD)~ £ (X' (1), (1), 1),

< I1|x(t) -X (t)| +1, |W(t)|

(14)

Because of X (t, )=x(t,) (thatistosay x (t )—x(t)=0),and |W(t)| <c,
the following inequality can be got by integrating the above inequality from t,
to t:

[x(t)-x"(t)| < 7&(vw ~1)=4,(t-t,) (15)

From the triangle inequality and inequalities (13), (15), it can be written as:

[X(1) =" (t)| <[x(1) =X ()] +[x" (1) = % (1)|

<B(le(t) t-t)+a(t-t), vt=t,

(16)

From the Lipschitz property of Fand Definition 1, there exist constants ¢,,0,
satisfying the following inequality:

[ ()= 2(0)]=|F (% (1),u(6),u, (), (6) = F (R(1),u (1), (1), Y (1)
$q1|§<*( - X(t) |+q2|y (t)- y(tk)|
for Vt>t,.Notethat Yy (t)= ( ()) y(t)= h(X( ))+u( ), hence:

[y (©-y ()] =[x (@) =h(x(t ) +lo(t) (19)

Due to the Lipschitz property of 4 and Definition 1, there exists a constant b
such that:

(17)

|y*(t)—y(tk)|sb|x*(t)—x(tk)|+|u(tk)| (19)
Because of X (t,)=x(t,) and the boundedness of v, we can get:
y*(t)—y(tk)|_ X (1) =X (t, )|+c2 (20)
From (9) and the dynamics of X', it can be derived that:
|x*(t)—x*(tk)|s|v|1(t—tk) (21)
From (20) and (21), we can get:
|y*(t)— (t, )|<bM (t-t)+c, (22)

From (17) and (22) and [t—t,|< NA, it can be obtained that:
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X (1) - %(1)] < 0 [% (£) = R() + GDMNA+ Gy, Vi, (23)

Integrating the above inequality from t, to t and taking into account of

X" (t,)=X(t,), the following inequality can be got:

Y(Q—RUHSEA@NHNA+%)@MH“—ﬂ:ugﬁ—g) (24)

1

As a result, based on the triangle inequality and the inequalities (16) and (24),

it can be written that:
le(t)] <[x(1) =% ()| +[%" (1) - R(t)
< ﬁ(|e(tk )| t—t, )+51 (t=t)+38,(t-t)

That finishes the proof of the theorem.

(25)

Theorem 1 indicates that, the upper bound of the estimated error depends on
several factors including initial error of the states e(t, ), Lipschitz properties of
the system and observer dynamics, sampling time of measurements A and the
predictive horizon N, the bounds ¢, and C, of magnitudes of disturbances
and noise, as well as open-loop operation time of the observer t—t, .

Remark 3: Because the bound of e(t) is the function of the observer's
open-loop operation time and the observer’s open-loop operation time is finite,
the function can be restricted to a region. We assume the region is €, . It can be
derived that e(t)eQ, .

4. Lyapunov-Based Controller

We assume that there exists a Lyapunov-based controller ul(t)=g(§<(t))
which satisfies the input constraints on u, for all X inside a given stability re-
gion. And the origin of the nominal observer is asymptotically stable with
U,=0. From Lemma 1, this assumption indicates that there exist class K
functions ¢;(-) and a continuous Lyapunov function V for the nominal ob-

server, which satisfy the following inequalities:

o [%7) =V (%) s e |1

- (26)
).

for V& €D c R™ where Dis an open neighborhood of the origin. We denote
the region Q < D as the stability region of the nominal observer under the
control law U; =g ()A(*) and u,=0.

By continuity and the local Lipschitz property of F it is obtained that there
exists a positive constant M, such that:

[F(R(1)u(6),u, (1), y (8))| < M, 27)
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In addition, due to the Lipschitz property of F, there exist positive constants
d,,d, such that

‘F()?*,ul,uz, y (1)) - F (%, u,u,, y*(tk))‘ <d R =% +d, |y () -y ()| @8)

Because of Y ()= h(X*('[k )), y(t)= h(X(’[k ))+V(tk) and X (t)=x(t ),
it can be written that t)=y(t)—Vv(t). Asaresult,

y
‘F ()?*,ul,uz, y (t))— F ()“(l*,ul,uz, y*(tk))‘

§d1|>”<*—>“<1* +d2|y*(t)—y(tk)+v(tk)|

<o [ = &]+ |y (1) - y (1) + v (k)] (29)
<d,|X =% [+d,(bBM;NA+c, +c,)

=d,|X - % |+d,bM,NA+2d,c,

5. Output Feedback Distributed Model Predictive Control
5.1. Distributed Model Predictive Control

LMPC2 and LMPC1 what are needed in this article are obtained through solving
the following optimization problems.

First we define the optimization problem of LMPC2, which depends on the
latest state estimation X(t, ). However, LMPC2 has no information about the
value of U, so LMPC2 must assume a trajectory for u, along the prediction
horizon. Therefore, the Lyapunov-based controller U, = g(>“<*) is used. It is
used to define a contractive constraint in order to guarantee a given minimum
decrease rate of the Lyapunov function V to inherit the stability properties.
LMPC2 is used to obtain the optimal input trajectory u, based on the follow-
ing optimization problem:

(X (1) QK" (1) + Uiy (£) Qutiy (1) + g ()7 Quai (1))t~ (308)

. t+NA
min
UgoeP(A) Y1

st (1) =F (X (1), (1)U (1), Y (1), Vtelt,t,+NA]  (30b)

Ug () =9(X (t +jA)), Vte[t +iAt +(j+1)A],j=0N-1 (30c)

U, (t)eU,, Vte[t,t, +NA] (30d)

X (1) =F (X (1),9(X (t+§4)), 0,y (1)), Vte[t +jAt +(j+1)Aa](30e)
X (t)=%X (t)=X%(t) (30f)

V(K (1)<V(X(1), Vtelt,t +NA] (30g)

where P(A) is the family of piece-wise constant functions. Q,Q, and Q,
are positive definite weight matrices. N, is the control horizon which is the
smallest integer that satisfies the inequality T, < N.A. To take full advantage of
the nominal model in the computation of the control action, we take N > N,.
The optimal solution of optimization problem (30) is denoted by

ug, (t1t.).,t e[t t, + NA]. Once the optimal input trajectory of LMPC2 is com-
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puted, it is sent to LMPC1 and its corresponding actuators.

Note that the constraints (30e)-(30f) generate a reference state trajectory
(namely, a reference Lyapunov function trajectory). The constraint (30g) guar-
antees that the constrained decrease of the Lyapunov function from t, to
t+NA,if u =g ()A(*),u2 =Uug,(t) are applied.

The optimization problem of LMPCI depends on X(t,) and the the optimal
solution u},. LMPCI is used to obtain the optimal input trajectory u, based
on the following optimization problem:

min, (x (1) QX" (1) + Uy (1) Quier () + U, (1) Quatl, (t))dt (31a)

st X () =F (X (t),uq (1)U, (1), (1)), Vte[t,t, +NA]  (31b)

(1) =F (% (1), (X (& + J4)). U (1), ¥ (1)), 610
vtelt +jAt +(j+1)A],j=0,-,N-1

U, (t)=ugs (tlt), Vtelt,t +NA] (31d)

Uy (t)eU,, Vtelt,t +NA] (31le)

X (t)=%X(t)=%(t) (31f)

V(X(1)<V (X (1), Vte[tt +NA] (31g)

The optimal solution to this optimization problem is denoted by
ug (tt ), teft, t + NA]. By imposing the constraint (30g) and (31g), we can
prove that the proposed distributed model predictive control architecture inhe-
rits the stability properties of Lyapunov-based controller g(X). The control
inputs are defined as follows

u =ug(tlt), vte[t,t,], i=12 (32)

Note that, the actuators apply the last computed optimal input trajectories

between two successive estimated states.

5.2. Stability Analysis

In this subsection, we will prove that the proposed distributed control architec-
ture inherits the stability of the Lyapunov-based controller g(X). This property
is described by Theorem 2 below. In order to present the theorem, we need the
following propositions.

Proposition 1: Consider the trajectory X of nominal observer (7) with the
Lyapunov-based controller g()?*) applied in a sample-and-hold fashion and
u,=0.Let N,A,g, >0 and p>p, >0 satisty

—a3(az'1(ps))+a4 (al'l(p))(dleNA+dszlNA+2dzcz)£—$s/A (33)
Then, if p, <p where
P =max{V (X" (t+A4)):V (X (1)) < o, (34)

and X (t,)eQ,, we can obtain such result:
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V(X (1) < max{V (X" (t,)) ke, o | (35)

Proof: The derivative of the Lyapunov function along the trajectory X (t) of

nominal observer is:
v'(7*(t)):%F(z*(t),g(z*(tk)),o,y*(t)), teftot]  (36)

Taking into account (26), it is obtained that:

V(X (1) N (X" (1), 9(X" (t)).0.¥" (1))

X

(
- F(X(4).9(X (1)).0.¥" (1)) (37)

From (26) and p > p, >0 we have

— 3(X* (tk )) < (% <agl (/:5)) ( )
a 38
ﬂ < a4 ((Zfl(p))

for VX (t)eQ,/Q, . Substituting (29) and (38) into (37), it can be written as:
V(X (1)< (@" () + (e (+) (39)
X[ dy X" (1) X" (t )| + d,bM,NA+ 2dLc, |

From (27) and the continuity of X (t), the following inequality can be got-

ten:
X (1) =X (&) < M,NA, teft ] (40)

In consequence, for all initial states X (t )eQ, /9, the bound of the de-

rivative of Lyapunov function is derived as:

% (i* (t)) <-a, (az'l (o ))+ a, (al’l(p))

(41)
x(d;M,NA+d,bM;NA+2d,c,), Vte[t,t.,]
If condition (33) is satisfied, the following inequality is true:
V(X(t)<-2/A, X (t)eQ,/Q, (42)

Integrating the above inequality on t e[t,,t,,], we get:
V(X (ter)) <V (X (4)) -4,
V(X (1)) <V (X (%)), Vtelt ] (43)

The inequalities above indicate that the observer (7) can reach Q o2 if it
starts from Q / Q, and A is sufficiently small. Applying the inequalities re-
cursively, there exists k, >0 such that X (tkl)eQ X (t)eQ, /9, for

DOI: 10.4236/am.2017.812131 1842 Applied Mathematics


https://doi.org/10.4236/am.2017.812131

B.L.Su, Y.Z. Wang

vk <k, and V (7* (t )) <V (Y* (to)) —ke,, if X (t)e Qp/st . Once the esti-
mated state converges to Q< €Q_  (or starts there), it stays inside Q  for
all times. This statement holds because of the definition of p,, . If X (t)eQ .
X (t.,)€Q, . This indicates that the conclusion in Proposition 1 is true.

Proposition 1 guarantees that the observer (7) is ultimately bounded in Q, ,
if it is under the control law u, =g(X),u, =0 and starts from Q .

Remark 4: Compared with literature [19], under the condition of output
feedback, the trajectory that Proposition 1 considers is the nominal observer ra-
ther than nominal system.

Proposition 2 [19]: Consider the Lyapunov function V(-) of observer (10).

There exists a quadratic function G(-) such that
V(X)) SVE)+G(X-X)) (44)

for V&% e Q,, G(x)= a,(e (p))x+Mx* and M >0.

Proposition 2 bounds the difference between the magnitudes of Lyapunov
function of nominal estimated states and actual estimated states in Q.

In Theorem 2 below, we prove the distributed MPC design of (31)-(33) guar-
antees that the estimated states of observer (10) is ultimately bounded.

Theorem 2: Consider observer (10) with the output feedback distributed
MPC of (30)-(31) based on controller g(X) that satisfy the condition (26). The
conditions (33), (34) and the following inequality

~Ng&, +G(5,(N,A)) <0 (45)

is satisfied with N, being the smallest integer satisfying NA>T . If
X(t,)eQ,, then X is ultimately boundedin Q, <Q,  where

Po = Pn+G(5,(N.A)) (46)

Proof: In order to prove that the closed-loop system is ultimately bounded in
a region that contains the origin, we need to prove that V ()A((tk )) is a decreas-
ing sequence of values with a lower bound.

First, we prove the stability results of Theorem 2 when t,,, —t, =T, T, =NA
for all & The case is the worst situation that LMPC1 and LMPC2 need to operate
in an open-loop for the maximum amount of time. X (t,,,) is obtained from
the nominal observer (7) starting from X(t,) under the Lyapunov-based con-
troller U, =@ ()A(*) applied in a sample-and-hold fashion and u,=0. From
proposition 1 and t,,, =t, + N,A, it is obtained that

V(X" (te)) < max{V (X (t,)) - Nz, pn (47)

From the constraints of (30g) and (31g), we can get

V(X(1) <V (X (1) <V (X (1), vtelt,t +NA] (48)
From the inequalities (47) and (48) and X (t,)=X (t ) =X (t )=X(t,), it is
derived that when X(t)eQ, (this point will be proved below), the following

inequality is true
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V(X*(tk+l))<max{v( ( )) ngs’pm} (49)
Based on Proposition 2, we obtain the following inequality

V(R(t)) <V (X (1)) + G ([X (te) = R(t)

The following upper bound of the error between X(t) and X (t) is ob-

) (50)

tained by applying the inequality (24)
X (tk+l) -X (tk+1)

From inequalities (49), (50) and (51), V( ol ) can be written as

V(R(t)) <V (% (M)) ( A))

<max{V (&(t,)) = Nz, o } + G (8, (NA (52)
:max{V(x(tk))—NSgs+G(52( A)), pm+G( 5 (N, A))}

From the condition (45) and inequality (52), there exists ¢ >0 satisfying the

5,(N,A) (51)

following inequality

V (R(te)) <max{V (X(t,)) -8, 0, (53)

V(R(tea)) < o0 if R(t)eQ,

The upper bound of the error between the Lyapunov function of the actual
observer state X(t) and nominal observer state X (t) is a strictly increasing
function of time (due to the definition of J, and G in the inequality (24) and
Proposition 2), so inequality (53) indicates that

V(R(t)) <max{V (R(t,)), o0}, Vte[to ] (54)

Using the inequality (54), the closed-loop trajectories of observer (10) are
proved always staying in Q by using the proposed output feedback distri-
buted MPC when X(t,)eQ,. Furthermore, using the inequality (53), when
X(t,) €, , the estimated states of observer (10) satisfy

limsupV (%(t)) < p, (55)

t—w

So X(t)e Q,,Vt, and X(t) is ultimately bounded in Q,

Second, we extend the results to the common case, that is t,,, —t <T_  and
T, <N,A, which indicates that t_; -t < NA. Because ¢, and G are strictly
increasing function and Gis a convex function. Similarly, it can be proved that
the inequality (53) is still true. This implies that the stability results of Theorem
2 hold.

Corollary: Because of X(t) is ultimately bounded, that is X(t)e€, when
R(t,)eQ,, for Vp, <p. Since e(t)eQ, and x(t)=X(t)+e(t), it can be
obtained that

X(tr)+e(t) e, +Q, = X(t)+e(t)eQ, +Q,, Vp,<p (56)

That is
X()eQ, +Q, =>x(1)eQ, +Q,, Vp,<p (57)
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So the state X(t) of the system is ultimately bounded.

Remark 5: The proposed output feedback distributed MPC can be extended
to multiple LMPC controllers using one direction sequential communication
strategy (that is LMPCk sends information to LMPCk - 1, k =1, 2, 3, ---). By let-
ting each LMPC send its trajectory, all the trajectories received from previous
controllers are sent to their successor LMPC (that is LMPCk sends both its tra-
jectory and the trajectories received from LMPCk + 1 to LMPCk - 1).

Remark 6: The implementation strategy of the output feedback distributed
model predictive control proposed in this paper is as follows

1) The observer is used to estimate the current state Xx(t, ).

2) LMPC2 computes the optimal input trajectory of u, based on the esti-
mated state %(t,) and sends the optimal input trajectory to its actuators and
LMPCL.

3) Once LMPCI1 receives the optimal input trajectory of u,, it evaluates the
optimal input trajectory of u, based on X(t,) and the optimal input trajecto-
ry of u,.If the optimal input trajectory of u, cannot be received by LMPC1, a
zero trajectory for U, is used in the evaluation of LMPCI.

4) LMPCI1 sends the optimal input trajectory to its actuators.

5) At next time, let k+1—k and return step (1).

6. Example

In order to verify the effectiveness of the proposed output feedback distributed
model predictive control method, we apply it into a three vessel consisting of
two continuously stirred tank reactors and a flash tank separator [5] which react
A— B,B—> C where A is the reactant and B is the product which is asked and
Cis the secondary product. The mathematical model of this process under stan-

dard modeling assumptions are given as follows:
-E1

dx, F F A
?Al:vi’(xAlo —xAl)+V—r(xAr — X1 ) — ki€ X +V—3(xA3 —Xu)
1 1 1
—E1 —E2
dxs, F F . . F
TBI = V;lo(xmo - XBl) +V_;(XBr - XBl) + kle R X — kze R Xgy +V_j(X53 - XBl)
—E1
dT, F F —AH, |
d_tl = VL:(Tw _Tl) + V_;(Ta _Tl) +C—plkle " Xpm
—E2
~AH, F
+ 2k,e F xg, + Q +2(T,-T,)
o pPCNV
dx F F =
d_:z = V_l(XAl - XAz)"‘V_ZO(XAzo - XAZ)_ kg™ X,
2 2
—E1 —E2
dx F F RT T
d_:z = V_l( B1 XBz)"’V_ZO(XBzo - XBZ)+ I(1eRT2 XA2 - kze R XBZ
2 2
—E1 -E2
dT. F, F —AH T - T
— 2= (T -T,)+-2(T,-T,)+ ke 2 x,, + 2 k,eR" x, + Q,
dt v, v, . ; pC,V,
(58)
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E
dt _V_Z(XAZ_XA3)_ rv p(XAr_XA3)
3 3
dx = F +F
d_:gzv_j( BZ_XBS)_ . p(XBr_XBS)
dT3 F, Q,
—=—=(T,-T.
a v e 3)+pCpV3

where y=F, isthe output sampled asynchronously,

X = [XAl s Ko ™ X T~ i Koz ~ Xz Koz ~ Koz is the state of the system.
Tz _T2s- Xn3 ~ Xazs1 Xz ~ Xpas ’Ts _Tss]

U =[Q - Q. Q, —Q,,Q; - Q] U, =F, —Fy, are the manipulated inputs,

where Q =1.49x10°kl/h, Q,, =1.46x10° kJ/h, Q,, =1.55x10° kJ/h,

Fys =5.0m*/h and |u,|<10° ki/h,

writing as follows:
X(t) = (x(t))+ gy (x(t))uy (t)+ g, (x(t))u, (t)+w(t) (59)
The objective is to guide the process from the initial
X, =[0.7998 0.1 378 0.8517 0.2012 363 0.67 0.22 368] to the steady state
X, =[0.4995 0.39 423 0.59 0.4751 434 0.35 0.6491 436]. We design a
Lyapunov-based controller u; = g(x) which stabilize the closed-loop system as

LV + LV +(L,V)
- 5 L,V =0
9(x)= (LV)
0 L,V =0

9

u2|£3m3/h. The process above can be

follows:

(60)

Consider a Lyapunov function
V (x)=x"Px

where P = diag(5.2><1o12 [4,4107,4, 4,10*“,4,4,10*4]) and diag(v) denotes
a diagonal matrix with its diagonal elements being the elements of vector v. The
sampling time is chosen to be A=0.02h =1.2 min . Suppose the measured out-
put is obtained asynchronously at time instants t, > 0. The maximum interval
between two successive asynchronous measured output is T, =3A. The predic-
tion horizon is chosen to be N =6 and control horizon is N, =3 such that
N,A>T, . The weight matrices are

Q, =diag(10°[2,2,0.0025,2,2,0.0025,2,2,0.0025]),

R, =diag ([5 x107?,5x10*?,5x10 ™" J) , R, =100 respectively. Computer the
inputs of LMPC1 and LMPC2. The simulation results are as follows:

Figure 3 is the output of the system, and Figures 4-6 are states of the system,
and Figure 7 and Figure 8 are inputs of the system. From the figures, outputs of
the system tend towards stability finally, the reduction of reactant X, =X, Xaz, X3 ]
makes product X =[Xg;, Xg,, Xg3] to become more and more and stable gradu-

ally, and temperature rise and tend to be stable gradually, the rate of heat
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Plant output
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Figure 3. The trajectory of F,.
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Figure 4. The trajectories of X,,X,, and X,,.
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Figure 5. The trajectories of Xy, X;, and Xg,.
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Figure 6. The trajectories of T, T, and T,.
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Figure 7. The trajectories of Q,,Q, and Q,.
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Figure 8. The trajectory of F,,
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input reduce and tend to be stable gradually. From the results, we know the
proposed output feedback distributed model predictive control architecture
guarantees the ultimately boundedness of the system’s states, and then the reac-

tor-separator process is stable.

7. Conclusion

For a class of nonlinear systems whose states are immeasurable, an output feed-
back distributed model predictive control algorithm is proposed. The main idea
is: For the considered system, when the outputs are sampled asynchronously, by
introducing a state observer, the estimated states of the original system are ob-
tained. It is proved that the error is bounded and the estimated states are ulti-
mately bounded. The stability of closed-loop system is guaranteed and the per-
formance of the closed-loop system is improved. The simulation results verify

the effectiveness of the method proposed in this paper.
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