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Abstract

Hearing loss is a common military health problem and it is closely related to
exposures to impulse noises from blast explosions and weapon firings. In a
study based on test data of chinchillas and scaled to humans (Military Medi-
cine, 181: 59-69), an empirical injury model was constructed for exposure to
multiple sound impulses of equal intensity. Building upon the empirical in-
jury model, we conduct a mathematical study of the hearing loss injury caused
by multiple impulses of non-uniform intensities. We adopt the theoretical
framework of viewing individual sound exposures as separate injury causing
events, and in that framework, we examine synergy for causing injury (fati-
gue) or negative synergy (immunity) or independence among a sequence of
doses. Starting with the empirical logistic dose-response relation and the em-
pirical dose combination rule, we show that for causing injury, a sequence of
sound exposure events are not independent of each other. The phenomeno-
logical effect of a preceding event on the subsequent event is always immuni-
ty. We extend the empirical dose combination rule, which is applicable only in
the case of homogeneous impulses of equal intensity, to accommodate the
general case of multiple heterogeneous sound exposures with non-uniform
intensities. In addition to studying and extending the empirical dose combi-
nation rule, we also explore the dose combination rule for the hypothetical
case of independent events, and compare it with the empirical one. We meas-
ure the effect of immunity quantitatively using the immunity factor defined as
the percentage of decrease in injury probability attributed to the sound expo-
sure in the preceding event. Our main findings on the immunity factor are: 1)
the immunity factor is primarily a function of the difference in SELA (A-
weighted sound exposure level) between the two sound exposure events; it is
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virtually independent of the magnitude of the two SELA values as long as the
difference is fixed; 2) the immunity factor increases monotonically from 0 to
100% as the first dose is varied from being significantly below the second
dose, to being moderately above the second dose. The extended dose-response
formulation developed in this study provides a theoretical framework for as-
sessing the injury risk in realistic situations.

Keywords

Risk of Significant Injury, Logistic Dose-Response Relation, SELA
(A-Weighted Sound Exposure Level), Effective SELA for Multiple
Heterogeneous Sound Impulses, Fatigue and Immunity

1. Introduction

Hearing loss is the third most common health problem in the US and more than
28 million Americans have lost some hearing. There are three basic types of
hearing loss: conductive hearing loss, sensorineural hearing loss and mixed
hearing loss [1]. This classification is based on which part of the auditory system
is damaged. Conductive hearing loss occurs when there is damage to the
eardrum and the tiny bones of the middle ear. It may be caused by ear infection
or impacted earwax and it results in a reduction in the ability to hear faint
sounds. Luckily, conductive hearing loss can often be medically or surgically
reversed. Sensorineural hearing loss stems from damage to the inner ear or
auditory nerve. For people with sensorineural hearing loss, sound appears
unclear or muffled. Unfortunately, sensorineural hearing loss is permanent. It
cannot be corrected but patients with sensorineural hearing loss can be helped
through the use of hearing aids. When a conductive hearing loss occurs together
with a sensorineural hearing loss, the hearing loss is called a mixed hearing loss.
Symptoms of mixed hearing loss include sounds turning softer in volume and
becoming more difficult to understand. One possible cause of sensorineural
hearing loss is exposure to loud noise or blast, which is very common in a
battlefield. In fact, hearing loss is one of the most prevalent military medical
problems. According to the US Department of Veterans Affairs [2] [3], in 2014
more than 933,000 Veterans have hearing loss disability, and nearly 1.3 million
experiencing tinnitus which refers to the perception of a ringing, buzzing, or
other kind of noise in the ears [4]. With an increasing trend in hearing loss
among veterans, it is important to be able to assess the risk of significant hearing
loss injury when exposed to blast explosions [5].

The impacts of sound waves on humans are complicated and they depend on
the frequency, sound pressure level, and duration. In [6] Dr. Chan and co-workers
assembled experimental data of chinchillas exposed to multiple impulse noise
shots in the laboratory [7]. They chose chinchillas to model human hearing

response because the size, structure, and function of the chinchilla’s ear are very
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similar to those of humans. They used the A-weighted sound exposure level
(SELA) as an effective single metric (the dose) for predicting the injury risk [8].
Based on the test data they constructed a logistic dose-response relation for
unprotected human ears. They adopted an empirical dose combination rule to
combine multiple identical sound impulses, uniformly distributed in time, into
one effective combined dose [6] [9]. The injury risk over the combined event
(i.e, over the sequence of multiple noise shots) is governed by the dose-response
relation with the effective combined SELA as the dose.

They also validated the dose-response curve against historical human data
from rifle noise tests [10] and proposed a temporary threshold shift (TTS)
recovery model in the form of a log-linear function.

In this paper, we carry out a mathematical analysis based on the dose-response
relation and the dose combination rule developed in [6]. The motivations of our
analysis are: 1) to understand the risk of hearing loss injury caused by multiple
noise impulses from the point of view of individual sound exposure events; 2) to
extend the dose combination rule developed in [6] to accommodate the general
case where we need to combine multiple heterogeneous impulses of non-uniform
SELA values into one effective combined SELA value. In the framework of the
dose-response relation and the dose combination rule, we examine the synergy
for causing injury (fatigue) or negative synergy (immunity) or independence
among sound exposure events. The sign and magnitude of synergy will shed
light on the role of acoustic reflex (which tends to decrease the injury risk for
subsequent sound exposures) and on the role of fatigue/partial damage (which
tends to increase the injury risk for subsequent sound exposures). Our primary
goal is to establish a unified dose-response formulation for assessing the injury
risk of unprotected ears caused by a heterogeneous sequence of sound exposures
with non-uniform SELA values. This extended dose-response formulation will
provide the foundation for assessing the injury risk in realistic situations.

We organize the rest of the paper as follows. In Section 2 we review the
relevant results in [6]. Section 3 contains an analysis of unconditional injury
probabilities and conditional probabilities as governed by the dose-response
relation and by the dose combination rule, with the goal of determining whether
the interactive effect among sequential doses is immunity or fatigue. In Section 4,
we extend the dose combination rule to the general case of a heterogeneous
sequence of sound exposure events with non-uniform doses. We then construct
the dose combination rules for the case of independent events and we compare
the two rules. In Section 5, we investigate quantitatively the effect of immunity
measured by the immunity factor defined as the percentage of decrease in the
injury probability attributed to the sound exposure in the preceding event. We
carefully work through the detailed behaviors of the immunity factor in four
regimes of parameter values. Finally, we summarize the extended dose-response
formulation and the main conclusions in Section 6, and provide a mathematical

proof of a theorem in the Appendix.
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2. Review of Relevant Results in [6]

In [6], experimental data of permanent threshold shift (PTS) after exposure to
multiple impulse noise shots was studied. A dose-response relation was con-
structed for PTS of various cut-off levels. The empirical dose-response relation is
expressed in the form of a logistic model:

1

1
1+exp(-a(SELA,,,, — 1Dg,)) W)

P (SELAComb ) =

In the dose-response relation (1):

* SELA_,, is the combined A-weighted sound exposure level, a combined
single metric quantifying the overall effect of multiple impulse shots;

* P is the probability of PTS of a given cut-off level (for example, PTS > 40
dB);

* ID,, denotes median injury dose at which the injury risk Pis 50%; and

* «a isthe coefficient describing the steepness of the curve around the median
injury dose.

In [6], parameters ID,, and @ were determined from experimental data
for individual PTS cut-off levels ranging from 1 dB to 70 dB. It was observed that
the steepness coefficient & remains approximately constant around
a =0.1/(dBA) for the whole range of PTS cut-off levels. The median injury
dose ID.,, however, increases monotonically with respect to the PTS cut-off
level. It goes from ID,, =136 dBA at 1 dB PTS cut-off to ID., =212 dBA at
70 dB PTS cut-off. For 40 dB PTS cut-off, ID,, =170 dBA.

Figure 1 shows the dose-response relations for PTS cut-off levels ranging
from 5 dB to 60 dB, based on parameter values from [6]. The thick gray curve

o[- - PTS>50B

——PTS > 10dB
_ | |--PTS>250B
w —PTS > 40dB
= L
o 08" --prs>s8| 7
=~ | |—PTS>60d8
=
Z06
S
>
=04
©
o]
i
2 0.2

120 140 160 180 200 220
A-weighted sound exposure level, SELA (dBA)

Figure 1. Permanent threshold shift (PTS) dose-response relations. The dose is the
A-weighted sound exposure level (SELA); the response is the magnitude of PTS (a
random variable), represented as the probability of PTS above a given cut-off level. The
dose-response relations are plotted, respectively, for PTS cut-off levels 5 dB, 10 dB, 25 dB,
40 dB, 50 dB, and 60 dB, using parameter values from [6]. The thick gray curve is for
o :0.2/(dBA) and 1D, =170 dBA, demonstrating the effect of doubling steepness

coefficient « .

DOI: 10.4236/health.2017.913132

1820 Health


https://doi.org/10.4236/health.2017.913132

H. Wang et al.

depicts a hypothetical dose-response relation with « = 0.2/ (dBA), twice the
value from experimental data [6]. It illustrates the effect of steepness coefficient
a.

In this study, we define injury as PTS above 40 dB, which has a median injury
dose of 170 dBA. In the subsequent analysis, we shall use 1D, =170 dBA
unless specified otherwise.

In the dose-response relation (1), the dose is quantified by SELA For a

comb *
single shot (one impulse), the sound exposure (SE) is defined as the time integral

of squared A-weighted sound pressure:
E= j(A-weighted p(t))2 dt (2)

Conventionally, the sound exposure in the air is measured relative to the
reference sound exposure E; = 400(;,tPa)2 -s. The sound exposure level (SELA)
expresses the sound exposure in the unit of dBA as

SELA =10log,, [EEJdBA

0

[ (A-weighted p(t))’ dt ®

400(pPa)’ -

=10log,, dBA

For multiple shots of equal intensity, the effective combined SELA for N shots
is calculated using the dose combination rule described in [6]:

SELA.,,, =SELA+ log,, N (4)

where N is the number of impulses, and SELA is sound exposure level of each
individual impulse. Here “effective combined SELA” or “dose combination”
means “combining multiple sound exposure events into one composite event
with an effective combined SELA value as a single metric quantifying the overall
effect of multiple sound exposure events”. We call this “dose combination”
instead of “dose accumulation” to distinguish it from the situation where the
dose from a preceding sound exposure event has some positive or negative
influence on the injury risk in a subsequent event. In summary, “combined dose”
means the effective dose for the overall composite event, counting the injury in
all element events. In contrast, “cumulative dose” refers to the effective dose for
one event, counting the injury in only one event, including both the effect of the
current event’s dose and the left-over effects from preceding events’ doses.

To further delineate the difference between “combined dose” and “cumulative
dose”, let us consider the simple case where all sound exposure events are
independent of each other. In this case, the “cumulative dose” is just the dose of
the current event since preceding events have no influence on the injury risk of
the current event due to independence. On the other hand, the “combined dose”
for two identical and independent events is larger than the dose of each event
since the total injury risk in the two events is certainly larger than that in each

individual event.
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Before we end this section, we examine the connection between the sound
exposure energy and the dose combination rule (4). Recall from the definition of

SELA (3) that the sound exposure energy of each impulse is

SELA
E=E,10 ©® =E, exp(ln(lO)%}

©)
The sound exposure energy corresponding to the effective combined SELA

value (4) can be written out in the same fashion as above

Ecoms = Eo exp(ln (10)%}

(6)

SELA+ Alog,, N
10

=E, exp(ln (10)
A
=E-N®
where E'is the sound exposure energy of each impulse given in (5). For 4 =10,
E.mp is simply the sum of individual energies.
Eoms =N-E (7)

comb

For A<10, E.,, islessthan the sum of individual energies:
Eoomy <N -E (8)

In[6], A=3.44 isusedfor N<25 and A=10 isusedfor N >25.

3. Independence or Synergy or Negative Synergy among a
Sequence of Doses for Causing Injury

We study analytically the effects of multiple impulse shots based on the
mathematical framework of the logistic dose-response relation and the dose
combination rule proposed in [6]. The process of analysis will guide us in
finding a self-consistent and reasonable way of extending the dose combination
rule from the special case of multiple shots of equal intensity (“homogeneous
doses”) [6] to the general case of multiple shots of non-uniform intensities
(“heterogeneous doses™).
We introduce some short notations to facilitate the discussion.

* S the effective combined SELA of an event where the event may be a single
impulse or a composite event consisting of a sequence of heterogeneous
events.

* S, : the effective combined SELA of event /.

e G {Sl, S, -+, Sy }: the effective combined SELA for a sequence of N events,
respectively with individual SELA values {S,,S,,---,S} . Here each event in
the sequence may itself be a composite event consisting of sub-events.
Mathematically, function G({S,,S,,---,Sy} describes the general dose
combination rule, which is yet to be specified.

In [6], the dose combination rule is given for the special case where all events
in the sequence are single impulses of the same intensity (“homogeneous doses™).

For this special case, function G {Sl, S, Sy } has the expression
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G{S,S,---,S}=S+1log, (N) 9)
N impulses

One of the goals in our study is to extend the dose combination rule (9) to the
general case where the SELA values {81,82,--',8,\,} are not all equal. In the
dose-response relation developed in [6], the dose is fully characterized by the
effective combined SELA calculated based on the dose combination rule (9),
without distinguishing whether or not the event is a single impulse or a sequence
of impulses. This assumption is at least self-consistent.

The self-consistency can be seen by considering a sequence of 2V impulses,
each with SELA value S. Let us call it view #1. The sequence can also be viewed
as two big events, each big event consisting of N impulses and each big event
having the effective combined SELA value S+ Alog,,(N). Let us call this view
#2. The effective combined SELA value calculated using (9) is the same for both
view #1 and view #2:

View #1:G{S,S,+,S} =S+ 4log, (2N )

2N impulses

View #2:G{G{S,S,---,S},G{S,S,---,S}}
N impulses N impulses
=G{S,S,-,S}+1log,(2)

N impulses

=(S+2log,, (N))+2log,,(2) =S+ 2log, (2N)

For the purpose of extending the formulation to the general case of hete-
rogeneous events, we need to bring events with different doses into a problem
that can be solved in the special case of homogeneous events. We consider a
sequence of (m+n) impulses of equal intensity, each with SELA value S. We
group the first m impulses into a composite event E;; and group the rest n
impulses into a composite event E,. Thus, the sequence of (m+n) homo-
geneous impulses can be viewed as two composite events E, and E, with

different effective combined SELA values.

Event E; Event E;
SISy”'!S ’ Slsy'“!s
m impulses n impulses

The effective combined SELA value of event E, is given by (9)
Se, =S+ logy, (m) (10)

The effective combined SELA value of event E, is
Sg, =S +4logy, (n) (11)
The effective combined SELA value of events E; and E, is

S.e, =S +4logy, (m+n) (12)

With the effective combined SELA values, the injury risks in these composite

events are given by the dose-response relation:
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P. = (13)

P, = (14)

(15)

P.. =
E gy exp(—a(SEﬁEz - |D50))

Notice that each injury probability above is directly from the dose-response
relation using the SELA value of the event, not including effects from any other
events. This is for the case where the event under consideration is treated as a
stand-alone event, ie., not preceded by any other event(s).

While event E; and event (E, +E,) are indeed stand-alone, event E, is
not. Event E, occurs after event E; in the sequence of events E, and E,.If
events E, and E, are independent of each other, then the three injury pro-
babilities should satisfy the relation

@—%ﬁ)—@—&J@—&)zo (16)

The independence implies that the probability of no injury in the composite
event is the product of no-injury probabilities in individual element events.

If the probability of no injury in the composite event is more than the product
of no-injury probabilities in individual element events,
(1— Pe.e, )— (1— P, )(l— P, ) >0, then it rules out the independence and indica-
tes some kind of negative synergy in the injury mechanism among individual
element events (Ze, immunity passed onto subsequent events). Here immunity
means that having experienced the sound exposure but not injured in event E
increases one’s conditional probability of escaping injury in the sound exposure
of event E,,and thus, increases the overall no-injury probability of the composite
state E +E,.

Conversely, if the probability of no injury in the composite event is less than
the product of no-injury probabilities in individual element events,
(1— Pee, )— (1— P, )(l— P, ) <0, then it also rules out the independence. In this
case, it indicates some kind of positive synergy in the injury mechanism among
individual element events (ie., fatigue damage passed onto subsequent events).
Here fatigue damage means that even if the sound exposure (dose) in event E,
does not directly cause injury, it nevertheless weakens the subject or otherwise
makes the subject more vulnerable so as to increase the subject's conditional
injury probability in the sound exposure of event E,, and thus decreases the
overall no-injury probability of the composite state E, +E,.

We examine the sign of (1— e, )—(l— P, )(1— PEz) to assess the indepen-
dence, immunity, or fatigue. First we express P, as

P ! = ! = L (17)

= —al -
b1+ exp(—oc(SE1 — 1Dy, )) se, 105 Yo LHWe'
1+|10

p
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Parameter 7 and intermediate variable W are defined as

al
L 18
=110 (18)

Sg,—1Dso S—IDg

We =W (Sg,)=10 7 =m-10 * (19)

where we have used the expression of Sg, givenin (10). In a similar fashion, we

canwrite P, and B, as

+Ep

1 S-IDgo

=——— W, =n-10 * 20
21w (20

E;

1 S-1Dsgg
Pre, =y Wee, =(m+0)-10 4 1)

Ej+Ep

Notice directly from (19), (20) and (21) that quantities We , We, and

We, ., are related by a simple additive relation
WE1+E2 :WEl +WE2 (22)
Wereplace W .. by W +W, and write (1— e, ) - (1— P, )(1— P, ) as

(1=Peoe, ) - (1-P ) (1-Py,)

=[1_ LR ]_(1— L ]{1— L J (23)
1+ (W, +W,) ™ 1+We” 1+We)

W W —(WE1 W, )" + (We W, )”

(1+(WE1 +We, )ﬂ)(1+WE’i)(1+WE’72)

Since the denominator is always positive, it follows that the numerator
determines the sign of (1— e, ) - (1— P, )(1— R, ) . We introduce a theorem.
Theorem 1: When 77 <1, we always have

W +WZ = (W +We, )" +(We W, ) >0 (24)

forall Wg >0 and W, >0.
The proof of the theorem is presented in Appendix. From Theorem 1, we see

that when the parameter 7= |afo is less than 1, the quantity
n

(1-P

Ej+Ep

)—(l— PE1)(1_PE2) is always positive, which clearly rules out the
independence and indicates negative synergy (immunity) in the injury
mechanism between preceding and subsequent events. In [6], the logistic

dose-response relation based on experimental data has «=0.1 and A4=3.44

is 0.15 or 0.34, well

A
or 10. For these parameter values, the quantity 7= |a10
n

within the range of 7 <1. Therefore, in the framework of the logistic dose-
response relation and the dose combination rule [6], we draw two conclusions:

1) a subsequent event is not independent of the presence of preceding
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event(s), and

2) the effect of a preceding event on the subsequent events is manifested in the
form of immunity instead of fatigue; that is, a sequence of sound exposure
events demonstrates negative synergy in causing injury.

To further distinguish the dose combination rule (4) from the case of
independent events, we consider a sequence of Nimpulse shots, each with SELA
value S. We look at the difference between these two cases in the probability of
no injury as a function of N. For each individual shot, when viewed as a
stand-alone event, the probability of no injury is given by the dose-response
relation (1):

1

1—P(S)=M

In the case of independent events, the probability of no injury for the whole
sequence is

N 1 N
(1_P(S)) :( a(S—1Dgg) +1j (25)

e

When we use the dose combination rule (4) to combine the N impulse shots
into one effective SELA value S, =S+Alog,,(N), the probability of no
injury has the expression

1_P(Scomb): P L :

e (Scomb—1Ds0) +1 = N7 . ea(S—IDSO) 1 (26)

where 7 is given in (18). Figure 2 displays the plots of no-injury probability vs
N for these two cases, which clearly demonstrates the difference. In the case of

independent events, the no-injury probability decays exponentially with respect

1/2 | ‘*:*—-—A———_*_____A_____A 1
\\
\\
>
S /41 LR 1
£ AN
o N
o N
S 18t h | 1
> N
= N
E AN
Q
o 1/16 + L § ]
o AN
N
—- Shots as independent events AN
1/32 | | -4 Shots combined into Scomb a
1 2 3 4 5

Number of impulse shots (170 dBA each)

Figure 2. Comparison of the dose combination rule in [6] and the case of independent
events. Plots of no-injury probability vs IV for a sequence of NV impulse shots, each with
SELA = 170 dBA. The probability is shown in the logarithmic scale. The parameters used
are a=0.1, ID,, =170 dBA, 1=3.44 from [6].
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to the number of shots M. In the logarithmic scale, the exponential decay yields a
downward constant slope. In sharp contrast, the no-injury probability corres-
ponding to the dose combination rule in [6] has a much slower decrease with

respect to V.

4. Dose Combination Rules

Building on the insight gained in the analysis above, we extend the dose
combination rule for a homogeneous sequence of impulse shots [6], to the
general case of N sound exposure events of non-uniform SELA values where
each event in the sequence may be a composite event consisting of sub-events.
Then we construct the dose combination rule for the case of independent events

and compare the two rules.

4.1. Extension of the Dose Combination Rule to the General Case
of Multiple Heterogeneous Doses

In Equations (17), (20), and (21) above, we wrote the dose-response relation in
terms of an intermediate variable W (S). When we divide a long sequence of
impulses of the same intensity into two segments and treat each segment as a
composite event, the two segments and the whole sequence are each described
by its effective combined SELA value (SEI, Se, 1 Se4k, ) In particular, the injury
probability of each segment is described by the dose-response relation with the
effective combined SELA value (when it is treated as a stand-alone composite
event, excluding the effects of sound exposure in preceding events) . While it is
not directly obvious how we can combine Sg and S; to obtain S  , in
the analysis above a key observation is that the intermediate variable W (S) is
additive:

W (Sg..e, ) =W (Sg, ) +W (Se,) (27)

Thus, we propose to extend the dose combination rule by summing the
intermediate variable W (S) over all events in the sequence. More specifically,
consider a sequence of N sound exposure events where each event in the
sequence may be a composite event consisting of sub-events. Each sound
exposure event in the sequence is described by its effective combined SELA value.
The whole sequence is specified by SELA values of the N events: {S =12, N} .
When we view the sequence as an overall composite event, the effective
combined SELA value for the whole sequence is denoted by G{S,,S,,---,Sy}.

Mathematically, function G{S,S,,-,Sy} is specified via the corresponding
G{S1,52Sn }~IDso

intermediate variable W (G {Sl, S, Sy }) =10 4 , which is given as

the sum of W (S-

i ) over individual events in the sequence.

w(G{sl,sz,u-,sN}):iw(sj) (28)

This relation on the intermediate variable W leads to the generalized dose
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combination rule:

N Si-IDso
G{S.,S,, Sy} =4log,| Y10 7 |+1Dy, (29)

j=

Note that when all S, ’s are equal to S (29) is reduced to
G{S,S,--~,S}:S+/1IogloN, (30)

Therefore, the generalized dose combination rule (29) is consistent with the
special case dose combination rule described in [6].

The generalized dose combination rule, as given in (29), appears to be affected
by the median injury dose IDg, . Actually it is not affected by ID,, . We can get
rid of 1D, from (29). Let S, =max, S, . We re-write the generalized dose

combination rule as

N SJ’Smax
G{Sl,Sz,---,SN}=Smax+/1logl{ 10 J (31)
=1

i
where S = max S, -

Let us look at a few examples of combining two sound exposure events.

G{S,S}=S+2log,(2)=5+0.31(dB)

G{S,(S+3)}=(S+3)+4log, (1“013}

(S+3)+0.19, 1=344
(S+3)+1.76, 2=10

The effective combined SELA of two events with S and (§+ 3) dB is 0.19 dB
and 1.76 dB above the larger one, respectively for 1 =3.44 and 1=10. In
terms of SELA values, 3 dB difference means a factor of 2 in sound exposure

energy.
-10
G{S,(S+10)} =(S +10)+ 2log,, [1+10 2 ]

_[($+10)+0.002, 1=3.44
|(S+10)+041,  1=10

The effective combined SELA of two events with Sand (S + 10) dB is 0.002 dB
and 0.41 dB above the larger one, respectively for 1 =3.44 and 1=10. In
terms of SELA values, 10 dB difference means a factor of 10 in sound exposure
energy. In general, for AS > A, the effective combined SELA of two events with

Sand S+AS isapproximately
-as
G{S,(S+AS)}=(S+AS)+ilog, (le]

) —AS

~(S+AS)+ In(lO)lOT
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For moderately large AS/1, the combined SELA is just the larger one of the
two event.

The generalized dose combination rule (31) is an extension of the rule from
[6], which is based on empirical data. For that reason, and for distinguishing
different rules of combining doses, we shall refer to (31) as the extended
empirical dose combination rule (or just simply, empirical rule), and specifically
denote it as G, {S,,S,,---,Sy} when necessary. This will set up the proper
notation framework allowing us to discuss the dose combination rule for
independent events and compare it with the empirical rule, which is the subject

of the next subsection.

4.2. Dose Combination Rule for the Case of Independent
Events and Comparison with the Empirical Rule

We study the hypothetical situation where all sound exposure events are
independent of each other. We want to write out and examine the dose
combination rule corresponding to this situation. Consider a sequence of N
sound exposure events SEQ = {E i j=12,---, N} with individual SELA values
{S =12, N}. The probability of no injury in each individual event is
calculated from the dose-response relation (1):

1-P. =1- L = L
Ej — 1+exp(—a(S—ID50))_exp(a(S—IDSO))+1

When all events are independent of each other, the probability of no injury for

the whole sequence is the product of no-injury probabilities of individual events
N 1
1_PSEQ:H<1_PEJ~): N (32)
= H(exp(o:(sj —IDSO))+1)

i1

On the other hand, the probability of no injury for the whole sequence is
governed by the dose-response relation with the effective combined dose
denoted by G4, {S,,S,, -, Sy} » which is what we want to find. Here we use the
subscript “Indp” to empasize that the function refers to the case of independent

events.
1

exp(a(Gyp {81,507+, Sy}~ 1Dgp ) +1 )

1- PSEQ =

Mathematically, function Gy, {S,,S,,---,Sy} is defined by equating (32)
and (33).
N
EXp(a(G.ndp{31,32,---,5N}—'Dso))=H(eXp(a(Sj—|Dso))+1)—1 (34)
i

Solving for G, {S;,S,,--,Sy | » we arrive at:

G,ndp{Sl,Sz,---,SN}:iln(lﬁ[(exp(cx(sj—IDSO))+1)—1J+ID50 (35)

(24 j=1

DOI: 10.4236/health.2017.913132

1829 Health


https://doi.org/10.4236/health.2017.913132

H. Wang et al.

(35) is the dose-combination rule for the case of independent events. We
compare (35) to the empirical rule (31). We first look at the dependence on N
for a homogeneous sequence of NV events, each with SELA value S. The empirical

rule is a linear function of log,, (N).

Gempr {S:S,+,5} =S+ 2log,, (N)

For large N, the combined dose of independent events asymptotically behaves
like

1, (s
Gugp{S. S+, S} =N -Eln(e (1%%) 1)+ 1D,

Indp
Figure 3 compares the dependence on NV of these two dose combination rules.
Unlike the empirical rule (31), the combined dose of independent events (35)

does depend on the median injury dose ID, . To see the dependence on ID,,

we examine the combined dose of two independent events (N =2), each with

SELA value S.

GIndp {S: S} =S +£|n (ea(s"Dso) 4 2)

(24
S +%In (2), (S — 1Dy, ) moderately large, negative 36)
e~ 1
s+—In(3), S=1D,,

2(S—1Dg )+ 1Dy, a(S—1Dy,) moderately large, positive

T T T

2
(e}
T
h

mW 220} W Independent events 1
d —A- Empirical rule .,/'
(,): 510 |- |~ = Asymptotic approximation ‘/./ i

<) -

© 200} Py ]

) |

(%) /./
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5190+ Lo ]
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©

Q

(T,
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N, number of shots (160 dBA each)

and G for a

Figure 3. Comparison of the two dose combination rules, G Empr

Indp
sequence of Nimpulse shots, each with SELA = 160 dBA. Plots of the effective combined
dose vs N, respectively, for the two cases, along with the asymptotic approximation for
independent events. For large N, the combined dose of independent events asymptotically
approaches a linear function of N while the empirical rule is a linear function of

log,, (N).
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For § moderately below the median injury dose 1D, the combined dose of

independent events behaves the same way as the empirical rule with the
increment for empirical rule Alog,,(2) replaced by lIn(2). Recall that
a

parameters & and A are related by parameter 7 defined in (18):

al .
17 =————. As aresult, the two increments are related by

In(10)
1 1
EIn(Z)_;xﬂ,logm(Z)

Thus, for 7 significantly below 1, the increment for independent events is
significantly higher than that in the empirical rule. For example, for 7=0.15,
the two increments differ by a factor of 6.67.

For $ moderately above the median injury dose ID.,, however, the combined
dose for independent events behaves very differently from the empirical rule.
Instead of adding a fixed increment of Alog,,(2), the combined dose for
independent events doubles the amount of S above the median injury dose
IDy, .

To illustrate the behaviors of G, {S,S} described in (36), we plot
(Gmdp {S,8}- S), the resulting increment in combining two independent events
of equal SELA values (S). Figure 4 shows (G,ndp{S,S}—S) vs S and its
asymptotic approximations respectively for low S and high S, along with
(GEmpr{S,S}—S) vs S, the corresponding plot for the empirical rule. The
median injury dose 1D, is indicated by the dotted gray vertical line in Figure 4.
Notice that for §above IDy,, the combined dose G, {S,S} is significantly

507 —— Independent events
—-=-Asymptotic for low S
- - Asymptotic for high S
_40r —— Empirical rule 1
<
o
=)
& |
%)
(_{); 4
O}
0 1 1 1 1
120 140 160 180 200 220

S, SELA value of each event (dBA)

Figure 4. Comparison of the two dose combination rules: G, {S,S} and G S,S}.

Empr {

Plot of (Glndp {s,s}- S) vs S, its asymptotic approximations respectively for low S and

high S, and plot of (GEmpr {S, S} - S) vs 8. The parameters used are 1=3.44, «=0.1,
ID,, =170 dBA from [6]. The gray dotted vertical line indicates the median injury dose.
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higher than Sand the increment (G, {S,S} - S) is approximately (S —IDg,).
For Sbelow ID,, the increment (Gmdp {S,s} —S) is approximately constant
with respect to Sbut is much higher than that for the empirical rule.

To demonstrate the dependence on the median injury dose 1D, in Figure 5,
we plot the combined dose of two events with equal SELA value S =160(dBA),
as a function of 1D, , respectively for the two combination rules. The combined
dose of independent events is a decreasing function of D ; the empirical rule

has no dependence on 1D, .

5. Behaviors of Immunity in the Extended Empirical
Dose-Response Formulation

We start this section by summarizing the extended empirical dose-response
formulation for multiple sound exposure events with heterogeneous SELA
values {Sl,Sz,u-,SN}. The formulation contains two components: 1) the rule

for combining the heterogeneous doses {S,,S,,---,S} into one effective dose

S.m, and 2) the dose-response relation mapping the effective dose S_, to
the occurrence probability of injury.
* The extended empirical dose combination rule:
N Sj’Smax
Seomb = Smax + 4 Iogm( 10 4 J Siax = max Sy (37)
[l
* The dose-response relation:
P (Seomp ) = L (38)
1+exp(—a(Sem — D5y )
190 —— Independent events |
—— Empirical rule
=< 185
@
S
o 180
©
I
w175F
IS
w170 ¢
4
© 165 |
160 1
130 140 150 160 170 180 190
|D50’ median injury dose (dBA)
Figure 5. Comparison of the two dose combination rules: G, {S,S} and G, {S,S}.

Plot of G{S,S} at S=160 as a function of the median injury dose D, . The

parameters used are A =3.44, o =0.1 from [6].
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In this section, we study the immunity in the dose-response formulation (37)
and (38). We consider the case of two composite sound exposure events E, and
E,, respectively with effective combined SELA values Sg and Sg, . In the
previous section, we wrote the dose-response relation (38) in terms of interme-

S-1Dgg
diate variable W (S)=10 # and parameter 7= at .
In(10)

S—IDgg
_r W(s)=10 + , 5= od
1+W (S)” In(10)

P(S) (39)

We examine several probabilities via intermediate variable W (S).

L 1 1
P E )=1-P(S; )= = , W, =W|(S
r(noinjuryin E;) ( El) 1+W(SE1)'] W, 1 ( El)
Pr(noinjuryin E; and noinjury in E,)
1

=1- P(351+EZ)ZW' W, =W (S, )
1 2

Pr(noinjuryin E, |noinjuryin E,)
B Pr(noinjury in E, and no injury in EZ)
- Pr(noinjuryin E,)

(40)

1- P(SE1+E2> 1+W/

1-P(Sg)  L1+(W, +W,)’

When we treat E, as a stand-alone event (ie. excluding any effect left over
from the sound exposure in the preceding event E, ), the probability of no

injury in event E, is
Pr(noinjury in E,,excluding the effect of E,)

1 (41)
=1‘P(SE2)=W

From Theorem 1 in Section 3, we have
W7+ W, + (WW, )7 > (W, +W, ) (42)

Adding 1 to each side of the inequality and then factoring the left-hand side,

we obtain
(LW ) (14 W) > 1 (W, +W, ) (43)
which yields
7
1+W, S 1 (44)
T+ (W +W,)" 1+W
Comparing (40) and (41) gives us
Pr(noinjuryin E, |noinjuryin E
(noinjuryin E, |noinjury in E,) (45)

> Pr(no injury in E,,excluding the effect of E,)
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Therefore, we conclude that the effect of sound exposure in E; provides an
immunity in the subsequent event E,. We assess the effect of immunity
quantitatively as a percentage of decrease in probability of injury in event E,
due to the preceding event E,, and call it the immunity factor of event E, on
event E,.Mathematically, the immunity factor is defined as

¢(351:552)51 Pr(injury in E, | noinjuryin E))

_ 46
Pr(injury in E,,excluding the effect of E,) (46)

In terms of immunity factor ¢, the conditional probability of injury given the
prior sound exposure and the unconditional probability of injury are related by
Pr(injury in E, [noinjuryin E,)

(47)
=(1-¢)xPr(injury in E,,excluding the effect of E,)

Below we study the behavior of immunity factor in four regimes of doses.
We write probabilities in terms of intermediate variable W (S), and express

the immunity factor as a function of W, and W,:

[1_ 1 ]_ L ey
1+W,) 1+ (W, +W, )’

#(Se,.Se, ) = 1
M ws (48)
LW W - (W, + W, )T+ (WW, )
Wi (w W)
We consider regimes described in terms of intermediate variable
W (S)= 10% .
s W=0(1):

The corresponding SELA value has the range S = ID,, + Al0g,, (O(1)) which
is a small neighborhood around S =1D,,

* W=0(e):

The corresponding SELA value has the range S =IDg, —Alog,,(O(1/c))
which is moderately below the median injury dose D, .

* W=0(Ye):

The corresponding SELA value has the range S =IDg, —Alog,,(O(1/e))
which is moderately above the median injury dose 1D,

In the analysis below, we assume 7= % <1. In particular, we will look at
n

the case of 7=0.15, corresponding to ¢ =0.1 and A=3.44, the parameter
values from [6].

Regime 1: The second dose ( Se, ) is moderately above the first dose ( Sg, ).
S¢, —Sg, =Al0gy, (O(1/e))

which in turn yields

Sg,-Se,
Wy =10 * =0(e)=small
W.

2
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W
We use the small parameter — = O(e) to derive an asymptotic expression
2
for the immunity factor ¢. In the expression of ¢ given in (48), dividing both

the numerator and the denominator by W,”, we write ¢ as a function of W
2

and W, as follows:
U n
(le (1+w;)+1—[1+W1J

c.)

2 2 (49)

¢(S'51 S W n
1+W, [1+1J
W2

n
Using the Taylor expansion [1+%J :1+77%+--- , and noticing that for

2 2

n
n <1, we have V% =0(¢)x O(e") = (V%J , we obtain

2 2
[WlJ” (1+W2'7)+1—[1+ ryvv\\//l+~--J
E.
y

2 2

8(Se,.S v
1+W,)' [1+171+~--}
W2

vV\\Z”<1+W;)+'" WY
)

1+W) +

Sg;—SE,

=10 2 ”+...:o(€”):small

2

Conclusion for Regime 1: The immunity caused by the preceding dose on the

subsequent dose of moderately higher SELA value, is small.
Regime 2: The second dose ( Sk, ) is moderately below the first dose ( Sg, )
S¢, —Sg, =—Alogy, (O(1/e))

which leads to
Se,~Sg;

%=1o 4 =0(e)=small

1

W.
2=0(e€) to derive an asymptotic expression

We use the small parameter
1

for the immunity factor ¢. Dividing both the numerator and the denominator

by W,” in the formula of ¢ in Equation (48), we express ¢ in terms of W
1
and W,:

(50)

72
1
n
[W] {HW” 1+— }
Wl

Health
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n
Substituting in the Taylor expansions (1+ %) =1+ n% +0 (62 ) , and

1 1

n
dividing the numerator and the denominator by [VV\\// J (1+W”) we get
1

n
[Vv\\//j] (1+Wl'7)—77%+0(62)

¢(SE1’SE2): WY \lN
(WZJ {(1+wl")+wl’7 (qWZJro(eZ)H
1 1 (51)
2
w, )" O(”)
B 1+W’7 W, 1+W/7
LS
1+W W1
Applying the expansion [1—j (1 Z+- ) to the denominator, we arrive
+Z
at
1-n 7
#(Sq,.Se, ) =1-—1 Wo | _py MW,
BTE T+W,7 | W, 1+W,” W,
(52)

1-n ,
SN
w, ) 1+w

When S and S, move together from low to high with the difference

(SE2 —SE1) unchanged, the pair (W,,W,) increases in magnitude from small
1+W,)

1+W/ J

W. Se,-5m
to large with the ratio —2=10 # fixed. As a result, the factor [
1

n
varies from 1 at low (SEl’SEz) to [%J :0(6’7) at high (SEl'SEz)‘
1
1, (Se,. Se, ) moderately below 1D,
1+W)
7 Sw, Y (53)
T+W, Wj . (S, Se, ) moderately above ID;,

With the result of (53), we write the immunity factor as

Se,—Sg;

1-gp0 = 7 (Se,. Se, ) moderately below 1D,

¢(SEl!SE2>z

Sg,—Sg

1-710 # ,  (Sg,Se, ) moderately above 1Dy,

Conclusion for Regime 2: The immunity caused by the preceding dose on the

subsequent dose of moderately lower SELA value, is large and approaches 100%.
We numerically demonstrate the asymptotic behaviors of regime 1 and regime
2. In Figure 6, we plot the immunity factor ¢(SE1, SEz) vs (SE2 - SEI) and the

two asymptotic solutions, respectively, for low S —Sg and for high S —Sg
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- ¢(SE1’ SEZ) Vs (SEz'Sa)

@(SE, Sez)’ Immunity Factror

0.5 |- |=-=-Asymptotic for low (S E2-8E1)
- = Asymptotic for high (S E2-8E1)
0.4 L 1 L 1 1 Il
-6 -4 -2 0 2 4 6 8
SE2'8E1 (dBA)

Figure 6. Immunity factor caused by preceding dose S_ on subsequent dose S . Plot
of ¢(SE1, SEZ) vs (552 - SEl) at Sg =160dBA , and asymptotic approximations

respectively for low (SE2 —SEl) and for high (SE2 —SEl). The parameters used are
A=344, =01, ID,, =170 dBA from [6].

From Figure 6, it is clear that the two asymptotic approximations are already
very accurate evenat S —Sg =14 dBA. Although only the plot at
Sg, =160 dBA  is shown, we observe that the plot of ¢<SE1, SEz) Vs
(SE -5 ) is almost invariant with respect to S_ ; plots with different values
2 1 1
of Sg virtually coincide with each other (not shown in Figure 6). To see the
invariance with respect to S, in Figure 7 we plot ¢(SE1,SE2) vs Sg res-
pectively at several fixed values of (SE2 =S¢, ) Figure 7 confirms that
¢(SE1, SEz) is virtually independent of S; provided that S is varied along
with S; to make the difference (SEz - SEl) fixed. This observation
corresponds to the result we obtain in Regime 3 below.
Regime 3: The two doses are close to each other.
S¢, —Sg, =log(0(1))
D1 . W,
which is equivalent to — =0 (1) .
WZ
We start with the expression of the immunity factor ¢ given in (49) as a

W W
function of —~ and W,. In Regimes 1 and 2, we see that when the ratio —-

2 2
is varied from small (Regime 1) to large (Regime 2), the immunity factor

changes dramatically from ¢~0 to ¢~100%.When % is fixed (Regime 3),

2
however, the immunity factor ¢ varies much slower with respect to W,. Now

W,
we prove that when the ratio —X is fixed, the immunity factor ¢ increases

2
monotonically with respect to W, .
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’
§ —————————————————————————
B 0.8} - ]
ks —S_,-S.,=10dBA
‘? = = SgpSgy=0
2 065 |- -5.,5 =10dBA .
£ —S,,-S;,=20 dBA
oA
9p]
g
= 021

0 1 1 L 1 1
140 150 160 170 180 190 200
S, (dBA)

Figure 7. Immunity factor caused by preceding dose S_ on subsequent dose S . Plot
of ¢(SE1,SE2) vs Sg at several fixed values of (SE2 —SEI). While ¢(SE1,SEZ) varies

widely from 0 to 1 with (SEZ - SEl), it is virtually independent of Sg . The parameters
usedare A=344, a=0.1, ID,, =170 dBA from [6].

To facilitate the mathematical analysis, let us introduce variables
r=—, u=W,
The immunity factor as a function of (r,u) has the expression

_r (L+u)+1-(1+r)’

54
1+u(l+r) G

Taking the derivative of ¢ with respect to u, yields

dg_ [(1+ r)’ —r”}[(1+ r)’ —1} o

du [1+u(1+ r)"}2

This tells us immediately that the immunity factor ¢ is an increasing
function of W, . The range of ¢ with respect to W, is readily obtained from

expression (54).
¢|sz0 =r"+1-(1+r)"

r’

o ey

In the case of 7=0.15 and r E%=1, the range (¢|w2:o , ¢|W2:oo) is fairly

2

tight:
#ly, 0 =2—2" =0.8904 (55)
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¢, =27 =0.9013 (56)

Conclusion for Regime 3: The immunity caused by the preceding dose on the

subsequent dose of similar magnitude (small difference measured in dBA), is
significant and fairly large. The immunity factor remains almost unchanged as
the two SELA values (Sg and Sg ) are varied from being significantly below
the median injury dose IDg, to being significantly above ID,, aslong as the
two doses are varied together with the difference S —S. fixed.

With the expression of ¢ in terms of r Eﬂ and u=W,’ given in (54),

2
we continue to explore the immunity factor ¢ as a function of r while u is
fixed.

Regime 4: Instead of focusing on a small parameter region that gives a
particular asymptotic value of the immunity factor, here we consider the trend
behavior of the immunity factor when the first dose ( SEl) is varied from low to
high while the second dose ( SE2 ) is fixed.

Differentiating (54) with respect to r, we get

T rt—(1+ r)"f1 +ur™ gl+ r)"f1
dr [1+u(1+ r)”]

(57)

Since parameter 7 is less than 1, we have 7—-1<0, and it follows that
rt—(1+ r)”i1 >0 holds for all positive r. Applying this result to the numerator
of (57) gives us

z—¢>0, forr>0andu>0 (58)
r

W,
The range of ¢ with respectto r= VTl is calculated from (54).

2
¢|r:0 = 0
¢|I’:oo = l

Therefore, we conclude that when W, is fixed, the immunity factor ¢
increases monotonically with respect to W, . Below, we recast this statement in
terms of the SELA values of the two events.

Conclusion for Regime 4: The immunity caused by the preceding dose on the

subsequent dose increases monotonically with respect to the first dose while the
second dose is fixed. It goes from near 0 when the first dose is significntly below
the second dose, to near 100% when the first dose is raised to above the second
dose.

We numerically visualize the trend behavior predicted in Regime 4. In Figure
8, we plot the immunity factor ¢(SE1,SE2) as a function of the first dose S
while the second dose Sg is fixed. Figure 8 shows that ¢(SE1, SEz) is always
an increasing function of S ; for S significantly below S , ¢(SE1, SEz) is
near zero; as Sg approaches and goes above Sg , ¢<SE1, Sg,) climbs to its

maximum value 1.
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Figure 8. Immunity factor caused by preceding dose S. on subsequent dose S . Plot

of ¢(SEl, SEZ) vs S atseveral fixed values of S .The parameters used are

A=344, =01, ID,, =170 dBA from [6].

6. Concluding Remarks

We have theoretically examined the results in [6] to establish an extended
empirical dose-response formulation that governs the probability of injury
caused by multiple heterogeneous sound exposure events with non-uniform
SELA values. The formulation consists of two steps: 1) the dose combination
rule combines multiple heterogeneous doses into one effective dose; 2) the
dose-response relation maps the effective dose to the injury probability. Our
analysis revealed that in the empirical logistic dose-response relation with the
empirical dose combination rule in [6], a pair of preceding and subsequent
sound exposure events are not independent of each other; a preceding sound
exposure always provides a net effect of immunity to the subsequent sound
exposure. This result indicates that the interaction between preceding and
subsequent events is dominated by the effect of immunity instead of by that of
fatigue, suggesting that the acoustic reflex, for example, may play a significant
role. Acoustic reflex is an involuntary muscle contraction in the middle ear
triggered by high-intensity sound. During acoustic reflex, due to muscle
contraction, the transmission of vibrational energy to the cochlea is reduced and
the ear gets protected from the subsequent sound exposure. The effect of
immunity was already implicitly contained (hidden) in the experimental data
behind the empirical models in [6]. It was not hypothetically created or added in
our study. Rather, our study simply discovered it through a detailed analysis on
the empirical models, with the approach of viewing individual sound exposures
as separate injury causing events. In the framework of empirical logistic
dose-response relation in [6], we constructed the dose combination rule for the
case where individual sound exposure events are independent of each other. We

found that for a sequence of Nhomogeneous impulse shots, the combined SELA
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value for the case of independent events is asymptotically a linear function of N
for large N. In comparison, the empirical dose combination rule is a linear
function of log,, (N ), much smaller than that for independent events.

We also studied the effect of immunity quantitatively via the immunity factor
defined as the percentage of decrease in the injury probability attributed to the
sound exposure in the preceding event. Our main results on immunity are: 1)
the immunity factor is primarily a function of the difference in SELA value
between the two sound exposure events; it is virtually independent of the
magnitude of the two SELA values as long as the difference between the two is
fixed; 2) the immunity factor increases monotonically with respect to the
difference in SELA values; 3) when the first dose (SELA) is significantly below
the second dose, the immunity factor is close to 0; 4) when the two doses are
comparable, the immunity factor is fairly large, approaching 100%; 5) when the
first dose is moderately above the second dose, the immunity factor is close to
100%.

Our extended empirical dose-response formulation provides the theoretical
foundation for assessing the injury risk in realistic situations where the sound
exposure consists of multiple heterogeneous noise impulses with non-uniform
SELA values. Future sound exposure experiments are needed for testing,

validating and refining the extended empirical dose-response formulation.
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Appendix
Here we give a proof of Theorem 1 appeared in Section 3.

r = <1, wehave (7-1)<0. Consider function

_ar
In(10)

g(w)=Wg +w" —(WE1 +W)”
It satisfies

g9(0)=0
1 n-1

g'(w)= n[w” —(We, +w) }> 0 forall w>0

It follows that g(w)>0 forall w>0. Or, equivalently,
WZ +WZ — (W, +W,, )" >0 for all W, >0 (and W, >0)
From this, we see that
W +WZ — (W +We, )" +W2W >0 forall W, >0 and W, >0

which completes the derivation.
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