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This work s llcf;’nse_d under the‘creatwe Quantum group, also called quantized enveloping algebra, was introduced
Commons Attribution International

License (CC BY 4.0). independently by (Drinfel’d, V. G., 1985) [1] and (Jimbo, M., 1985) [2]. It plays
http://creativecommons.org/licenses/by/4.0/ an important role in the study of Lie groups, Lie algebras, algebraic groups, Hopf

algebras, etc. The positive part of a quantum group has a kind of important

basis, 7.e, Canonical basis B introduced by (Lusztig, G., 1990) [3], which plays

an important role in the theory of quantum groups and their representations.
Some efforts on B have been done. (Lusztig, G., 1990) [3] introduced algebraic
definition of B for the quantum groups in the simply laced cases, and gave
explicitly the longest monomialsin B for type 4,4, . Afterwards, (Lusztig, G.,
1992) [4] extended algebraic definition of B to the non-simply laced cases and
gave 2 longest monomials in B for type B,. Then, (Lusztig, G., 1993) [5]
associated a quadratic form to every monomial, and proved that, given certain
linear conditions, the monomial is tight (respectively, semi-tight) provided that
this quadratic form satisfies a certain positivity condition (respectively,
nonnegativity condition). He showed that the positivity condition always holds
intype A4, and computed 8 longest tight monomials for type 4,, and he asked

when we have (semi-) tightness in type 4, . Based on Lusztig’s work, (Xi, N. H.,
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1999 [6]; Xi, N. H., 1999 [7]) found explicitly all 14 elements in B for type 4,
and all 6 elements B for type B,. For type 4,, (Hu, Y. W, Ye, ]. C,, Yue, X.
Q., 2003 [8]; Hu, Y. W., Ye, J. C., 2005 [9]; Li, X. C., Hu, Y. W., 2012 [10])
determined all 62 longest monomials, all 144 polynomials with one-dimensional
support, 112 polynomials with two-dimensional support in B. (Marsh, R., 1998)
[11] carried out thorough investigation for type A,. He showed that the
positivity condition is always satisfied in type A4, for a certain orientation of the
Dynkin diagram, presented a semi-tight longest monomial for type A, and
exhibited a special longest monomial for type 4 (for any r>6) with a
quadratic form that does not even satisfy the conditions for semi-tightness, for
any orientation of the Dynkin diagram (although it may turn out that the
corresponding monomial is still tight). (Bedard, R., 2004) [12] proved that all
longest monomials of type D, are semi-tight. (Reineke, M., 2001) [13]
associated a new quadratic form to every monomial, and gave a sufficient and
necessary condition for the monomial to be tight for the simply laced cases.
(Deng, B. M., Du, J., 2010) [14] proved that the Reineke’s criterion works also
for any quantized enveloping algebra associated with a symmetrizable Cartan
matrix, and they gave all monomials in B for type B,, in which 2 longest
monomials are the same as Lusztig and Xi’s results. By use of this criterion,
(Wang, X. M., 2010) [15] listed all tight monomials for type 4, and G,, in
which 8 longest monomials for type A4, are same as Lusztig and Xi’s results.
(Hu,Y. W,, Li, G. W.,, Wang, J., 2015) [16] determined all monomials with
tvalue < 6 in B for type A4, and (Hu, Y. W, Geng, Y. J.,, 2015) [17]
determined all monomials # value<6in B for type B,.

This paper computed all monomials with #value<9in B fortype D,.

2. Preliminaries

Let Cz(cij)_ .

,j€lo

any i#j, D=diag(d,) . be a diagonal matrix with integer entries making
iely

be a Cartan matrix of finite type such that ¢, =2,¢; <0 for

the matrix DC symmetric. Let g= g(C ) be the complex semisimple Lie algebra
associated with C, and U=U, ( g) (here v is an indeterminate) be the
corresponding quantized enveloping algebra, whose positive part U* = <E,| S F0>
is the Q(v) -subalgebra of U, subject to the relations

> (-1 EI.(S)EJ.E[.(V) =0,Vi,jeTl,, where E") = Ef/[s]l > [s] =01+ [s].»

rs=l-c;

[a]. :(v“d" —y )/(vd" —v’d"). Let A :Z[v,\f'], u* =<El.(s) iel,,se N> be
the A -subalgebra of U’ . Corresponding to every reduced expression
of the Weyl group W = (Si>
of g, one constructs a PBW basis B, of U’. Lusztig [4] proved that the
Z[vfl] -submodule £ =<Bi> of U” is independent of the choice of i, write

it £; the image of B, under the canonical projection 7:L£—>L/v 'L is

i=(i, i) of the longest element w, =5, S

ty

independent of the choice of i, write it B, for any element b€ B there is a

unique element be £ which is fixed by the bar map of U’ defined by
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v—>1v" and satisfies 7(b)=b. The set B={b|be B} forms a Z[v"} -basis
of £, an A -basis of U" and a Q(v) -basis of U", Lusztig calls B
Canonical basis of quantum group.

According to Lusztig, a monomialin U" is an element of the form

E.(a])"'E.(a') (1)

i iy

where i,---,i, €l,a,,-,a,eN. When ¢=v and s, -5, =w, is the longest
element of Weyl group, the monomial (1) is called the longest monomial. We
say that (1) is tight (or semi-tight) if it belongs to B (or is a linear combination
of elements in B with constant coefficients).

Let Q=(Q0,Ql) be a finite quiver with vertex set O, and arrow set Q,.
Write peQ, as {,—"—>h, , where s, and ¢, denote the head and the tail
of p respectively. An automorphism o of Qis a permutation on the vertices
of Qand on the arrows of Q such that G(/’lp) = hg(p) and O'(tp) =y for any
p €0, . Denote the quiver with automorphism o as (Q,G). Attach to the
pair (Q,O') a valued quiver F:F(Q,O')z(l"o,l"l) as follows. Its vertex set
I', and arrow set I'| are simply the sets of o-orbits in @, and O,
respectively. The valuation of ' isgivenby d, = #{vertices in the o-orbit of 7,
Viel';; m, =#{arrows in the o-orbit of p}, Vp el . The Euler form of T is
defined to be the bilinear form (,):Z[I'\[xZ[I,] >Z given by
<X,Y>= Ydxy, - Zmpx,pyhp ,where X =) xi, Y=Y yi EZ[FO] , SO

iely pely iely iely

X-Yz(X,Y)—i—(Y,X) is the symmetric Euler form. The valued quiver I'

defines a Cartan matrix C. = Coo = (cl.j )[,jEF() , where
m
2-2 ) —Li=j;
pely di
B hp:tp:l
CI] B mp . .
- Z —Li# .
pely di
(gt f=1iss}

For reN,let i=(i,---,i,)ely, a=(a,-,q,)eN',and write
Ei(a) = Ei(lal) . E\% cU" . Define

M, :{A =(a,,),|@., €N,r0(4)=co(4)=a,a,, =0,Vi, ¢im} , where

t 1 t t
ro(A)= (Zalm,---,ZaMJ , co(A4)= (Zarl,--~,2amj . Obviously,
m=1 m=1 r=1 r=1
D, =diag(a,,--,a,) e M,,.
Lusztig gave the following criterion for a monomial to be tight or semi-tight.

Theorem 2.1 ([Lusztig, 1993, §6 Theorem) [5]. Let U be the quantum group
oftype 4,,D,,E,, ieT,aeN" asabove. If the following quadratic form takes

only values < 0 on M, \{Da} (respectively, <0 on M, ), then monomial Ei(”)
is tight (respectively, semi-tight).

qi/,a (A): Z apmarm_ Z apmarl

1<m<t I<p<rst
I<p<r<t I<l<m<t
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It should be noticed that the above theorem is sufficient but not necessary, M
Reineke gave a sufficient and necessary condition by symmetrizing Lusztig’s
quadratic form.

Theorem 2.2 ([Reineke, 2001, Theorem 3.2]) [13]. Let U be the quantum
group of type 4,,D,,E,, iel,aeN' asabove, the monomial E® is tight if
and only if the following quadratic form takes only values <0 on M, \{D, }

qi,a(A): Z apm lm+ Z (ll m)apm r1+ Z arm rl

1<m<t I<p<r<t 1<r<t
I<p<rst I1<i<m<t I1<I<m<t

In fact, gq;,(4)=q],(4)+q], (AT) (see [Reineke, 2001 [13], Lemma 3.3]).

Deng and Du generalized the tight monomial criterion given by Reineke to
any quantum group associated with symmetrizable matrices.

Theorem 2.3 ([Deng, Du, 2010, Theorem 2.5]) [14]. Let U be the quantum
group associated with any symmetrizable matrices, i€, aeN' as above, the

monomial Ei(“) is tight if and only if the following quadratic form takes only
values < 0on M, \{D,}

qi,a(A): z < > pm »m+ Z (ll n)apmarl+ Z <ir’i >armarl

1<m<t 1<p<r<t 1<r<t
I<p<r<t 1<i<m<t 1<l<m<t

By Theorem 2.3, we have the following Corollaries.

Corollary 2.4. When j,---,i, are mutually different, monomial E,.(la‘) ---EE"’)
is tight.

Proof: In fact, i,--,i, are mutually different,so M, ={D,}.

Corollary 2.5. If El,(:j*')... E[(::;“f) is tight, then for any mutually different
by, & { USRPSEER imq} and any mutually different
yogertoody @i s oed, b t<E(wy), EM =E - B s also tight.

i il
Proof: Write ]—(zm,, g )s b:(apﬂ,w,apw), i=(i,0),
a:(al,-u,at),then

E_(a) — E_(“l) _”E_(“f), Eﬂb) — E_(“wl)__.E_(”pw).

1 h i J Ip+l Ip+q
Forany Ade M, , we have
D, 0 0
A= 0 4 0 |,
0 D

(e}

where a':(al,---,ap), a’ ( Apgirss ,) It is easy to see that 4e M, and
q(;l):q(A). Moreover, A= D, if and only if A=D,. Since E() is tight,
we get by Theorem 2.3 that q(A)— (4)<0 forall AeM,\{ a} , applying
Theorem 2.3 again, we conclude that Ei(”) is tight.

The following two theorems are very useful in determining tight monomials.

Theorem 2.6 ([Deng & Du, 2010, Corollary 2.6, Theorem 6.2) [14]. Let
i=(i,i)el} and a=(q,,a)eN.If E( ) s tight, then

(a) For V1<r<s<t, monomial E,E ") ---El.(sa‘) is also tight;

(b) For V1<r<t, i #i,,

Theorem 2.7 ([Lusztig, 1990, Proposition 3.3 and Lusztig, 1993, §13]) [3]. Let
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® be the non-trivial automorphism of U" induced by Dynkin diagram
automorphism ¢ of g,and ¥Y:U" — (U+ )W be the unique Q(v) -algebra
isomorphism such that £, >E, . If E® s tight, then (D(Ei(a)) and
‘I’(Ei(“)) are all tight.

A quadratic form f:Z" - Z denoted by

f(xl,~~-,xn):in2 +Zal./.x,.x/.
i=1 i<j

with a, €Z is called a unit form.

The symmetric matrix A4, = (aij) (when i>j, set a;=a;) with a,=2,
defines a bilinear form f(X,Y)=X4,Y", where

X:(xl,---,xn) and Yz(yl,n-,yn).

In particular, we have
) =2 (X.X) and f(X3)= (X 7)1 (X)= £ (7).

For a vector we Q" with non-negative coordinates, we write w>0. The
vector in Z" which has a 1 in the i coordinate (1<i<n ) and 0’s elsewhere is
denoted by ;.

Let f be a unit form. We define the set of positive roots of f as
{w €Z":0<wand f(w)= l} . The linear transformation o;:Z" —Z" defined
by o,(w)=w—f(w,nr)r, is called the reflection with respect to 7, . The
transformation o, has the property that o =id and f (O'[(W)): f(w) for
every weZ".

Let f be a quadratic form, if 0< f (X ) for every 0= X e N", then we call
[ weakly positive.

The following algorithm and theorem are taken from (Blouin, Dean, Denver,
Pershall, 1995) [18]:

Let f:Z"—Z(n=3) be aunit form. First of all, we define

R ={r:1<i<n}.

Next we want to construct R, recursively. Assume that we have defined a set

of positive roots of f as

R :{zl,---,zm} with s >1,

s

and that the process has not failed (to be defined subsequently). Then we
construct R, asfollows.Let z, € R .If either:

1) there is some 1<i<n such that f(zj,ri) <-2,or

2) thereis some 1<i<n suchthat z, (1)=7,
then the process is said to fail. Assume the process does not fail (so 1) and 2) do
not occur for any z; € R ). Let D, c R, Dbe the set of those roots z, with the
property that there is some 1<i<n such that f(zj.,rl.) =-1.1f D =¢, then
R, =¢ and the process is said to be successful If D, # ¢, then

R, = {al. (zj)

z; € D, and r; is such that f(zj,ri):—l}.
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Remark: If R, #¢, then we apply the algorithm again to obtain R ,,, etc.
The roots in R, (if R

s+1

# ¢ ) are all greater than the roots in R . Thus
condition 2) guarantees that this procedure is finite and if it is not successful
then it will eventually fail.

Theorem 2.8 ([Blouin et al, 1995, Theorem 4]) [18]. The unit form [ is
weakly positive if and only if the above process is successful. If the process is
successful with R, =¢,then R U---UR, are all the positive roots of f.

3. Main Results

Let g beoftype D, asfollows.

Let i=(i,--,i)el}, a=(a,---,a,)eN". For convenience, we abbreviate a
monomial E.(”‘)---EIE”') with any (a,,---,q,)eN' asaword j---i, (I as0),an
inequality a, +---+a;, <a, +- ta o as g, =L+l . For example, a
monomial E(“‘)E(“z)E(“3 E(““) is abbreviated to a word 1234, and a monomial
EWEE" )(a +ay;<a,) toaword 121 (13 - 2), etc.

If 5,5, 1is a reduced expression, we call #---i, a reduced word. By

Theorem 2.6 (b), we only consider those reduced tight words i ---i, with

t

i #i,,V1<r<t, in this case, i ---i, is called the word with t-value. If
i.-i, =0 for some 1<r<t, we identify the word i ---i_,ii ., --i, with the
word iy oo+1 0,00, +i,. Denote the set of all words with #value by M,. The

non-trivial Dynkin diagram automorphism ¢ of g is
p:1—>33—4,4— 1,2 2. Let us present the so called M — S word-procedure
from t-value to (7+1)-value.

Step 1. Take any i,---i, € M,, adding a number i, €{1,2,3,4} different
from i (or i) in the front (or behind) of i (or i), deleting the those words
with £-value, getting all words with (¢+1) -value from i, --i,.

Step 2. Repeat step 1 until all words in M, are considered, deleting the
non-tight words with (¢+1) -value, get M,

Step 3. Use @ and W,wehave S, satisfying M, = ( HI)U‘I“D( S.).

For example, applying the M —S word-procedure to M, —{1,2,3,4}, get

= {12,13,14,21,23,24,32,34, 42} . Considering @,V
24¢2 23¢2 21¢ ¥ 1225322 342 and 13—2-34—2 14, so
S, ={12,13}.
From now on, write M, =®(S,)UY®(S,),r>2.
Theorem 3.1. For the quantum group for type D,, we have the following

results.
1) t=0, M,= {0} , tight monomial has only one.
2) t=1, M,=®(S,), tight monomials have 4 families, where S, ={1,2}.
3) t=2, M, includes 9 families of tight monomials, where S, ={12,13}.
4) t=3, M, includes 19 families of tight monomials, where S,=35;US;,

Sy=1{123,132,134}; S; ={121,212(13-2)}.

5) t=4, M, includes 35 families of tight monomials, where
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s, =S,Us;uUs;,
Sy ={1234,1342}; S ={1213,1214,2123,2124(13-2)} ;
S; ={2132(14-23)}.

6) t=>5, M; includes 58 families of tight monomials, where S;=SiUS;US;,
S!={12134,24213(13-2);31214,12324(24-3);
12342(25-34);21342(15-234)};

Se ={12312,12412(14-2,25-34);13213(14- 3,25 - 3);
12321,12421(15-24-3)};

3 ={21232(13-2,35-4)}.

7) t=6, M, includes 93 families of tight monomials, where
S,=S;Us;Us;Us;,

Sy ={123124,124123(14-2,25-34);123214,124213(15- 24 - 3);
132142,312342(14-3,36-45);132134(14 - 3,25-3);
123421(16-25-34);123142(14 - 2,26 - 345)};

Se ={132132(14-3,25-3,36-45)};
Se ={212342(13-2,36-45);123242,124232(24 3,46 -5)};

S; ={123121,124121(14—2,46—5,25—34);
123212,124212(46—5,15—24—3)}.
8) t=7, M, includes 133 families of tight monomials, where
S, =8, Us:Us;Us;,

s :{1234213,1243214(16—25—34,37—5);
1321342(14-3,25-3,37—-456);1342134(15-4,26 - 4,37 - 4);
1234123(15-2,26-345,37-6);1324213(16 -35—-4,27-35);
1234234(36—5,47—5,25—34);1342132(15—4,26—4,47—56)}'

52 ={1231242,1241232(14 - 2,57 - 6,25-34);
1231241,1241231(25 34,14 2,47 -5);
1324212,3124232(57 - 6,16 -35-4);
1232142,1242132(15 - 243,47 -56);
1232124,1242123(46-5,15-24-3);
1232421(17 — 246,24 - 3,46 - 5);1234212(57 — 6,16 — 25 34);
1231421(14 - 2,47 - 6,26 —345); 2132142 (25— 4,14 - 23,47 - 56)}

Sy ={2123242(13-2,35-4,57-6)};
S7 ={2123212,2124212(13-2,26 -35-4,57-6)}.

9) t=8, M, includes 185 families of tight monomials, where
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Sy =SsUS; US; Uy,
Sy ={12134234(13-2,26 - 345,47 6,58 - 6);
12342134(16—25—34,48—5,37—5);
13421342(15—4,48—567,26—4,37—4)};

82 ={12132142,12142132(13- 2,36 - 5,25 34,58 - 67);
12142321,12132421(13 - 2,38 - 57 - 6,25-34)};

Sy ={12132423,12142324 (13- 2,25 34,48 =57 6);
12134213,12143214(13-2,37- 6,26 - 345,48 -6);
12321423,32123421(15-24-3,38—47-56);
12324213,12423214(17 - 246,24 - 3,38 - 46 - 5);
12342132,12432142(16 - 25 34,58 - 67,37 - 5);
13214232,31234212(14-3,27-36 45,68 —7);
13214213,31234231(14-3,47-6,28-36 - 45);
13213242(14-3,36 45,68 -7,25-3);
13242132(16 354,58 - 67,27 - 35);
21321342(25-4,14-23,36-4,48-567 ) };

Sy ={12321242,12421232(15-24 3,46 5,68 - 7);
12324212,12423212(17 - 246,24 - 3,46 - 5,68 - 7);
12324232,12423242(24 - 3,68 7,37 - 46 - 5);
21232142,21242132(13-2,58 - 67,26 -35-4);
21234212(13-2,68—7,27-36—45)}.

10) t=9, M, includes 265 families of tight monomials, where
S,=S,Us;Us;UssUs;,

Sy ={121321423,121421324(13 2,36 - 5,25 34,49 - 58 - 67);
121342132,121432142(13-2,37 - 6,26 - 345,48 - 6,69 — 78);
121324213,121423214 (13- 2,38 - 57— 6,49 — 57,25 - 34);
132142132,312342312(14 3,47 - 6,69 — 78,28 - 36— 45);
124213214,123214213(15-24-3,39-47-56,58-7);
124213213,123214214(15- 243,47 - 56,58~ 7,697 );
132134213(14-3,25-3,48—7,59-7,37-456)};

Sy =1{123214234,124213243(15-24 - 3,69~ 7,38 - 47 - 56);
121342134(13-2,37 - 6,48 - 6,59 — 6,26 —345);
123421234(16-25-34,38—57 6,49 -57);
123421324(16-25-34,37-5,49 - 58 - 67);
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123421342(16—25—34,59—678,37—5,48—5);
132134214(14—3,48—7,37—456,25—3,69—7);
134213242(15—4,79—8,26—4,38—47—56);
213421342(26—5,15—234,59—678,37—5,48—5)};

S ={121324232,121423242 (13- 2,25 34,48~ 57~ 6,79 - 8);
123212423,124212324(15 - 243,46 - 5,68 — 7,39 — 468);
123214232,124213242 (15 - 24 - 3,38 - 47 - 56,79 - 8);
123242132,124232142(17 — 246,24 - 3,69~ 78,38 — 46— 5);
123242321,124232421(19 - 2468,24 - 3,68~ 7,37 - 46— 5);
123421232,123421242(16 - 25 34,38 — 57— 6,79 - 8);
132421232,312423212(16 ~35-4,57 - 6,79 8,28 - 357);
123242123 (17 - 246,24 3,46 5,39 — 468,68 - 7);
212342132,212432142(13 - 2,27 36 - 45,48 - 6,69~ 78);
213242132(27 - 46-5,14-23,69 - 78,38 - 46)};

Sy ={121324212,121423212(13- 2,25 34,38 - 57 - 6,79 - 8);
121321421(13-2,36-5,69 8,25 -34,58 - 67);
123212421(15-24-3,59- 687,46 -5)};

S5 =1{212321242,212421232(13- 2,26 -35-4,57-6,79-8);
212324212(13-2,28-357,35-4,57-6,79-8)}.

4. Proof of Theorem 3.1

Consider the following quiver 0 =(0,,0,) oftype D, where

0, ={1 TN, Y Y- BN, R W 2}, 0,={1.2,3,4} . Let o be the identity
automorphism of Q such that O'(i) = i,O'(pl.) =p,,i=1,2,3,4, then the valued
quiver of (Q,0) is I'=T(Q,0)=(T,.I',)=(0,,0,), the valuation is given by
d, =1,mpi =1,i=12,3,4. For X =x1+x,2+x,3+x,4,
Y=yl+y,2+y3+y,4e Z[FO] , Euler form <,> on T is

4 3
<X’ Y)r = Zdixiyi _Zmpixtpiyhpi SNV XY, XNV XY XY, T XYy XY,
i1 =

symmetric Euler form - on T is
XY =(X,Y) +(Y,X). =2xy +2x,p, +2x,
F2X, V4 =X Yy =XV =Xy Yy — Xy V3 T XY, Xy Yy .

By simple computation, we have (i,i)zl,i:1,2,3,4 ; (1,2)2(3,2)2
(4,2)=—1, the other (i,j)=0,i#j.So ii=2,i=1,234; 1.2=2-3=2-4=
-1, 1:3=1-4=3-4=0.

Let us prove Theorem 3.1. Forany e N,let i=(i,-,i)el},
a=(a,-,a,)eN.

Case 1. t<2. By Corollary 2.4, words with <2 are all tight, so (1)~(3)
hold.
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Case 2. t=3. Applying the M —S word-procedure to M,, we get S,.
Corollary 2.4 35’31. Consider S32 , for ie{(1,2,1),(2,1,2)} , we have
'A/li,a = {M =Mx

xe N} , where

and

q(M) =20 i) (apx =27 )+ 2, i) (agx =57 )+ (i - ) % +((i -1, ) + (5, -1y ) ) ax

=-2x"+2(a, +a;—a, )x.

Obviously, ¢(M)<0<a +a;<a,. And ¢(M)=0&a,+a,<a,, x=0,
so two words in S, are all tight by Theorem 2.3, (4) holds.

Case 3. r=4. Applying the M —S word-procedure to M,, we get
S, U{1212}. Corollary 2.4 = ;. Corollary 2.5 and S; = S; . Consider words
2132, 1212. For word 2132, we have 'A/li,a = {M = Mx|x € N} , Where

a-x 0 0 X

b 0 0 a —x

d q(M) = 2<i1,i1>(a1x+a4x—2x2)+(i1 ~il)x2 +2(i1 -l'z)azx+2(i1 ~i3)a3x
an
=-2x +2(al +a,—a, —a3)x.
Obviously, ¢(M)<0<a +a,<a,+a,. And q(M)=0&a,+a,<a, +a;,
x =0, so word 2132(14-23) is tight by Theorem 2.3.
For word 1212, we have M, = {M =M, |(x.y)e Nz} , where

a, —x 0 X 0
0 a, — 0
M= =Y y ’
X 0 a,—x 0
0 y 0 a,—y

q(M) =2<i1,i1>(alx+a3x—2x2)+2<i2,i2>(a2y+a4y—2y2)
and + (i i) %" + (6, -1,y +2(i -6, ) (ax + a3y — x)
=—x -y’ —(x—y)2 -i—2(a1 +a, —az)x+2(a2 +a, —a3)y.

Obviously, ¢(M)<0< a,+a;<a,,a,+a,<a,. And
q(M)=0<a+a,<a,, a,+a,<a,, x=y=0,but a+a,<a,,
a,+a, <a; = a, +a, <0, this is a contradiction, so word 1212 is not tight for
any a=(a,,a,,a;,a,)eN*, (5) holds.

Case 4. t=5. Applying the M —S word-procedure to M, , deleting words
including subwords in @ (1212)UW®(1212), we get S,. By Corollary 2.5 and
S:,S;, words in S! besides 21342 are all tight. For word 21342, we have
M, :{M :Mx|xe N} , where
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a-x 0 0 X
0 a, 0 0

M= 0 0 a 0 |
0 0 0 aq 0
x

0 0 0 a—x
q(M)=2<il,i1>(a1x+a5x—2x2)+(l’1‘il)x2+2(i1-i2)a2x
and +2(i iy )ayx +2(i, -1y ) ayx
=-2x" +2(a, + a5 —a, —a, — a,)x.
Obviously, ¢(M)<0< a,+as<a,+a;,+a,. And
q(M)=0=a,+a;<a,+a;+a,, x=0, so word 21342(15-234) is tight by

Theorem 2.3.
Consider S:. For words 12312, 12412, 13213, we have

M, :{M =M, |(x,y)e Nz} , where
a —x 0 0 X 0
0 a-y 0 0 y
M= 0 0 as 0 0 |
X 0 a,—-x 0
0 y 0 0 as—y

and
q(M)=2(1'1,1'1)(611)c4-614)c—2x2)+2(1’2,1'2>(azy-i-asy—Zyz)-i-(i1 -il)x2
+(i2 -1'2)y2 +2(i] ~i3)a3x+2(i2 -i3)a3y+2(i] -iz)(a2x+a4y—xy)
:{—(x—y)z —x =y +2(a +a,—ay)x+2(a, +a, —a, —a,) y,12312,12412,
—-2x* —2y° +2(a1 +a, —a3)x+2(a2 +a; —a3)y, 13213.

‘a,<a,,a,+a.<a, +a,,12312,12412,
Obviously, q(M)éO@{al a,<a,,a,+a;<a;+a, And

a,+a,<a,,a,+a;<a,,13213

a+a,<a,,a,+as<a,+a,,12312,12412, and x=y=0,s0

q(M)=0<:>{

words 12312, 12412(14-2, 25-34), 13213(14-3, 25-3) are tight by Theorem 2.3.
For words 12321, 12421, we have M,, = {M =M, |(x,y)e NZ} , where

a,+a,<a,;,a,+a;<a,, 13213

a,—x 0 0 0 X

0 a,-y 0 y 0
M= 0 0 a, 0 0 |,

0 y 0 a, -y 0

X 0 0 0 as—x

q(M):2<i1,i1>(a1x+a5x—2x2)+2<i2,i2>(a2y+a4y—2y2)+(il-il)xz
and +(i2-i2)y2+2(i1-i2)(a2x+a4x)+2(i1-i3)a3x+2(i2-i3)a3y
:—2x2—2y2+2(a1+a5—a2—a4)x+2(a2+a4—a3)y
Obviously, ¢(M)<0< a +as<a,+a,<a,.And
q(M):O<:>al+a5Sa2+a4Sa3 and x=y =0, so words 12321,
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12421(14-25-3) are tight by Theorem 2.3.
Now let us consider S;, we have M, ={M =M

(x,xl,xz,x3)eN4} >

X103
where
a-x-x 0 X 0 X
0 a, 0 0 0
M= X, 0 a-x-x, 0 X, ,
0 0 0 a, 0
x+x-x, 0 x,+x;—-x 0 a;—x-—x
and

q(M) = 2<il,i|>(a1x+a1xl +ay %, + a3, + agx, +agx, —2x° —2x; —2x;
—2X7 = 20,X + 20, + X, X + X, X, — X, X, —2x2x3)+ (i1 A )(a3x
+2a,%, — X, + X7+ X+ X +X; XX — XX — XX — XX, +x2x3)
+ 2(1'] -iz)(a2x+ a2x])+ 2(1'] -i4)(a4x] + a4x3)
= —(x—x2 )2 — X =2x7 = x5 = 2x7 = 2x,X — 2x,X, — 2%, X,
+2(ay+ay—a,)x+2(a,+2a, +a;—a, —a,)x, +2(a, +a; —a,) x,.
Obviously, ¢(M)<0<a +a,<a,, a,+as<a,.And
q(M):O<:>al—i-a3 <a, , a;+a;<a, , x=x=x,=x,=0 , so word
21232(13-2, 35-4) is tight. So (6) holds.
Case 5. t=6. Applying the M —S word-procedure to M., deleting words
including subwords in @ (1212)UJ W@ (1212), we get S, U{123123}.

Firstly, as S2,S. , we can prove that words in S;,S; are all tight.
Secondly, consider words 123123, 132132, we have

M. :{M =M, ,. (x,y,z)e N3} , where
a, —Xx 0 0 X 0 0
0 a,—y 0 0 y 0
M = 0 0 a; -z 0 0 z
X 0 0 a, —x 0 0
0 Yy 0 0 as—y 0
0 0 z 0 0 a,—z
and

q(M):2<i1,i1>(a1x+a4x—2x2)+2<i2,i2><a2y+a5y—2y2)
+2(iyi )@z + agz =227 )+ (i 1) %" + (i 1) ¥ + (1, 1,) 2
+2(i by )(ayx + a,y —xp) +2 (i -1y ) (asx + a,z — xz)
+2(i2 ~i3)(a3y+asz—yz)
—(x—y)2 —(z—y)z—x2 -2 +2(a,+a,—a,)x
+2(a2 +as —a, —a4)y+2(a3 +ag —as)z, 123123,
—(x—z)2 —(z—y)z—x2 —y2+2(a1 +a4—a3)x

+2(ay +a;—ay)y+2(ay+as—a, —as)z, 132132.
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. a+a,<a,,a,+a.<a,+a,,a, +a, <a.,123123
ObVlOllSly, q(M)SO@{ 1 4 29 Yn 5 3 4593 6 55 s
a,+a,<a,,a,+as;<a;,a;,+a, <a,+a;,132132.

And q(M):O@{a]+a4Sa2,a2+a5Sa3+a4,a3+a6ﬁa5,123123,
a,+a,<ay,a,+as<a,a,+a; <a,+a;, 132132,

x=y=z=0,but q+a,<a,, a,+a,<a,+a,, a,+a,<a;,=a, +a, <0, this
is a contradiction, so word 123123 is not tight for any (a,,---,a;)€N°®, and
word 132132(14-3, 25-3, 36-45) is tight by Theorem 2.3.

Lastly, let us consider S;. Take word 123121 as an example, we have
'A/li,a = {M :M.x,xl,xz,X3,y

(x,x,%,,%5,) € NS} , where

a, —x—x 0 0 X 0 X,
0 a—-y 0 0 y 0
0 0 a, 0 0 0
M:
X, 0 0 a,—-x,—x 0 X,
0 y 0 0 as—y 0
X+Xx =X, 0 0 x+x-x 0 ag — X, — X,

and
q(M) = 2<i1,i1>(a1x+ X, +a,X, +a,x, +agx, +agx, —2x° —2x7 —2x; —2x;
= 2x,% + 2x,X + XX + X, X, — XX, —2x2x3)+2<i2,i2>(a2y+a5y—2y2)
+(i1 -1'1)(cz4x+2a4x1 —a,x, +x° +x12 +x22 +x32 + XX = XX — X3 X — XX, +x2x3)
+(i2 -1'2)y2 +2(il -1'2)(c123c+412xl +asx, +asx, +a4y—x2y—x3y)
+2(i -1y ) (asx + ayx, )+ 2 (i, -1y ) ayy

= —(x—x2 )2 —(x2 —y))2 —(x3 —y)2 =X =2x7 =X} = 2x,x = 2x,%, — 2X,X,
+2(a,+a,—a,)x+2(a,+2a, +ag—a, —as) x, +2(a, +a, —as) x,
+2(a2 +a5—a, —a4)y.

Obviously, ¢(M)<0<a +a,<a,, a,+a;<a5, a,+a;<a,+a,. And
q(M):O<:>al—i-a4 <ay, a,+as<as, a,+a;<a,+a,,
x=x=x,=x;,=y=0, so word 123121(14-2, 46-5, 25-34) is tight by Theorem
2.3. So (7) holds.

Case 6. t=7. Applying the M —S word-procedure to M, deleting words
including subwords in @({1212,123123}) U\PCD({1212,123123}) , we get
S, U{2132132,1232123} .

As S.,S!, we can prove S),S7. Consider word 2123242 in S., we have

M, = {M =M, . |(6x, o x)e Ng} , where

b, 0 x 0 x 0 «x
0O aa 0 O 0 0 O
xz 0 b, 0 x, 0 X
M=0 0 0 a 0 0 O]/
Xxx 0 x, 0 by 0 x
0o 0 0 0 0 a O
by 0 by 0 by 0 by
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by =a, = X=X =Xy, by =y = x; =X, = X5, b5 = a5 =Xy = x; = X,
by =a, =X, —Xs—Xg, by =x+x +x, —x; — X,
by =24+, + X=X =X, byg =Xg + X, + X — X, — X,
q(M) = 2<i1,i1>(alx+ a X, +a, X, + ayxy + A, X, + a3 X5 + asxg + a X, +asxg
Fa,X, +a,xg +a,xg —2x° = 2x7 —2x; —2x5 —2x; —2x% —2x; —2x2 —2x;
= 23,0 = 22, X + 205X + X, X 4 XX + XX — XX — 2X,X, +X,X; — XX, +2X,%,
2,05 X Xg Xy Xy — Xy Xg F Xy X — Xy Xg — 2X3X, — 2X, X5 — Xy X + X3 X5
= 2X, X5 + X, X5 +2X,X; + X, Xg F XXy — XsXg — 2XgX; — 2 X Xg —2x7x8)
+(i, 'il)(a3x+2a3xl +2ayx, —ayx; +asx, +2a,x, —asxg +asx, +2a,x; —asx,
2 2 2 2 2 2 2 2 2
X7 X Xy X X XS X X X XX XX XX — XX — XX+ XX
XX, = XXy = X Xg = X, Xg — X, Xg — Xy X3 — Xy Xg + X0, + X3 X5 — X3 X7 + X, X5 — X, X
=Xy Xy — Xy Xg — XsXg — X5 X7 + Xg X7 + X Xg +x7x8)+2(il -1'2)(azx+azx1 +a2x2)
+2(i1 ~i4)(a4x1 +a,x, +a,x, +a4x5)+2(i1 -l'(,)(czéx2 + agx; +a6x8)
=21 (x5, %) +2(a, +ay —a,)x+2(a, + 2a, + a5 —a, —a, ) x,
+2(a,+2a,+2a5+a;, —a, —a, —ag)x, +2(a, +as—a, ) x,
+2(a3 +2a,+a,—a, —ag)x; +2(as +a, —ag) X,

1
where f(x,xl,---,xg)zaXAfXT, Xz(x,xl,n-,xg) symmetric matrix A4, is

as follows
2 11 -1 0 0 -1 0 0
1 2 1 0 1 1 -1 -1 0
1 1.2 0 0 1 0 1
-1 0 0 2 1 1 1 0 O
4,=0 1 0 1 2 1 0 -10
0o 1 1 1 1 2 1 0 1
-1 -1 01 0 1 2 1 1
0O -10 0 -1 0 1 2 1
0o 01 0 O 1 1 1 2
Using the above algorithm in §2, we have

R, :{r]’...,,%};

R, ={rl R U A A A +r8};

R, =¢.

By Theorem 2.8, the unit form f (x,xl,---,xg) is weakly positive, ie,
f(x,xl,---,xS)ZO for any (x,x,-.,x)eN’ , and f(x,xl,---,xg):0c>
x=x==x=0. S, q(M)<0=a+a,<a,, a;+a,<a,, a,+a;<a, .
And q(M)=0<:>a1+a3Sa2, as+a,<a,, a;+a;<a,, x=x=-=x=0,
so word 2123242(13-2, 57-6, 35-4) is tight by Theorem 2.3.

At last, let us see S;, for words 2123212, 2124212 in S;, we have
M, :{M :Mx)m_,’xg)y|(x,xl,-~-,x8,y)e Nlo} , where
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by =y =x=x =Xy, by =ay =X, =X, = X5, bss = a5 —xg —x; — X,
by, =a,—x, =X, =X, by =x+x+x, —x; — X,
by =X+, +X, — X=X, by =X +x, + X, — X, — X,

q(M) = 2<i1,i1>(a]x+ a X, +a,X, + a4 X; + Ay x, + A% + asxg + X, +asxg
Fa,x, +ayx, +a;xg —2x° —2x] —2x3 —2x3 —2x; —2x% —2x; —2x2
=27 = 26,X + 206X + X, X + XX+ X X — XX — 2X,X, + X, — X, X, +2X,X,
X0 = 20000 4 X, Xg XX — Xy Xg + Xy X — Xy Xg — 22X, — 2X305 — Xy X
H XX, — 20,05+ X, X6+ 20,X, + X, Xg + XsX; — XsXg — 2XX; — 20X X — 2%, X )
+ 2<i2,i2>(a2y +agy —2yz)+(i1 -0 )(ayx +2asx, + 2a,x, — ayx; + asx,
+2a,%, — A5Xg + agX, + 205X — asX, + X7+ X7 +x; + X, + X, + X2 +x;
X7+ Xy XX XX — XX — XX — XX XX + XX, — XX — XX — XX
=Xy Xg = Xy X5 — XX XX, + Xy Xg — Xy X, + X, Xg — X Xg — XX — X, X
= X5Xg = X5 X7 + XgX7 + X Xg + x7)c8)+(i2 'iz)yz + 2(1'1 -iz)(a2x+ a,x,
TaX, T Xy T Ay + A5V + AXs + AcXg = XV = XY = XY _xsy)

+ 2(1’1 -, )(a4x1 +a,x, +a,x, + a4x5)

:—Zf(x,xl,m,xg,y)+2(a1 +a, —a2)x+2(al +2a,+a;—a, —a4)x1

-i—2(a1 +2a,+2as+a,—a,—a, —aé)x2 +2(a3 +a; —a4)x4

+2(ay;+2a,+a, —a, —ag)xs+2(as+a, —ag) X, +2(a, +ag —a; —as) y,

1
where f(x,xl,---,xg,y):EXAfXT, Xz(x,xl,---,xg,y), symmetric matrix

Af is as follows
2 1 1 -1 0 0 -1 0 0 O
1 21 0 1 1 -1 -1 0 0
1 120 0 1 0 0 1 0
-1 0 02 1 1 1 0 0 -1
e 01 01 2 1 0 -1 0 0
1o 11 1 1 2 1 0 1 -1
-1 -10 1 0 1 2 1 1 -1
0 -1 0 0 -1 0 1 2 1 0
0 01 0 0 1 1 1 2 -1
0 0 0 -1 0 -1 -1 0 -1 2

Using the above algorithm in §2, we have

R ={r,nfs

Ry = {1+ 1 17,1y 1,1y o+ B By o+ B B+ B T B 13 g Ty + 1y
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Ry = {147, + 10,1 475 + 1oty + 1y + 1o Ty + 1 + 1 |

R, ={n+r+r+nyn+r+5+5};

2

By Theorem 2.8, the unit form f(x, xl,-“,xg,y) is weakly positive, ie,
f(x,xl,---,x9,y)20 for any (x,x,---,%,,y)eN", and f(x,xl,---,xg,y):
0o x=x=-=x=y=0.%, ¢(M)<0=q+a,<a,, a;+a,<ay,
a,+a;<a,+a;<a,.And q(M)=0<a,+a,<a,, a,+a,<a,
a,+a,<a,+a;<a, and x=x =---=x,=y=0, so words 2123212,
2124212(13-2, 57-6, 26-35-4) are all tight by Theorem 2.3. So (8) holds.

Case 7. t=8. Applying the M —S word-procedure to M, deleting words
including subwords in
@({1212,123123,1232123,2132132} ) U w0 ({1212,123123,1232123,2132132}) ,
we get S;.

As S;, we can prove that words in S; are all tight.

For Sy, only consider word 12134234, we have

M, {M M, ., (x,y,z,u)eN4} , where
a, —x 0 x 0 0 0 0 0
0 a,—y 0 0 0 y 0 0
X 0 a,—x 0 0 0 0 0
M= 0 0 0 a,—z 0 0 z 0
0 0 0 0 as—u 0 0 u |
0 y 0 0 0 ag—y 0 0
0 0 0 z 0 0 a,—z 0
0 0 0 0 u 0 0 a, —u

q(M)=2<i1,i1>(a1x+a3x 2x* )+2 iy,1, (a2y+a6y—2y2)
+2<i4,i4><a4z+a7z—22) 2(15,15>(a5u+a8u 2u) (zl-il)x2
)

and +(12 12))/’ +(l4 l4)Z +(15 15 le (ll 12)(azx+a3y—xy)

+2(iy -1, )(agy +agz— yz) +2(i, -5 ) (asy + agu — yu)
==2f(x,y,z,u)+2(ay+a,—a,)x+2(a, +a, —a; —a, —as) y

—i—2(a4 +a, —a6)2+2(a5 +ag —a6)u,

1
where f(x,y,z,u):EXAfXT,X:(x,y,z,u), symmetric matrix A4, is as

follows
2 -1 0 0
-1 2 -1 -1
A4, =
: 0o -1 2 0
0o -1 0 2

Using the above algorithm in §2, we have

R, z{’”la’”v’%s’l};

R, :{rl +r2,r2+r3,r2+r4};
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Rotny + 10 1y H 1T 1 T

Il
——

3

I
——

Ktn )

n+2n +r +r4};

i1
I
——

R
R4
R
R

Il
ASS

6

By Theorem 2.8, the unit form f (x, y,Z,u) is weakly positive, ie,
f(x,y,z,u)>0 for any (x,y,z,u)eN*, and f(xyzu)=0x=y=z=
u=0.S0, ¢(M)<0&a+a,<a,, a,+a,<a;, as+ag<a,
a,+a;<a,+a,+a;. And q(M)=0<a,+a;<a,, a,+a,<a,, a,+a,<ay,
a,+ay<a,+a,+a;, and x=y=z=u=0, word 12134234(13-2, 47-6, 58-6,
26-345) is tight by Theorem 2.3.

Consider words 12132142,12142132 in S;, we have

_ _ 8
'A/li,a - {M - Mx,xl,xz,X3,y,y|,}’2,y3 ('x’ xl’x2’x3=y= yl’y25y3) € N } 4 Where

b, 0 x 0 0 x 0 O

0 b, 0O » 0 0 y

x 0 b, 0 0 x; 0 0

IV 6o 0 0 4 O 0 O0 O
0O » 0 0 b, 0 0

by, 0 b, 0 0 b, 0 0

6o 0 o0 0 0 0 a O

0 b, 0 0 b, 0 0 by

by=a,—x—x, byy=a,-y-y, by =a,—x,—x;, bs=a,—y, -y,
by =x+x—x,, by =%, +x,—x, by =a,—x, —x;,
by =Y+ 3= vy bs =0+ =y, by =ag =y~ s
So, we have
q(M) = 2<i1,i]>(a]x+a1x] +a,x, + ayx, +agx, + agx, —2x’ —2x,2 —2x§ —2x32
=2X,% + 22, X + XX + X, X, — X, X, —2)62963)—|-2<i2,i2>(a2y+azy1 +asy, +asy,
+ayyy +agy, =2 =207 =297 =297 “ 20y 4 20,0+ 1Y+ 10, — 13— 20,03
+(i1 -1'1)(cl3x+2a3x1 —ayx, +x° + X} + X +x32 + XX — XX — XX — X, X, +x2x3)
(b ) (@sy +2a3, = a5y, + 37 + 3] +33 + Y]+ Y= 1Y = VY =00, + 95 )
+2(i1-iz)(a2x+a2xl+a5x1+a5x3+a3y+a3y1+a6yl+a6y3—xy—xyl—x1yl
—x2y2+xy2—x3y2—x1y3—x3y3)+2(i2-i4)(a4y+a4yl)+2(i2-i7)(a7y1+a7y3)
:—2f(x,x,,xz,x3,y,yl,y2,y3)+2(a1+a3—a2)x+2(a,+2a3+a6—a2—a5)x1
+2(ay+ag—as)x; +2(ay +a; —a;—a,) y+2(a, +2a; +ay —a, —a, —ag
—a7)y]+2(a5+a8—a6—a7)y3,
where f(x,xl,xz,x3,y,yl,y2,y3):%XAfXT, X:(x,xl,x2,x3,y,yl,y2,y3),

symmetric matrix A, is as follows

DOI: 10.4236/alamt.2017.74009 100 Advances in Linear Algebra & Matrix Theory


https://doi.org/10.4236/alamt.2017.74009

Y.W. Huetal.

21 -1 0 -1 -1 1 O
1 2 0 1 0 -1 0 -1
-1 0 2 1 0 0 -1 0
4, = o 1 1 2 0 0 -1 -1
-1 0 0 0 2 1 -1 0
-1 -1 0 0 1 2 0 1
1 0 -1 -1 -1 0 2 1
0 -1 0 -1 0 1 2

Using the above algorithm in §2, we have
R ={n,.n};
Ry = {141, 1 1 T 1y 1, 1y + By 1y 4 Ty, 1y 1 1y + 1 1+ 15
Ry ={r+n+r,n+n+r,n+rn+n,n+n+n};
R4:{r1 +7 +r5+r7};
R, =¢.

By Theorem 2.8, the unit form f (x, X153 X5, X3, Y5 Vis Vas y3) is weakly positive,
ie, f(XX,%%5, 0,005, 05) 20 for any (X,X,%,,X,1,5,5,,;) €N, and
f(x,xl,xz,x3,y,yl,y2,y3)=0c>xle =x,=x;=y=)=y,=y;=0.So,
q(M)<0=a +a,<a,, a,+a;<as, as+ag<a,+a,, a,+as<a,+a,. And
q(M)=0=a+a,<a,, a,+ag<a, a;+a,<as+a,, a,+a;<a,+a, and
X=x,=x,=x;,=y=y,=y,=y,=0, words 12132142, 12142132(13-2, 36-5,
58-67, 25-34) are all tight by Theorem 2.3.

For S; , only consider word 12132423, we have
M, :{M =M, | (5000050 05.2) € NG} , where

a, —x 0 X 0 0 0 0 0
0 a,=yY=n 0 0 Y 0 Y 0
X 0 a, —x 0 0 0 0 0
| O 0 0 a,-z 0 0 0 z
0 V> 0 0 a—y,—y; 0 V3 0
0 0 0 0 0 as 0 0
0 y+y-»n 0 0 »+y-y 0 a-y-y» 0
0 0 0 z 0 0 0 as—z
and

q(M)z2<i1,i1>(a1x+a3x—2x2)+2<i2,i2>(a2y+a2yl +asy, +asy, +a,y, +a,y,
=2y =230 = 23] =205 =20+ 20,3 + B+ 0y, = 0Ys = 20,93 )+ 2{indy)
><(a42+agz—222)+(i1 'il)xz +(1'2 ~l'2)(a5y+2a5yl —a5y2+y2 +y12+y22 +y32
+ VY=Y = VY=V + 0y) + (i i) 2 +2(i iy ) (ax + ayy + ayy, — xy
—xyl)+2(i2 ~i4)(a4y+a4y1 +a52+a7z—yz—ylz)+2(i2 'ié)(a()yl +a6y3)
=210, 002, ¥3.2)+2(a, +ay—a, ) x+2(a, +as —ay —a,) y +2(a, + 2as

+a7—c13—c14—(16)yl +2(a5+a7—a6)y3+2(a4+a8—as—a7)z,

1
where f(x,y,y],yz,y3,z):EXZAIfXT,X:(x,y,y,,yz,y3,z), symmetric matrix
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Af is as follows
2 -1 -1 0 0 O
-1 2 1 -1 0 -1
-1 1 0 1 -1
4= 0o -1 0 2 1 0
o 0 1 1 2 0
o -1 -1 0 0 2

Using the above algorithm in §2, we have

Rl={r], }
R, ={r 1,1 F 1, 1L E LT +r6}
R, ={r +rtr,n+n g+ +r6,r2+r4+r6}
R, ={r +1 L+ +r6}
R, ={r +2n 41 1, 20 1, +r4+r6}
R, :{21"1 +r 241, A2 b, 20 +2r6}
R, = {25 41 420+ 71, + 1,21 + 1, + 21 + 20, 1+ 15, + 21 + 1, + 21 |
R, :{2r +r,+2r, +r4+2r6}
={2rl +2r, +2r, +r4+2r6}

RlO - ¢

By Theorem 2.8, the unit form f(x, v, yl,yz,y3,z) is weakly positive, ie,
f(x,y,yl,yz,y3,z) >0 forany (x,y,yl,yZ,y3,z) eN°, and
(5991592 5,2)=0& x=y=y, =y, =y, =2=0.So,
q(M)<0<a +a,<a,, a,+a,<a,+a,, a,+a,<a;+a,<a,.And
q(M):O<:>al—i-a3 <a,, a,+a;<a,+a,, a,+a;<as+a, <a, and
X=y=y=y,=y,=2z=0, word 12132423(13-2, 25-34, 48-57-6) is tight by
Theorem 2.3. So (9) holds.

Case 8. +=9. Applying the M —S word-procedure to M, deleting words
including subwords in
CD({1212,123123,1232123,2132132}) U ‘PCD({1212,123123,1232123, 2132132}) ,
we get S, Ud({121342342})U W ({121342342}) .

As S;.S;,S;,wordsin S,,S;,S, are all tight.

Consider S: , it is found that there is four 2, three 1 (or 2), one 3, and one 4 in

every word, only consider word 121324212, we have

'/\/li.a = {M = Mxl,-~x4,y1,-~,y9

(xl""xuyp”'ayg)EN”},Where

b, 0 x 0 0 0 0 x, O
0 b, 0 0 » 0 y 0
X, b, 0 0 0 X,
0 0 a 0 O
M=0 y, 0 0 by 0 Yo
o 0 o o0 0 a O 0 O
0 » 0 0 y 0 by 0 y
by 0 b, 0 0 0 0 b, O
0 b, 0 0 by 0 b, 0 by
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by=a,—x,—x,, byy=a,-y, =y, — ¥, by =a,—x; —x,,

bs=a5—y,—Vs—Ve» by =0, = Y; =Yg = ¥y, by =X + X, — X,

by =x,+%x, =X, bg=a,—X, =X, by =V, + ¥, + V3=V, = V7,

bys = Y4+ Vs + Vs = V1= Vs> by =Yy + Vs + Vo =¥y~ Vs,

by = ay = y; = Y5 = Yo

and
q(M) = 2<i1,i1>(a1x1 F X, + AX, + X, + agX, +agx, —2x7 —2x5 —2x3 —2x,
=232, +20X,X, + X, X, + X,X; — XX, — 2x3x4)+ 2<i2,i2>(a2y1 +a,y, +a,y; +asy,
+ AV + AV T Y, + A,V AV + Ay Yy + AV + dg Y —2yl2 —2y§ —2y32 —ny
—2y5 =25 =2y =205 =295 =200, = 2005 + 2004+ 0 Ys T W Ys + 00y
m Vs T 20V F Ve = VaYs F 20000+ Vo Ys + VYo F V3Va = V3Vs + VaVe = ViV
=2Y4Ys = 2Y4Vs = Va1 Vads = 2Y5Vs + Y5y + 2YsVs + VsVo + VeV = Vo
=23, = 29795 =205 ) + (i -il)(a3x1 +2a,%, — X, + X + X5 + X5 +X) + XX,
XX, = XX — XX, — XX )+ (6 -6y ) (asy, + 205y, +2a5yy —asy, + a;y, +2a,y,
— @Y+ s+ 20,V — Vs Y] Y YL Vs Ve s s 0,
TNV =YV = NYs =NV TN T Vo3 =00 Vs = VaVs — Y7 = VYo — VsV
TV T VaYs T VaVe —VaVy T VsV T VsV T Vs Vs T VsVo = VY7 T VY3 T V78
+ 1Y, -|-y8y9)+2(i1 -iz)(ale +a,X, +asx, +asx, +a;x, +a;x, +a,y, +a,y,
+ @Y, + AV, + AV + A Vo — X,V — X Vy — X V3 F XV XV, =XV — X, Vg
=Xy Vg =Xy V4 = X3 V7 = X4V — X4 Ve — X4 V7 —x4y9)—i-2(i2 -1'4)(a4y1 +a,y, +a4y3)
-1-2(1'2 ~l'6)(c16y2 +agy; +agys +a6y6)
:—2f(xl,~~~,)c4,y1,--~,y9)—i—Z(a1 +a, —az)x1 -i—2(a1 +2a, +ag —a, —a; —a7)x2

+2(a3 +ag —as —a7)x4 +2(a2 +a;—a, —114))/l +2(a2 +2a,+a,-a,—a,
—aé)y2 +2(a2 +2as+2a; +a,—a, —a, —ag —ag)y3 +2(a5 +a, —aﬁ)y5

+2(a5+2a7+a9—a6—a8)y6+2(a7+a9—a8)y9,
where f(xla"'>x47yla‘”>y9):%MfXT’ X:('xla"':xztayla"'ay()) symmetric

matrix A4, isas follows

21 -1 0 -1 -1 -1 1T 0 0 I 0 O
1 2 0 1 0 0O -1 0 0 -1 0 0 -1
-1 0 2 1 0 0 O -1 0 O -1 0 O
o 1 1 2 0 O O -1 0 -1 -1 0 -1
-1 0 0 0 2 1 1 -1 0 0 -1 0 O
-1 0 0 o 1 2 1 0 1 1 -1 -1 0
4,=-1-10 0 1 1 2 0 0 1 0 0 1
1 6 -1 -1 -1 0 0 2 1 1 1 0 O
o 0o 0 0 0 1 o 1 2 1 0 -1 0
o -1ro -1 0 1 1 1 1 2 1 0 1
1 06 -1 -1 -1 -1 0 1 0 1 2 1 1
o o 0o 0 0 -1 0 0 -1 0 1 2 1
o -1r o0 -1 0 0 1 0 0 1 1 1 2
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Using the above algorithm in §2, we have
R ={n,nis}s
R2={r1+r3,rl+r5,r1+r6,rl+r7,r2+r7,r2+rm,r2+r13,r3+r8,r3+r”,
”4+’%rr4+’”10»’”4+’"11”’4+’”13a’"5+r8»’”5+’”11”"6+’”11»’”6+”12”3+r12};
R32{”1+’”3+r5a’”1+r3+’”65r1+r3+’”7a”1+r6+’”12”’3+”5+’%ar3+’”5+’"11’
Byt T BTy T R Ty T B Ty T R BT T
R4:{rl+r3+r5+”sar1+V3+”5+’"115r1+r3+”6+r|1”’1+’"3+’”6+”12:
R R R R Ry R TN R RN E
Ry ={r 41415+ 1 4Ty + 1+ 15+ 1 1y
R, =¢.

By Theorem 2.8, the unit form f(x1,~-~,x4,y1,--~,y9) is weakly positive, Ze.,
for any (xl,---,x4,yl,---,y9)6N13, F (X%, 00,5 ) 20, and
f(xl,---,x4,yl,---,y9):O<:>x1:---:x4:y1:--~:y9=0.So,wehave qM) <0
if and only if

a+a;<ay,a,+a;<a;+a;, <dag,a, +a, <ag,a,+a;<a,+a,. (2)
q(M):O if and only if (2) hold and x, =---=x, =y, =---=y, =0, so word
121324212(13-2, 38-57-6, 79-8, 25-34) is tight by Theorem 2.3.

At last, let us see S, , we find that there is five 2, two 1, one 2, and one 4 in

every word, so it suffices to consider word 212321242, we have

Mo={M=M,, .,

('xl’”"xlsay) €N17} , where

b, 0 x 0 x 0 x3 0 x

0 a-y 0 0 O y 0 0 O

P 0 b, 0 X 0 x, 0 x

0 0 0 a O 0 0o 0 0

M= x, 0 X, 0 b 0 x, 0 x,
0 y 0 0 0 ag-y 0 O O

X3 0 Xy 0 X 0 by 0 x4

0 0 0 0 0 0 0 a O

b, 0 by 0 by 0 by, 0 by

by =a,—x —x, = X3 =X, by =a; =X, —Xg —x; —xg,
bss = as —xy =X, =X, =Xy, by =a; = X5 — Xy, — X5 — Xy,
by =X+, + X+ X, =X —Xg —Xp5, Doy =X+ X+ X, + X — X, — X — Xy,
bys = Xy + Xy + Xy + Xpy =X, = Xg — Xp5, Doy = X3 F X+ X5 F Xy Xy X — X,
byg = ag =X, — Xy — X, — X

So, we have

q(M) = 2<i1,i1>(a1x1 +ax, + ax; + ayx, + azxs + a;xg + a; X, + a3 X + asx, +agx,,
+aAX) F AsXyy + Qs X5+ A Xy Qs X5 F A X Xy AgXg + AgXyy + AgX, g — 2x12
—2x; —2x; = 2x; —2x2 = 2x; —2x3 —2x; —2x; —2x{y — 27, — 2x{, — 2,
—2x]24 - 2x125 - 2x126 = 2%,y — 20, — 2%, + 2, X + X, X5 + XX + X, Xg + X, X

=X, X0 F X X3 = XXy, — 22,05 — 2X,X, + X Xs — XX + 2X,Xg + Xy X, + X, X
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XXy, Xy Xpy = Xy X5 — 2X3X, F Xy Xy — XX + XXy — XXy, F 205X, F XX,
+ XX, 5 F XXy + X Xs — XX + XXy — X4 Xy F XXy 3 — XXy — 2X5Xg — 2X5X,
= 2X5Xg — X5 Xg + Xs X — XsXy5 + Xs X,y — 2XgX; — 2XeXg + XgXg + 2X Xy + XXy
+ XXy + XeXyy = XgXy5 = 20X + X X0 = Xg Xy + X X5+ 2000 + X X5+ XX
+ XgXyg = XXy + XgXyy — XgXg — 2X9X10 = 2X0Xy; — 20X, — XgXy3 + XoXy5 — 20X,
= 2X,0X)5 = XyoXyy F XyoXys = 2X,, X0, Xy X5 Xy Xy + 200,005+ X X
+ XppXys = Xp Xy = 20134 = 2X)3Xp5 = 2X03X — 20,5 — 2X), X6 — 2X,5X,6 )
+ 2<i2,i2>(a2y +a6y—2y2)+ 2(1’1 «iz)(ale +a,x, +a,x; +a,x, +agx,
T aAXy + Xy + AgXg + A Xy T AKXy T A Y FAY — X Y XY XY — XY
XY= xlzy) + 2(1'] -i4)(a4x2 +a,x; +ax, +ax, +ax, + a4x8)
+ 2(1’1 A )(a8x4 + AgXg + agX,, + asxlé)

= —2f(x1,---,x16,y)+2(a] +a, —az)x1 +2(a] +2a;+a;—a, —a4)x2
+2(al +2a,+2a5+a, —a, —a, —a(’)x3 +2(a, +2a, +2a5+2a, +a,
—a,—a,—ag—ay))x, +2(a; +a;—a, ) x +2(a3 +2a5+a,—a, —aﬁ)x7
+ 2(a3 +2a;+2a, +a,—a, —as - ag)x8 + Z(a5 +a, —aﬁ)x11 + 2(a5

+2a7+a9—a6—ag)x12+2(a7+a9—ag)x16+2(a2+a6—a3—a5)y,

1
where f(xl,-u,xm,y):EMfXT,X:(xl,u-,xlé,y), symmetric matrix A4, is

as follows
2 1 11-10 O O -1 0O 0 0 -1 0 O O O
1 2110 1 1 1 -1-10 0-1-10020
1 1210 0 1 1 0 0 1 1 -1 -1 -10 0
1 1120 0 0 1 O 0 0O 1 O O 01 0
-1 0 0 02 1 1 1 1 0 0 0 1 O 0 -1
o 1 oo01 2 1 1 0 -1 0 0 0 -1 0 0
o 1 101 1 2 1 1 0 1 1 0 -1 -10 -1
o 1 111 1 1 2 1 0 0O 1 1 0 O 1 -1
4,=-1-1 001 0 1 1 2 1 1 1 1 1 0 0 -1
0o -1 o0 0 -10 01 2 1 1 01 000
o 0o 100 0 1 0 1 1 2 1 0 0 -10 -1
o o 110 0 1 1 1 1 1 2 1 1 0 1 -1
-1 -1-10 1 0 0 1 1 0 0O 1 2 1 1 1 0
o -1-10 0 -1-1 0 1 1 0 1 1 2 110
o 0 -1o0 0 -10 0 0 -10 1 1 210
o o o010 00 1 0 0 0 1 1 1 120
o o 0o0-10 -1-1-10-1-10 0 00 2

Using the above algorithm in §2, we have
R ={r,rio s
R, 2{’”1 TH N T 1, 131y T 15,1+ Hoo 1y T 131 T 1y 13 15,15 T 1y,
B3+ ls, 15 1y, T T Hoo Ts T Has 1y T 1o 1y T Hs, 15 10T 1,

Ty + Mgy thsshy g7 +’"17};

DOI: 10.4236/alamt.2017.74009 105 Advances in Linear Algebra & Matrix Theory


https://doi.org/10.4236/alamt.2017.74009

Y.W.Huetal.

R3={r1+r5+r,7,rl+r9+r17,r2+r9+r17,r2+r|0+r13,1’3+r6+r14,r5+r”+r17,
1’5+r12+r17,r7+r14+r17,r7+r15+r17,r8+r11+r17,r“+r15+r17};

R4:{rl—i-rs+r9+r17,r1+r5+r11+r17,r1+r5+r12+r17,r5+r11+r15+r17,
”7+”11+”15+’”17»’%+’”11+’"15+r17};

R5={r1+r5+r11+r15+r17};

R, =¢.

By Theorem 2.8, the unit form f(xl,---,xm,y) is weakly positive, ie,
f(xl,---,x16,y)20 for any (xl,---,xm,y)eN”,and

f(x,0,%,7) =0 x, =-=x,=y=0.S0, we have ¢(M)<0 ifand only if
a,+a,<ay,a,+a;, <ag,a, +a,<ag,a, +ag <a,+a; < a,. (3)
q(M)zO if and only if (3) hold and x =--=x,=y=0, so word

212321242(13-2, 57-6, 79-8, 26-35-4) is tight by Theorem 2.3. So (10) holds.
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