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Abstract 
 
We perform the self-consistent calculations on the atomic electron affinity and ionization energy for the 
first-row atoms by means of our scheme. A striking feature of the present work is the variational method 
with taking into account effects of the nonspherical distribution of electrons explicitly. Comparing the pre-
sent results with those of the conventional spherical approximation, the systematical improvement can be 
found. This means that effects of the nonspherical distribution of electrons may play an essential role on the 
description of the atomic structures. 
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1. Introduction 
 
The single-particle wave functions and spectra for atomic 
systems are quite useful for the estimations of the hop- 
ping and Coulomb integrals included in the model Ham- 
iltonian [1,2], the LCAO method [3] and the LDA + U 
method [4,5], etc. In order to obtain these wave functions 
and spectra, the simplest scheme would be the central 
field approximation [6], which is sometimes called the 
spherical approximation. But this approximation obvi-
ously has a disadvantage of neglecting effects of the 
nonspherical distribution of electrons. For the purpose of 
taking into account such the effects, many kinds of 
methods have been presented and performed so far [7- 
17]. These previous works may be classified into two 
kinds of approaches. One is the variational method where 
the sin- gle-particle wave function is expanded by using 
appro- priately chosen basis functions [7-9]. Another is 
the den- sity functional scheme containing the effect of 
the orbital current density explicitly [10-17].  

Recently, we have proposed a sophisticated scheme 
that is classified into the former approach [18]. The 
methodological difference from the previous ones [8,9] 
is the choice of the basis set of the variational method. 

[18] In this paper, the self-consistent calculations on the 
atomic electron affinity and ionization energy are per- 
formed in order to check the validity of this our scheme, 
because the electron affinity and ionization energy are 
key quantities that can be directly compared with ex- 
periments in atomic physics. Here, it should be noted that 
the validity of the Hartree-Fock-Slater (HFS) approxima- 
tion, which is adopted also in this work, can be identified 
from previous our work [18] and the Narita’s work [19]. 
Actual calculations are done for the first-row atoms, i.e., 
boron, carbon, nitrogen, oxygen and fluorine atoms. 

Comparing the present results with those of the con- 
ventional spherical approximation, the systematical im- 
provement can be found due to the consideration of ef- 
fects of the nonspherical distribution of electrons. Here- 
after, we shall explain the outline of our scheme and 
show the details of the calculation results. 
 
2. Method 
 
In our recent work [18], we have proposed a scheme for 
calculating atomic single-particle wave functions and 
spectra with taking into account effects of the non- 
spherical distribution of electrons explicitly. We shall 
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sketch out this scheme. Neglecting relativistic effects, we 
start from the HFS Equation [20-22] as an effective sin-
gle-particle equation, 
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where i  and i  stand for the position of the ith elec-
tron and its magnitude, respectively, and where 

r r
Z  is 

the atomic number. Here, the atomic unit is used. 
First, we expand the effective potential with the 

spherical harmonics, 

        * *
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where  are the radial components and their ex-
plicit forms are given in Appendix. In a similar way, we 
shall expand the solution of the HFS equation with the 
set of known basis functions, 

 lmv r
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As the known functions, the eigenfunctions for the 
spherically-averaged potential, , are adopted. 
These radial wave functions are calculated easily by 
means of the numerical methods such as the Herman- 
Skillman method [23]. In this expansion, we use five 
functions having the following quantum numbers:  

.Correspondin
gly, the upper limit of the potential given by Equation (4) 
is determined from the properties of the Wigner 3j sym-
bols [6]. The expansion of the potential consists of the 
following terms: 

 nlp r

10), (21 1( ) (100), (200), (211), (2 )nlm  

( ) (00), (11), (10), (1 1), (22), (21), (20),

(2 1), (2 2)
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. 

Substituting Equations (4) and (5) into Equation (1), 
and multiplying      

1 1 1 1n l l m  on both sides 
and integrating over the whole space, we finally arrive at 
the generalized eigenvalue problem. 

* *ˆ1 r p r Y r

Calculation procedure is as follows. We first give a 
starting potential in some usual way, for example via the 
LDA calculation within the spherical approximation. 
Using these solutions as the basis functions of Equation 
(5), the generalized eigenvalue problem is solved. The 
resultant new solutions yield the potentials of the next 

step. The calculations are repeated until the potentials are 
converged within some accuracy. These calculations are 
performed by means of the standard self-consistent-field 
(SCF) procedures [20].  
 
3. Calculation Results 
 
Using our scheme [18], self-consistent calculations are 
performed for the first-row neutral atoms and their nega-
tive/positive ions. Of course, effects of the nonspherical 
distribution of electrons are considered explicitly. The 
self-consistent solutions (SCSs) can be obtained for each 
case of neutral and ionized atoms. The total energies are 
calculated by taking the expectation values of the many- 
electron Hamiltonian with respect to the single Slater 
determinant which are constructed from the SCSs. The 
electron affinities and ionization energies for these atoms 
are estimated by taking the difference of the total energy 
between the neutral atom and negative/positive ion. The 
calculation results are given in Tables 1 and 2, together 
with those of the conventional spherical approximation. 

From Tables 1 and 2, it can be seen that the results of 
the spherical approximation are quite far from experi- 
ments [24,25]. To put it another way, the conventional 
spherical approximation is too rough to evaluate the 
electron affinity and ionization energy. For example, 
experiments of the electron affinities show the minimum 
value at nitrogen atom, while the spherical approxima- 
tion takes the maximum value. Also experiments of the 
ionization energies show the monotony decrease, while 
the spherical approximation shows a complicated behav- 
ior. This may be due to the lack of effects of the non-
-spherical distribution of electrons, because the experi- 
 
Table 1. Electron affinities for the first-row atoms. All val-
ues are given in eV. The first and second columns show the 
results for the usual spherical approximation and the pre-
sent scheme, respectively. The third column gives the ex-
perimental results [24]. 

Atom 
Spherical 

approximation
Present 
result 

Experimental 

carbon –4.18 0.16 1.26 
nitrogen 3.51 1.14 –0.07 
oxygen 0.50 0.87 1.46 
fluorine –3.59 2.82 3.40 

 
Table 2. Ionization energies for the first-row atoms. All 
values are given in eV. The first and second columns show 
the results for the usual spherical approximation and the 
present scheme, respectively. The third column gives the 
experimental results [25]. 

Atom 
Spherical  

approximation
Present 
result 

Experimental 

boron –10.08 –7.13 –8.30 
carbon –9.44 –9.42 –11.26 

nitrogen –6.70 –12.99 –14.53 

Copyright © 2011 SciRes.                                                                                 JMP 
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mental trends are well reproduced by the present scheme 
(see Figures 1 and 2). The present scheme can explain 
the electron affinities and ionization energies for all of 
the first-row atoms better than the conventional spherical 
approximation. Here, it should be noted that these com-
parisons are done within the same approximation for the 
exchange potential, i.e., HFS approximation. 

Thus, these better agreements shown in Tables 1, 2 
and Figures 1, 2 suggest that effects of the nonspherical 
distribution of electrons is indispensable for describing 
the atomic structures. 
 
4. Concluding Remarks 
 
In this paper, we perform the self-consistent calculations 
on the atomic electron affinity and ionization energy 
with taking into account effects of the nonspherical dis-
tribution of electrons explicitly. Comparing the present 
results with those of the conventional spherical approxi-
mation, the improvements can be found in a series of the 
first-row atoms systematically.  

Of course, the present work is not a goal, and there is a 
room for improvement in our scheme. To obtain a better 
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Figure 1. Experimental [24] and calculated electron affini-
ties in eV. The open and close circles denote the calculation 
results for the spherical approximation and the present 
scheme, respectively. The open squares are the experimen-
tal results. Lines are just guides for eyes. 
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Figure 2. Experimental [25] and calculated ionization en-
ergy in eV. The open and close circles denote the calculation 
results for the spherical approximation and the present 
scheme, respectively. The open squares are the experimen-
tal results. Lines are just guides for eyes. 

accuracy of the electron affinity and ionization energy, 
we have to consider the following effects that are ne-
glected in the present calculations:  

1) truncation errors of the expansion in Equation (5), 
2) treatment of the exchange energy beyond the Har-

tree-Fock-Slater approximation, 
3) electron correlation effects. 
Concerning the first effect, we here adopt only 1s, 2s 

and 2p orbitals in the expansion of the eigenfunctions. 
However, in order to reduce the truncation errors, we had 
better take more functions as the basis functions. Simi-
larly, the second and third effects seem to be indispensa-
ble for describing effects of the nonspherical distribution 
of electrons in more detail.  

But anyway, we can say within the knowledge ob-
tained in this paper that effects of the nonspherical dis-
tribution of electrons may play an essential role on the 
description of the atomic properties such as electron af-
finity and ionization energy.  
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Appendix 

Expressions for the Potentials 
In this appendix, we give the expressions for the spheri-
cal part of the effective potential, , and the ex-  V r

pansion coefficients of the effective potential,  lmv r .  

Using the present expression for the wave functions (5), 
above-mentioned potentials are, respectively, calculated 
as 
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