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Abstract

We establish some common fixed and common coincidence point theorems
for expansive type mappings in the setting of b, metric space. Our results ex-
tend some known results in metric spaces to b, metric space. The research is
meaningful and I recommend it to be published when the followings have
been improved.
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1. Introduction

The author in (see [1] [2] [3]) discuss coincidence and fixed point existence
problems relating to expansive mappings in cone metric spaces (see [4] [5]), and
also gives fixed point theories for expanding mappings. The author in (see [6])
gets the coincidence and common fixed point theories in 2 metric spaces (see [7]
[8] [9]), using the method in (see [1] [2] [3]). In this paper, a known existence
theorems of common fixed points for two mappings satisfying expansive
conditions in b, metric space (see [10]), which is the generalization of both 2

metric space and b metric space (see [11] [12]).

2. Preliminaries

Before stating our main results, some necessary definitions might be introduced

as follows.
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Definition 2.1. [11] [12] Let X be a nonempty set and S>1 be a given real
number. A function d: X xX > R" isa b metricon X ifforall x,y,ze X,
the following conditions hold:

1) d(X, y):O ifand onlyif X=Y.

2) d(x,y)=d(y,x).

3) d(x y)<s[d(xy)+d(y.2)].

In this case, the pair (X,d) is called a b metric space.

Definition 2.2. [7] [8] [9] Let X be an nonempty setandlet d: X x X x X - R
be a map satistying the following conditions.

1) For every pair of distinct points X, y € X , there exists a point ze X such
that d(x,y,z)#0.

2)If at least two of three points X, Y, Z are the same, then d (X, Y, Z) =0.

3) The symmetry:

d(x,y,z)=d(x,z,y)=d(y,x,z)=d(y,z,x)=d(z,x,y)=d(z,Y,X)

forall x,y,ze X.

4) The rectangle inequality: d (X, Y, Z) <d (X, Y, a) +d (y, Z, a) +d (Z, X, a)
forall x,y,z,aeX.

Then dis called a 2 metric on Xand (X , d) is called a 2 metric space.

Definition 2.3. [10] Let X be a nonempty set, S21 be a real number and
let d: XxXxX >R beamap satistying the following conditions:

1) For every pair of distinct points X, y € X , there exists a point ze X such
that d(x,y,z)#0.

2) If at least two of three points X, Y,Z are the same, then d (X, Y, Z) =0.

3) The symmetry:

d(x,y,z)=d(x,z,y)=d(y,x,z)=d(y,z,x)=d(z,x,y)=d(z,Y,X)

forall x,y,zeX.

4) The rectangle inequality: d(X,y,z)< S|:d (x,y,a)+d(y,z,a)+d(z,x, a)]
forall x,y,z,aeX.

Then dis called a b, metric on Xand (X,d) is called a b, metric space
with parameter s. Obviously, for s=1, b, metric reduces to 2 metric.

Definition 2.4. [10] Zet {X,} beasequenceina b, metric space (X,d).

1) A sequence {X,} issaid to be b-convergentto Xe X, written as
lim, . X, =x,ifall aeX, lim__ d(x,xa)=0.

2) {x,} is Cauchy sequence if and onlyif d(X,,X,,a)—>0, when
n,m-—o.forall aeX.

3) (X , d) is said to be b,-complete if every b,-Cauchy sequence is a b,-
convergent sequence.

Definition 2.5. [10] Let (X,d) and (X',d') be two b, metric spaces and
let f:X —> X' beamapping. Then f Issaid to be b,-continuous at a point
ze X ifforagiven >0, thereexists 6 >0 suchthat xe X and
d (Z, X, a) <0 for all ae X Imply that d'( fz, fx, a) <&. The mapping f Is

b,-continuous on X ifitis b,-continuous atall 7€ X .
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Definition 2.6. [10] Let (X,d) and (X',d') be two b, metric spaces.
Then a mapping f:X — X' is b,-continuous at a point X € X' if and only if
it is b,-sequentially continuous at x; that is,whenever {X.} is b,-convergent to
X, {fX,} isb,-convergentto f(Xx).

Definition 2.7. [13] Let f and Q be self mapsofaset X .If w= fx=gx
for some X in X, then X Iis called a coincidence point of f and ¢, and
W is called a point of coincidence of f and §. f and O be weakly
compatible means if Xe X and fx=g9x, then fgx=gfx.

Proposition 2.8. [13] Let f and § be weakly compatible self maps of a set
X.If f and § have a unique point of coincidence W= fX=0x, then W Iis

the unigue common fixed pointof f and (.

3. Main Results

Theorem 3.1. Let (X , d) bea b, metric space. Suppose mappings
f,9:X > X are onto and satisty

d(fx fy,a)>ad(gx fx,a)+Ad(gy, fy,a)+rd(gx, gy, a) (1)

for all X,y,ae X and x=y, where a,f€R,y>0. Suppose the following
hypotheses:

1) fX or gX iscomplete,

2) a+pf+y>2,

3) gX c fX.

Then f and ¢ have a coincidence point.

Proof. From 2), we get a+y >0 or [+y>0.Indeed, if we suppose
a+y<0 and f+y<0,wehave a+f+2y<0.Since y >0, we have
a+ f+y<0.Thatis a contradiction.

Let x,€ X, since gX c fX, we take x € X such that fx =gx,. Again,
we can take X, e X such that fx, =gx . Continuing in the same way, we
construct two sequences {X,} and {y,} in X suchthat y, =X, =0x, for
all neN.

If gx,,=0x, forsome meN,then fX,=0x,.Thus X, isa coincidence
pointof f and g.

Now, assume that x _, =X, forall neN.

Step 1: It is shown that limd (Y., Y., a)=0.

Suppose S+ >0, takenq; =X,4> Y=X,, into(1). wehave

d (yn1 yn+1’ a)Zad(yn, yn+l’ a)+(ﬂ+7/)d(yn+l’ yn+2’a) (2)
Then

(1+0!)d (yn’ yn+l’ a)z(ﬂ-i_}/)d(yml' yn+2’ a)’ for a" n EN (3)

Since f+y>0, (1-a)d(Y,, Vo1 a)20.1f 1- <0, then d(Y,, Y, a)=0.
If 1-a=0, then d(Y,,, Yy, 2)=0. Therefore {y,} is constant sequence
l-a
B+y

<1 and

when 1<« .Suppose 1-a>0,then 0<
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l-«o
d(yn+1* yn+2'a)gﬂ+}/d(yn'yn+l'a) (4)

Suppose a+y>0,take x=X_,,,y=X,,, into(1). We have

d(ywyn+1’a)2(a+7)d(yn+llyn+2’a)+ﬂd(yn1yn+1’a) (5)
Then

(1=8)d(Yy: Yo @)= (@ +7)d (Yo Yoior @), forallneN (6)

Similarly, since a+y >0, suppose 1- >0, then O<l_ﬂ <1 and

a+y
1—
d (yn+l’ yn+2' a)S a+€/ d (yni yn+l’ a‘) (7)
Let h=max{1_a,1_ﬁ},weknow 0<h<1, applying (4) and (7), we get
B+y a+y

d(Yoar Voepr @) <hd (Yy, Yoo @) < <h™d (g, y,,2),n=0,1,2,- (8)

then limd (Y., Y,.,.a)=0.

StepnzjoAs {d (Yo Yaos a)} is decreasing, if d (Y, Y, a)=0, then
d(Yy: Yp1,@)=0. Since part 2 of Definition 2.3, d(Y,, ¥, Y,)=0, we have
d (yn, Y yo):O forall neN.

Since d(Yp 1 Yo Y ) =0, we have

d(yn'yml’ ym)ZO (9)
forall n>m-1.For 0<n<m-1,wehave m—-1>n+1, and from(9) we have
d (Vs Yo Youa) = A (Yineas Yoo ¥ ) =0 (10)

It implies that
d(Yor Yars V)
<A (Yo Yoz Yis) +58 Yoz Yo Yina) 58 (Vs Yo Yins) (11)
=5d (Y, Yoar Yma)

Since d (Y, Ypu1s Yot ) =0, from the above inequality, we have

d (yn’ yn+1‘ ym) < Sm_n_ld (yn' yn+1’ yn+1) =0 (12)
forall 0<n<m-1.From (9) and (12), we have
d(yn'ymlv ym):O (13)

forall nmeN.Now, forall i, j,keN with i< j,wehave
A (Y0 Y3 %) =d (Y003 %) =0 (14)
From (14) and triangular inequality, Therefore
d(yi,yj,yk)Ss[d(yi,yj,yj,1)+d(yj,yk,yj,1)+d(yk,yi,yj,l)] (15)
=sd (Y, Y0 Vi) < <87 (¥ i i) =0

This proves that for all i, j,keN,
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d(yi:ijyk)zo (16)

Step 3: It is proved that the sequence {yn} is a b,-Cauchy sequence. Let
m,neN with m>n. We claim that, there exists n, € N, such that

d(y, Yma)<e (17)

forall m>nxn,, ae X . Thisis done by induction on m.
Let n>n, and m=n+1. Then we get

d (Yo Yo @) =0 (Y, Voo @) <d (Yo Vpn@) <& (18)

Then (17) holds for m=n+1.
Assume now that (17) holds for some m>n+1. We will show that (17) holds
for m+1.Take x=X,, Y=X,,
d( Yo Ymr@)=d(fx,, X1, 8)
>ad(gx,, fx,,a)+Ad (9%, X0, a)+rd(9x,, 9%, 8) (19)
2ad (Yo, Vo1 @)+ B (Yar Yo @) + 70 (Yoo Yinir: @)

Then
S[d (Vo1 Yor Y )+ 9 (Yo g Yo @)+ (Y Vi @) | 0
>ad (Yo, Yoy @)+ B (Vs Y @)+ 70 (Yo Vs @)
We get
74 (Yo Ymer @)
<S[d(Yorr Yoo Yo )+ 0 (Yoss Yo @) +d (Y, Yo @) | o
—ad (Y, Yo1:@) = A (Yas Vs @)
<2se—(a+p)e
Then
d(yn,ymwa)ﬁ258_(a+ﬂ)g=23_a_ﬂe<e (22)

Y v

Thus we have proved that (17) holds for m+1. From (17), we know {y,} is
a Cauchy sequence in (X , d) .

If fX iscomplete, there exists Ue fX and pe X such that
Y, =0x, = fx, »>u=1p.

If f+y>0,let x=x,,,, y=Pp into (1), We have

d(y, u,a)=ad(y,, Y., a)+Ad(gp,u,a)+yd(y,., 9p,a)
>ad (Y, Yo @)+ Bd(gp,u,a) (23)

tr y“+1’u'a)_d(yn+1luvgp):|

Therefore

/4
[ﬂ+gjd(u, gp,a)<d(y, u,a)+|a|d(V, Y. @) o

+yd (yn+1,u,a)+;/d(yn+1, u, gp)
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We take a natural number n, such that

ﬁ"'l /}+Z
d(yn,u,a)s Sg, |a|d(yn,yn+1’a)s Sg’
4 4
ﬁ-i-z ﬂ+1
d(yml'u'a)g 488’ d(ynﬂ’u!gp)S 458

for n>n,. Thus, we obtain d(u,gp, a)ﬁg.Therefore fp=u=gp.
If a+y>0,let X=p, y=X,,, into (1), We get

d(y, ua)=ad(gp,u,a)+Ad(Y,, Yo a)+7d (V.. 9p,a) (25)

Therefore

r
[a+ Sjd(u,gp,a)sd(yn,u,a)+|/}|d(yn, Y 20

+}/d(y”+1’u’a)+}/d(yn+l’ul gp)

We take a natural number n, such that

a+? a+?
d(yn’u'a)S 455’ |ﬂ|d(yn’yn+1!a')S 458’
a+? a+?
d (Yo U 8) S22 (Yo U D) S—=8

for n>n,. Thus, we obtain d(u,gp,a)<¢. Therefore fp=u=gp.

In short, no matter what the situation is, u is always the point of coincidence
of fand g, pis the coincidence point of fand g

If gX is complete, there exists UegX — fX and p,ge X, such that
Yy, =0X, > U=0q= fp. The rest proof is the same as that fX is complete.

Theorem 3.2. Let (X , d) be a b, metric space. Let f,9 be mappings
satistying X o gX and (1), for all a,feR,y>1. If1). X or gX is
complete, 2). a+f+y>2, 3). f and Q is weakly compatible. Then f
and ( have a common fixed point.

Proof. According to Theorem 3.1, there exists U, pe X such that
u= fp=gp. Suppose there also exists v,ze X such that v=fz=gz, choose
X=p, Y= into (1), we get

d(uv,a)=d(fp, fz,a)>yd(gp, gz,a)=yd(u,v,a) (27)

Therefore, there exists d (u, v, a) =0, then u=v. f and g have the
point of coincidence U . According to Proposition 2.8, U is the unique common
fixed pointof f and ¢.

Corollary 3.3. Let (X,d) bea complete b, metric space. Let f be surjective
mapping satistying d ( fx, fy, a) > ad (X, fX, a)+ﬁd (y, fy, a)+ yd (X, Y, a) , for
all x,y,ae X, x=Yy, where with a,feR, y>0 and a+f+y>2, then

f  has a fixed point, if y >0, then fhas a unique fixed point.
Proof. Follows from Theorem 3.1, by taking g =1, , identify map, then we get
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the result.

4. Conclusion

In this paper, a known existence theorems of common fixed points for two
mappings satisfying expansive conditions in b, metric space were generalized
and improved. Based on the research, a new method to discuss the existence
problems of common fixed points for mappings with this type expansive
condition was taken out. And the results show that the proposed method is

better than the former ones.
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