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Abstract 
This paper compares ad-valorem and specific taxation in models where a rep-
resentative consumer with an exogenous income has both a quality and a 
quantity choice under perfect competition. In the setting, while ad-valorem 
tax causes income effect only, specific tax causes both income effect and subs-
titution effect. Therefore, ad-valorem tax decreases consumer demand for 
both quality and quantity; on the other hand, specific tax decreases consumer 
demand for quantity. However, the sign of consumer demand for quality is 
ambiguous and is determined by the curvature of marginal utility on quantity. 
Additionally, using a constant elasticity of substitution (CES) utility function 
and a linear price function, we show that ad-valorem tax is superior to specific 
tax except for the Leontief preference under which the two forms of commod-
ity taxes generate the same tax revenue. The substitution effect caused by spe-
cific tax disappears if the elasticity of substitution converges to zero. 
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1. Introduction 

In the field of public finance, there are many studies that compare social welfare 
under ad-valorem and specific taxation. The seminal contribution of [1] 
examines the impact of two different tax structures on welfare keeping the same 
tax revenue under a monopoly market. The author shows that an ad-valorem tax 
is superior to a specific tax. Some works that approach the comparison under 
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imperfect competition support the conclusion (see [2]-[7]). 
However, these studies ignore the impact of the tax structure on the product 

quality selected by firms. If both forms of taxation affect the quality, wholly 
specific taxation can be optimal under perfect competition (see [8] [9] and [10]). 
To cover the cost of improving quality, the increment in tax revenue under 
specific tax is less than the increment under ad-valorem tax because of the 
“multiplier effect.” 

Our aim in this paper is to compare the two forms of commodity taxation in 
terms of welfare when the consumer has both a quantity and a quality choice 
under perfect competition. Contrary to the aforementioned literature, we 
assume that a representative consumer, not firms, determines product quality 
provided under a perfect competition market. In other words, a given 
good/service is available to the consumer at different quality levels. In the setting, 
there are two margins of choice for the consumer: quality choice and quantity 
choice. At the quality choice margin, the consumer chooses a degree of 
excellence of the good/service. At the quantity choice margin, the consumer 
determines the amount of the good/service given the quality. Imagine a situation 
in which the consumer can choose not only the number of hours that his parents 
are at the elderly care center but also the quality of the facility. Both quality and 
quantity affect utility. In particular, quality choice brings a positive impact on 
the unit price because it is quite natural that the higher quality he chooses, the 
more he pays the unit price. The basic structure of our model is close to the [11] 
model. The authors study optimal ad-valorem and specific taxation as well as 
nonlinear income taxation, but our setting and concern differ from [11]. The 
study investigates the two forms of commodity taxation under nonlinear labor 
income taxes when individuals have different productivity, and there is 
asymmetric information between the policymaker and taxpayers with respect to 
individuals’ productivity. Both consumption taxes play a crucial role in relaxing 
incentive constraints, thus, such taxes are necessary to implement the 
second-best allocation, which contradicts the canonical results provided by [12]. 
Contrary to their paper, we allow the government to levy taxes on such 
consumption only and assume homogeneous individuals. That is, there is no 
asymmetric information. Instead of studying the linkage between commodity 
taxes and relaxing incentive constraints on income taxes, we present the welfare 
comparison between an ad-valorem and a specific tax in the sense of taxpayer’s 
utility and the response in the change of each tax rate using the comparative 
statics analysis. Additionally, [13] is related to our paper and studies consumer 
behavior when the consumer can choose both quality and quantity; however, the 
cited paper does not study tax incidence. 

We find that specific taxation distorts the consumer’s choice between quantity 
and quality, whereas introducing ad-valorem taxation does not affect the choice. 
In other words, while the marginal rate of substitution between a quantity and a 
quality includes the tax rate under specific tax, the corresponding marginal rate 
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of substitution does not include the tax rate under an ad-valorem tax. The unit 
tax rate makes the consumer reluctant to purchase more, whereas he is willing to 
improve the quality to compensate for lost utility. Subsequently, assuming that a 
price function is linear and individual preference is expressed by the constant 
elasticity of the substitution (CES) utility function, we analytically show that an 
ad-valorem tax is superior to a specific tax in the presence of a substitution 
effect, if any. The difference in indirect utilities between ad-valorem tax and 
specific tax decreases as the elasticity of substitution decreases; the two forms of 
taxation are equivalent when consumers have Leontief preference. The findings 
imply that the substitution effect under a specific tax plays an important role in 
ad-valorem tax dominating a specific tax in terms of consumer welfare. 

The next section describes our abstract model with assumptions guaranteeing 
the existence of an optimal solution for a representative consumer. Section 3 
provides a comparative statics analysis under these two taxes. Using CES utility 
and linear price function, we study welfare comparison with numerical simulation 
as an example in Section 4. We show most of our complex calculations to derive 
our results in Appendices. Section 5 concludes. 

2. The Model 

In this model, there is a single representative consumer with initial wealth I. He 
consumes only one type of good and can choose both quantity and quality. Let 
y ++∈  be a quantity and θ ++∈  be a quality. The price for unit 

consumption is determined by quality via a strictly increasing and differentiable 
function ( )p θ . The consumer derives utility from quantity and quality, which 
is defined by ( ),v y θ . To guarantee an interior solution with respect to each 
input, we assume that v is twice differentiable, strictly increasing, and strictly 
concave in ( ),y θ . 

The government can put tax on either the unit price ( )p θ  or the quantity y. 
If the consumer adopts an ad-valorem tax at , the budget constraint must be:  

( ) ( )1 ,at p y Iθ+ ≤
                       

(1) 

while if the consumer chooses a specific tax st , the budget constraint must 
become  

( )( ) .sp t y Iθ + ≤
                       

(2) 

The taxpayers maximize their own utility with respect to quantity y and 
quality θ  given the budget constraint. From the first order conditions, we can 
derive the following ad-valorem and specific tax wedge:  

( )
( )

( )
( )
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where kv  denotes the derivative of v with respect to ,k y θ= , the subscript a 
the choice of an ad-valorem tax, and s is the choice of a specific tax. Given initial 
wealth I, tax rate t, and tax scheme ,i s a= , their quantity choice function, 
quality choice function, and indirect utility function are defined as follows: 

( ),iy t I , ( ),it Iθ , and ( ),iV t I . 
When the government employs an ad-valorem tax, the budget constraint 

faced by the consumer is:  

( )a a at p y Rθ ≥
                        

(5) 

where R is an exogenous amount of public expenditure. On the other hand, if 
the consumer imposes a specific tax, the budget constraint is:  

s st y R≥                            (6) 

3. Comparative Statics of ( ),y θ  on Tax Rate t under 
Ad-Valorem Tax and Specific Tax 

How do an ad-valorem tax and a specific tax affect the consumer’s demand for 
quantity y and quality θ ? In this chapter, we study the sensitivity of their 
choice ( ),y θ  in response to each tax rate increase. 

Let K  and M  be the determinants of a border Hessian matrix on the 
optimization problem under ad-valorem tax and specific tax. By the comparative 
statics of y and θ  under ad-valorem tax, these derivatives are:  

( ) ( )1 1y v
ya a

v v p
Kt

θθ θθ
ρ ε

γ
∂

= − −
∂                   

(7) 

( ) ( ) ( )
( )

1 1 v
y ya a

v p y pv vy v
K y v pt

θθ θ θθ

θ

θ θ
ε

θγ

  ′′ ∂  = − + −   ′∂              
(8) 

where aγ  is the Lagrangian multiplier under ad-valorem tax, yy

y

v y
v

ρ ≡ −  is 

the curvature of marginal utility on quantity y, yvθ  is the cross-derivative of v, 

and yv
y

v
y

v
θ θ

θ

ε ≡  is the demand elasticity of vθ . We would guarantee the  

second-order condition for this utility maximization under ad-valorem tax. Thus, 
we impose the following assumptions: 1v

y
θε ≥  and ( ) 0p θ′′ ≥  (see Appendix 

A). 
From Equation (7) and Equation (8), both demands for quality θ  and 

quantity y decrease as ad-valorem tax increases; that is, ( ), 0a a
a t I

t
θ∂

<
∂

 and 

( ), 0a a
a

y t I
t
∂

<
∂

 if the second-order condition is satisfied. The intuition is that as 

the ad-valorem tax increases, the consumer’s disposable income decreases by 

1

a

a

t
t+

 percent. On the other hand, the marginal rate of substitution between  

quantity and quality is the same as that without imposing the tax. Hence, 
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decreasing disposable income decreases the consumer’s demands for both 
quantity and quality due to the income effect. 

On the other hand, the comparative statics results under specific tax are:  

( )1 2y v
ys s

v v
Mt

θθθ
ρ ε

γ
∂

= − −
∂                    

(9) 

( )
( )

1 y y
s s s

v v y v v y pvy
M v pt

θ θ θ θθ

θ

θ
θγ γ

  ′′ ∂
= − + −    ′∂                

(10) 

where sγ  is the Lagrangian multiplier under specific tax. Similar to the 
ad-valorem tax case, it is assumed that 1v

y
θε ≥  and ( ) 0p θ′′ ≥  so that the 

second-order condition holds (see Appendix A). 

From Equation (9) and Equation (10), while ( ),s s
s

y t I
t
∂
∂

 is negative, the sign 

of ( ),s s
s t I

t
θ∂
∂

 is ambiguous. Put differently, employing a specific tax induces  

the consumer to reduce his demand for quantity but perhaps to select better 
quality as opposed to that of the ad-valorem tax case. This is because the income 
effect and the substitution effect occur as shown in Equation (4). From Equation 
(9), whether the quality is improved depends on ρ , which indicates the extent 
to which the consumer wants to maintain the quantity. If ρ  is larger (smaller)  

than 1, the bracket in Equation (9) may be negative (positive), so ( ),s s
s t I

t
θ∂
∂

 is 

negative (positive). 
The intuition is that when the elasticity of the consumer’s marginal utility on 

quantity is greater than 1, the consumer is not willing to decrease quantity and 
debases the quality to cover his expenditure. In contrast, if ρ  is sufficiently 
small, the consumer does not hesitate to decrease the quantity, whereas the 
consumer upgrades the quality to compensate for the utility loss caused by the 
decrease in quantity. Thus, whether the income effect dominates the substitution 
effect depends on ρ . 

We summarize the above arguments in the following proposition.  
Proposition 1. Assume that each sufficient condition for the representative 

consumer’s optimization problem is satisfied. Then,  

a) Under an ad-valorem tax, both ( ),a a
a t I

t
θ∂

∂
 and ( ),a a

a

y t I
t
∂
∂

 are negative, 

that is, both demand for quality θ  and quantity y decrease in response to the 
tax increase.  

b) Under specific tax, ( ),s s
s

y t I
t
∂
∂

 is negative, which means that the demand 

decreases when the tax rate increases while the sign of ( ),s s
s t I

t
θ∂
∂

 is 

determined by ρ . Particularly, the consumer’s demand for quality decreases if 
1ρ > .  

Here, we present a special case in which the second-order condition is 
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satisfied, and the following example is also used in the next section. We assume 
that the price function is linear ( )p aθ θ=  where 0a >  and individuals’ 
preference is the constant elasticity of the substitution (CES) utility function  

expressed by ( ) ( )
1

,v y y σ σ σθ α βθ
−− −= + , where 0α > , 0β > , 1α β+ = , and 

σ  are measures of complementarity assuming that 1σ ≥ . 
1

1 σ+
 is the 

elasticity of substitution. It is obvious that ( ) 0p θ′′ ≥  is satisfied. Additionally, 

if 1σ ≥ , 1v
y
θε ≥  under both ad-valorem tax and specific tax. Therefore, the 

results of proposition 1 hold in the environment. Moreover, we demonstrate that 
consumers retain quality or select lower quality under specific tax, that is, 

0st
θ∂
≤

∂
. The proofs are given in Appendix B, and the results are summarized in 

the next corollary.  
Corollary 1. Suppose that a representative consumer has CES utility function 

( ) ( )
1

,v y y σ σ σθ α βθ
−− −= + , where 0α > , 0β > , 1α β+ = , and faces a linear  

price function ( )p aθ θ= . Under both ad-valorem tax and specific tax, the 
consumer demands for both quality and quantity decrease in response to the tax 
rate increase.  

4. Welfare Comparison 

This section examines whether the government should adopt an ad-valorem or a 
specific tax under the same tax revenue. For the remainder of the manuscript, we 
use the following environment that was used in the previous special case: the 
price function is ( )p aθ θ=  where 0a > , and the individual’s preference is  

the CES utility function given by ( ) ( )
1

,v y y σ σ σθ α βθ
−− −= +  where 0α > , 

0β > , 1α β+ =  and 1σ ≥ . As mentioned in section 3, the assumptions on 
the price function and the utility function ensure the second-order conditions 

for the maximization problem. Additionally, the elasticity of substitution 
1

1 σ+
 

is between 0 and 1
2

. σ  is a component of the elasticity of substitution and can 

be interpreted as the degree of complementarity. In the setting, we can state the 
following.  

Proposition 2. Assume that the price function is linear and the individual’s 
preference is the CES utility function, that is, ( )p aθ θ=  where 0a >  and  

( ) ( )
1

,v y y σ σ σθ α βθ
−− −= +  where 0α > , 0β > , 1α β+ = , and 1σ ≥ . If the 

tax revenue remains the same under ad-valorem and specific tax,  
a) ad-valorem tax is superior to specific tax in terms of the consumer’s welfare 

except for the elasticity of substitution 
1 0

1 σ
=

+
;  

b) the difference in welfare, that is, ( ) ( ), ,a a s sv y v yθ θ−  decreases as σ  
increases, or the elasticity of substitution decreases;  
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c) ad-valorem tax and specific tax are indifferent in terms of the welfare when 
σ = ∞ , that is, the utility function is a Leontief preference ( ) { }, min ,v y yθ θ= .  

This is shown in Appendix C. The result is intuitive. As shown by Equation 
(3) and Equation (4), the marginal rate of substitution between quantity and 
quality includes the tax rate under specific tax; the corresponding marginal rate 
of substitution does not include the tax rate under an ad-valorem tax. In other 
words, the income effect only changes consumption choice under an ad-valorem 
tax (Figure 1), whereas the substitution effect as well as the income effect distort 
consumption choice under specific tax (Figure 2). This implies that if a 
substitution effect exists, specific taxation generates welfare losses since it 
distorts the individual’s behavior relative to the case without any tax policy. 
Therefore, an ad-valorem tax is superior to a specific tax. The findings that an 
ad-valorem tax is superior to a specific tax does not depend on the specification 
of the utility function and the price function and the assumption that the 
government can impose either an ad-valorem or a specific tax. Indeed, we show 
the statement without specifying these functions when the government can 
employ both an ad-valorem and a specific tax simultaneously (see Appendix D).  

Additionally, the increase in σ  implies that the substitution effect becomes 
smaller. In other words, welfare losses caused by specific tax diminishes. 
Consequently, the welfare difference decreases and, particularly, when the utility  

 

 
Source: Complied by the authors. 

Figure 1. The effect of ad-valorem tax on a consumer’s choice. 
 

 
Source: Complied by the authors. 

Figure 2. The effect of specific tax on a consumer’s choice. 
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Source: Complied by the authors. 

Figure 3. Simulations of ( ) ( ), ,a a s sv y v yθ θ−  with respect to σ .  

 
function is Leontief preference, it is possible for the policymaker to achieve the 
same utility level via a specific tax as an ad-valorem tax. This is because there is 
no substitution effect under Leontief preference, which leads to the assumption 
that the consumption decision toward changing the tax rate is affected only by 
the income effect regardless of an ad-valorem tax and a specific tax. Our 
conclusion is illustrated in Figure 3 for 1R = , 6I = , 1a = , 0.5α β= =  and 

[ )1,σ ∈ ∞ . 
Although Figure 1 and Figure 2 provide an illustrative explanation, these 

budget lines are not correct because the consumer’s budget set is partially 
determined by a linear price function; therefore, each budget line should not be 
straight. However, it is sufficient to explain the mechanism of our result if the 
curvature of the budget line is smaller than that of the consumer’s utility 
indifference curve, which is the condition to maximize utilities. 

5. Concluding Remarks 

This paper compares ad-valorem tax and specific tax from the perspective of a 
representative consumer’s welfare when the consumer has both a quantity and a 
quality choice. Contrary to most papers investigating such a comparison of 
social welfare under imperfect competition, we allow for quality choice as well as 
a competitive environment. Using a linear price function for quality and CES 
utility function, we identify that the substitution effect distorts the consumer’s 
optimal choice under specific tax, which leads to the consequence that 
ad-valorem tax dominates the consumer’s choice in the sense of the consumer’s 
utility. On the other hand, since the substitution effect vanishes under Leontief 
preferences, the two forms of tax are equivalent. Our main result is different 
from that of previous studies, which show that specific tax can be superior to 
ad-valorem tax for social welfare under quality choice by production sector, as in 
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[8] [9] and [10]. These papers argue that the “multiplier effect” imposes excess 
burden on improving product quality. Therefore, specific tax can be superior to 
ad-valorem tax under firms’ quality choices, but the representative consumer in 
our model can choose quality, so ad-valorem tax is like a lump-sum tax on initial 
wealth. Thus, only income effect distorts the consumer’s decision. Roughly 
speaking, this explains why ad-valorem tax is superior to specific tax in our 
model unless the elasticity of substitution equals 0. 

Although our model is simple in the sense that consumers focus on one 
taxable good, as the first step, we have priority over unveiling the interaction 
between preference and two tax schemes. Additionally, the result can be applied 
to a case in which the consumer faces liquidity constraints. For instance, in a 
housing choice, the consumer selects the location and scale, and the government 
often collects taxes from such consumption. Our result suggests that the 
government should levy taxes on the unit land price if consumers have 
substitution between location and scale. Consequently, this study has 
implications for the understanding of the effect of two forms of commodity tax 
on consumer’s quality choice. 

The unsolved question in our paper is whether an ad-valorem tax is superior 
to a specific tax for many taxable goods. In this situation, the government faces 
an additional problem, which is the choice between a uniform or differentiated 
commodity tax from the standpoint of efficiency. If the government employs a 
uniform tax on all goods, we conjecture that our main conclusion holds because 
an ad-valorem tax still acts as a lump-sum tax while a specific tax distorts the 
consumer’s choice between the quality and quantity of taxable goods. However, 
if the government employs differentiated indirect taxes, an ad-valorem tax 
distorts the consumer’s choice compared to the model under one taxable good, 
which means that wholly ad-valorem tax may not be optimal. [14] is an 
important study that solves the question since the paper shows that a uniform 
tax is desirable under an exogenous income. If the findings hold even under the 
situation in which consumers can choose quantity and quality, wholly 
ad-valorem tax would be desirable even under many taxable goods if income is 
given as it is in our setting. Moreover, to clarify whether the desirability of an 
ad-valorem tax crucially depends on the assumption of an exogenous income, 
we will extend the model by allowing consumers to choose the amount of labor 
supply. This theme is left for future research.  
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Appendix A: Comparative Statics under Varying Tax Rates 

Under the ad-valorem tax, individuals problem is formulated as follows.  

( )

( ) ( )
,

max ,

. . 1 .
y

a

v y

s t t p y I
θ

θ

θ+ ≤
 

The corresponding Lagrangian is:  

( ) ( ) ( ), 1a av y I t p yθ γ θ = + − +   

The first-order conditions are given by:  

( ) ( )1 0a a
yv t p

y
γ θ

∂
= − + =

∂


 

( ) ( )1 0a av t p yθ γ θ
θ
∂ ′= − + =
∂


 

( ) ( )1 0a
a I t p yθ

γ
∂

= − + =
∂


 

The bordered Hessian matrix for this problem is as follows.  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1

1 1 1

1 1 0

a a a
yy y

a a a a a
y

a a

v t p v t p

K t p v v t p y t p y

t p t p y

θ

θ θθ

γ θ θ

γ θ γ θ θ

θ θ

 ′− + + − +
 
 ′ ′′ ′= − + + − + − +
 
 ′− + − + 

 

Its determinant K  is:  

( )
( )

( ) ( )
( )

2 2 2

22 1y yv
y yya aa

v v v pv vK v v
v py

θθ θθ θ
θ

θ

θ
ε

θγ γγ

  ′′      = − − − +    ′        
 

Here, we assume that 1v
y
θε ≥  and ( ) 0p θ′′ ≥  for utility maximization, that 

is, K  is positive. Therefore, it ensures the existence of the inverse matrix 1K −  
and then Cramer’s rule is available. Then, the derivative of θ  with respect to 

at  is:  

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
( ) ( )

1
1 1 1

1 0

1 1

a a
yy

a a a a
ya

a

y v
ya

v p t p

t p v p y t p y
Kt

t p p y

v v p
K

θ

θ

θ

γ θ θ
θ

γ θ γ θ θ

θ θ

θ
ρ ε

γ

− +
∂ ′ ′ ′= − + + − +
∂

− +

= − −

 

Also, the derivative of y can be found as follows:  

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )
( )

1 1
1 1 1

1 0

1 1

a a a a
y

a a a a
a

a

v
y ya

p t p v t p
y p y v t p y t p y

Kt
p y t p y

v p y pv vv
K y v p

θ

θ

θθ

θ θ θθ

θ

γ θ γ θ θ

γ θ γ θ θ

θ θ

θ θ
ε

θγ

′− + + − +
∂ ′ ′′ ′= − + − +
∂

′− +

  ′′  = − + −   ′   
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On the other hand, individuals’ problem under the specific tax is:  

( )

( )( )
,

max ,

. . .
y

s

v y

s t p t y I
θ

θ

θ + ≤
 

The corresponding Lagrangian is:  

( ) ( )( ), s sv y I p t yθ γ θ = + − +   

The first-order conditions are given by:  

( )( ) 0s s
yv p t

y
γ θ

∂
= − + =

∂


 

( ) 0sv p yθ γ θ
θ
∂ ′= − =
∂


 

( )( ) 0sI p t yθ
γ
∂

= − + =
∂
  

The bordered Hessian matrix for this problem is:  

( ) ( )( )
( ) ( ) ( )
( )( ) ( ) 0

s s
yy y

s s
y

s

v p v p t

M p v v p y p y

p t p y

θ

θ θθ

γ θ θ

γ θ γ θ θ

θ θ

 ′− + − +
 

′ ′′ ′ = − + − −
 

′− + −  

 

Its determinant M  is:  

( )
( )

( ) ( )
( )

2 2 2

22 1y yv
y yys ss

v v v pv vM v v
v py

θθ θθ θ
θ

θ

θ
ε

θγ γγ

  ′′      = − − − +    ′        
 

Again, we assume that 1v
y
θε ≥  and ( ) 0p θ′′ ≥  for utility maximization, that 

is, M  is positive. Using Cramer’s rule 

( )( )
( ) ( )
( )( )

( )

1 0

0

1= 2

s s
yy

s
ys

s

y v
ys

v p t

p v p y
Mt

p t y

v v
M

θ

θ

θ

γ θ
θ

γ θ θ

θ

ρ ε
γ

− +
∂ ′ ′= − + −
∂

− +

− −

 

Similarly, we observe the derivative of y on st  as follows. 

( ) ( )( )
( ) ( )

( )

( )
( )

1 0
0

1

s s s
y

s
s

y y
s s

p v p t
y v p y p y

Mt
y p y

v v y v v y pv
M v p

θ

θθ

θ θ θ θθ

θ

γ γ θ θ

γ θ θ
θ

θ
θγ γ

′− + − +
∂ ′′ ′= − −
∂

′−

 ′′ 
= − + −    ′  


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Appendix B: A Sufficient Condition for the Maximization 
Problem 

Assume ( )p aθ θ=  and ( ) ( )
1

,v y y σ σ σθ α βθ
−− −= + , where 0a > , 0α > , 

0β > , 1α β+ = , and 1σ ≥ . In this case, v
y
θε  is given by:  

( )( ) 1
1v

y y yθ σ σ σε α σ α βθ
−− − −= + +

               
(B.1) 

Before examining the second-order conditions under ad-valorem tax and 
specific tax, we suggest the first-order conditions in the setting from Equation 
(3) and Equation (4): 

y σ σα βθ− −=                        (B.2) 

1

s

ay
a t

σ
σ α θ

β θ

+

=
+                        

(B.3) 

Equation (B.2) is the first-order condition under ad-valorem tax and Equation 
(B.3) is one under specific tax. 

We now turn to the analysis of the second-order conditions. First, we derive a 
sufficient condition under an ad-valorem tax. Substituting Equation (B.2) into 
Equation (B.1) yields: 

( )1 1
2

v
y
θε σ= +

                       
(B.4) 

Therefore, if 1σ ≥ , 1v
y
θε ≥ . On the other hand, substituting Equation (B.3) 

into Equation (B.1), v
y
θε  under specific tax can be rewritten as follows:  

( )1
2

s
v
y s

a t
a t

θ
θ

ε σ
θ
+

= +
+                      

(B.5) 

This means that if s

a
a t

θ
σ

θ
≥

+
, 1v

y
θε ≥ . Note that 1s

a
a t

θ
θ

<
+

 under 0R > . 

To sum up, 1σ ≥  is a sufficient condition to yield a locally maximum 
solution under both ad-valorem and specific tax. 

Next, we compute ρ  under the setting. By the definition and Equation (B.1), 
it can be rewritten as follows: 

( ) ( ) 1
1 1 1 v

yy y θσ σ σρ σ α α βθ ε σ
−− − − = − + + − = − +          

(B.6) 

Substituting Equation (B.6) into Equation (9), it yields:  

( )1 1y
s s

v v
Mt

θθ
σ

γ
∂

= −
∂                     

(B.7) 

As a result, the sign of st
θ∂
∂

 is determined by σ . If σ  is lower than 1, it is 

positive since the substitutability is high. However, σ  is equal to or greater 
than 1 for utility maximization, which means that the complementarity is high. 

Therefore, st
θ∂
∂

 is non-positive under 1σ ≥ .                           
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Appendix C: The Welfare Comparison 

Assume that the price function is linear and individual’s preference is the CES 
utility function. First, we compute the optimal indirect utility function under 
ad-valorem tax. Substituting Equation (B.2) into Equation (1) yields:  

( )

1

1
a

a

Iy
t a

σα
β

 
=  

+  
                    

(C.1) 

In addition, using Equation (B.2) and Equation (C.1), Equation (5) is 
rewritten as follows:  

a Rt
I R

=
−                          

(C.2) 

Combining Equation (C.1) and Equation (C.2) yields:  
1

a I Ry
a

σα
β

 −
=  

                       
(C.3) 

Thus, we can derive the optimal indirect utility function, using Equation (B.2) 
and then substituting Equation (C.3) into the CES utility function as follows:  

( ) ( ) ( )

( )

1 1

1
2

1 11
22

, 2

1
2

a a av y y y

I
RR

a

σ σ σ σ

σ σ

θ α βθ α

αβ

− −− −

− −

= + =

 − 
=  

  
              

(C.4) 

Here, we assume that 1I
R
>  to avoid his bankruptcy. Next, we compute the 

optimal indirect utility function under specific tax. From Equation (6), we can 
get  

s
s

Ry
t

=
                          

(C.5) 

Substituting Equation (C.5) into Equation (2) yields:  

1s

s

It
R
a

θ

 − 
 =

                       
(C.6) 

Moreover, substituting Equation (C.6) into Equation (B.3) and using Equation 
(C.5) yields:  

1
1 2

1
12
2

1
s

I
Ry RIa

R

σ σ

σ

σ

α
β

+  −      =       
                  

(C.7) 

On the other hand, substituting Equation (C.5) into Equation (C.6) yields:  

s
s

I R
ay

θ
−

=
                        

(C.8) 
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Substituting Equation (C.7) into Equation (C.8) yields:  
1

1 2
1

12
2

11
s

II
RR RIa a

R

σ σ

σ

σ

α
θ

β

−
+

−
  − −      =     
 
                

(C.9) 

Thus, we can derive the optimal indirect utility function, substituting 
Equation (C.7) and Equation (C.9) into the CES utility function as follows:  

( ) ( )

1
2 1 1

111 2
222

1
, 2s s

I
I RRv y R a

a R I

σ
σ

σ σ
σσθ αβ

+

− −

−

 −     = −     
     

       

(C.10) 

Now, we compare the utility level under ad-valorem tax with one under 
specific tax. Using Equation (C.4) and Equation (C.10), the difference is  

( ) ( )

( )

( )

1 1
2 2 1 1

1 111 2
222

1
1 2
2 1

11
22

2

, ,

1 1
2 2

1 11
2

2

a a s sv y v y

I I
I RR RR a

a a R I

I I
R RR

a I R
R I

σ
σ

σ σ
σ σσ

σ

σ
σ

θ θ

αβ

αβ

+

−
−

−−

−

−

 
    − −        = − −                   
     

 
     − −       = −            −        

( )

1
1 2
2 1

11 2
22

2

1 11
4

2

I I
R RR

a I R
R I

σ

σ
σαβ −




 
     − −       = −            −            

 
(C.11) 

Note that the second term in the bracket is smaller than 
1

21
4

σ 
 
 

. To show the 

fact, we define If
R

 
 
 

 as follows: 

2

2 4 1 4I I R I Rf
R R I R I

     ≡ − − − =     
                  

(C.12) 

Therefore, If
R

 
 
 

 is positive. This implies that  

1
2

1
2

2

11
4

2

I
R

I R
R I

σ

σ

 
 −   >       −                       

(C.13) 
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Therefore, ( ) ( ), ,a a s sv y v yθ θ−  is positive except for σ = ∞ . Moreover, 

( ) ( ), ,a a s sv y v yθ θ−  is close to zero as σ  goes to ∞  from Equation (C.11). 

In addition, 1 1
αβ

>  implies that ( )
1

2σαβ −  is decreasing in σ . With the 

bracket decreasing in σ , we can state that ( ) ( ), ,a a s sv y v yθ θ−  is decreasing 

in σ .                                                            

Appendix D: General Case under Both Ad-Valorem and 
Specific Taxes 

Under both ad-valorem and specific taxes, individuals problem is formulated as 
follows. 

( )

( ) ( )
,

max ,

. . 1 .

y

a s

v v y

s t t p t y I

θ
θ

θ

=

 + + ≤ 
 

The first-order conditions are given by:  

( ) ( )1 0a s
yv t p t

y
γ θ

∂  = − + + = ∂


 

( ) ( )1 0av t p yθ γ θ
θ
∂ ′= − + =
∂


 

( ) ( )1 0a sI t p t yθ
γ
∂  = − + + = ∂
  

The bordered Hessian matrix for this problem is:  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1 1

1 1 1

1 1 ( ) 0

a a s
yy y

a a a
y

a s a

v t p v t p t

Q t p v v t p y t p y

t p t t p y

θ

θ θθ

γ θ θ

γ θ γ θ θ

θ θ

  ′− + + − + +  
 ′ ′′ ′= − + + − + − + 
   ′− + + − +   

 

Its determinant Q  is:  

( )
( )

( ) ( )
( )

2 2 2

22 1y yv
y yy

v v v pv vQ v v
v py

θθ θθ θ
θ

θ

θ
ε

γ θ γγ

  ′′      = − − − +    ′        
 

Here, we assume that 1v
y
θε ≥  and ( ) 0p θ′′ ≥  to ensure the maximization 

problem. Therefore, since inverse matrix of Q exists, we can apply Cramer’s rule 
and then obtain following results.  

( ) ( ) ( ) ( )
21 1 a s

a s p p y t p t
Qt t

θ θ
θ γ θ θ

∂ ∂ −  ′− = + + ∂ ∂          
(D.1) 

( ) ( ) ( )( ) ( ) ( )21 1 1a a s
s s

y y p t p y t p t
Qt t

θ γ θ θ
∂ ∂  ′− = + + + ∂ ∂      

(D.2) 

The objective of the government is to maximize the indirect utility 

( ) ( ) ( )( )* *, , , ,s a s a s aV V t t u t t y y t tθ θ≡ ≡ ≡ ≡  subject to the government’s 
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budget constraint ( )* * *a st p y t y Rθ + =  by choosing at  and st . The first 
order conditions are  

( ) ( ) ( ) 0a a s
a a a a

V y yp y t p y t p t
t t t t

θ
λ θ θ θ

∂ ∂ ∂ ∂ ′+ + + + = ∂ ∂ ∂ ∂        
(D.3) 

( ) ( ) 0a a s
s s s s

V y yy t p y t p t
t t t t

θ
λ θ θ

∂ ∂ ∂ ∂ ′+ + + + = ∂ ∂ ∂ ∂          
(D.4) 

Using the Roy’s identity, Equation (D.3) and Equation (D.4) can be rewritten 
as  

( ) ( ) ( ) ( ) 0a a s
a a a

y yp y t p y t p t
t t t
θ

λ α θ λ θ θ
∂ ∂ ∂ ′− + + + = ∂ ∂ ∂       

(D.5) 

( ) ( ) ( ) 0a a s
s s s

y yy t p y t p t
t t t
θ

λ α λ θ θ
∂ ∂ ∂ ′− + + + = ∂ ∂ ∂         

(D.6) 

where 
V
I

α
∂

≡
∂

. Combining Equation (D.5) and Equation (D.6), we can get  

( )
( )

( ) ( )

( ) ( )

( ) ( )
( ) ( )

*
* *

* *
* *

1

1

a as s

a s a s

a s

y yp pt p t pt t
t p t t p tp y p

t t

θ θθ θ

θ θθ θθ θ

∂ ∂ − −  +∂ ∂ = =
∂ ∂ + + +′ − ∂ ∂      

(D.7) 

The second equality is derived by substituting Equation (D.1) and Equation 

(D.2). Note that the equality is satisfied only when st  is zero. This is because 

( ) ( )
( ) ( )

*

*

1

1

a

a s

t p

t p t

θ

θ

+

+ +
 is greater than 

( )
( )

*

*

a

a s

t p

t p t

θ

θ +
 if st  is positive. Therefore, 

wholly ad-valorem taxation is optimal.                                 
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