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Abstract

Applications of the generalization of Mazur-Orlicz theorem to concrete spaces
are proved. Suitable moment problems are solved, as applications of extension
theorems of linear operators with a convex and a concave constraint. In par-
ticular, a relationship between Mazur-Orlicz theorem and Markov moment
problem is partially illustrated. In the end of this work, an application to the
multidimensional Markov moment problem of an earlier extension result on a
distanced subspace with respect to a bounded convex set is proved. Contrary
to preceding results based on this theorem, now the solution is defined on a
space of continuous functions vanishing at the origin. Most of the solutions
are operator valued, respectively function valued.
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1. Introduction

Using Hahn-Banach results and Mazur-Orlicz theorem in various applications
(the moment problem, flows in infinite networks, transport problems, economic
problems) is a useful technique (see [1] [2] and the references therein). In [3] [4]
[5] [6] [7], more results on Mazur-Orlicz theorem and the moment problem
have been stated or (and) proved. The present work can be regarded as a con-
tinuation of the study from the latter works. Most of these results are based on

extension theorems for linear operators, with two constraints (one of which is
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convex; the other one is concave). In the first part of this work, applications of a
variant of Mazur-Orlicz theorem to concrete spaces are studied. In the second
part, we solve appropriate moment problems. In most of the cases, the tar-
get-space of the solution is a space of self-adjoint operators or a function space.
These are interpolation problems, with two constraints. The lower constraint is
sometimes the positivity of the solution. The classical moment problem is an in-
terpolation problem, involving the positivity of the linear functional (or opera-
tor) solution. In the case of a Markov moment problem, an “upper domination”
condition appears additionally. The latter constraint controls the norm of the
solution. In Mazur-Orlicz problems, the interpolation conditions are replaced by
inequalities. Both these problems are Hahn-Banach type results (see [8] [9]
[10]). The main results of the second part (section 3) of this work are Theorems
3.3, 3.5. The relationship between the Mazur-Orlicz and the corresponding mo-
ment problem is illustrated by means of Theorems 2.2, 3.2 of the present work.
In time, different connections of the moment problem with several other fields
have been pointed out. For example, in [11], one makes the connection to ele-
ments of fixed point theory. For the construction of a solution starting from its
moments, see [6]. The same paper [6] contains connections between Markov
moment problem and extreme points (Krein-Milman theorem). In solving mo-
ment problem, three aspects are studied: the existence, the uniqueness and the
construction of the solution. Most of the results appearing in the present work
refer to the existence of the solution. The interested reader may find results on
the uniqueness of the solution in [12] [13]. The background of this work is par-
tially based on some chapters from [14] [15] [16]. The rest of the paper is orga-
nized as follows. Section 2 contains two applications of Mazur-Orlicz theorem.
In Section 3, some Markov moment problems involving concrete spaces are
solved. One of these results (Theorem 3.2) is somehow related to the corres-
ponding similar (last) statement of Section 2 (Theorem 2.2). Another theorem
refers to a general extension result involving a vector subspace which is dis-
tanced with respect to a convex bounded set. The existence of a multiplicative

solution on a space of continuous functions vanishing at the origin is deduced.

2. Applications of Mazur-Orlicz Theorem

We start this section by recalling the following variant of the Mazur-Orlicz
Theorem [10]. This is a consequence of a Hahn-Banach type result.

Theorem 2.1. (Theorem 5 [10]). Let X be a preordered linear space, Y an
order-complete vector lattice, {x sied } cX, { yijed } cY given finite or
Infinite families of elements. Let P: X —Y be a sublinear operator.

The following statements are equivalent

1) there exists a linear operator F € L(X,Y) such that
F(x,)2y;,VjeJ,F(x)20vxe X,,F(x)<P(x)vxe X (2.1)

2) for any finite subset J, cJ and any {/11.;] € JO} C R, , we have
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D Ax,<x= ) Ay <P(x) (2.2)

Jjedy jedy

The next result of this Section uses the order relation given by the coefficients
in spaces of analytic functions. On the other hand, let / be a complex Hilbert
U,eA(H) aselfadjoint operator from H into H .One defines

Y,={UeA(H);UU,=UU},Y ={UeY,;UV =VU VV eY,},

Y, ={Ueri(U(h).h)>0VheH) (2.3)

Obviously, Y defined by (2.3) is a commutative algebra of selfadjoint
operators. Moreover, Y 1is a vector lattice, being complete with respect to the

order relation (cf. [14]), and the operatorial norm on Y is solid:

ulsiri=|U|<|V|,U,V eY (2.4)
l<lrl=]vl<]

The next result is an application of Theorem 2.1 to the space X of all abso-
lutely convergent power series in the disc |z| <r, continuous up to the boun-
dary, with real coefficients. The order relation is given by the coefficients: we

write

DA< " (4,<y,, VneN) (2.5)

neN neN

Denote ¢, (Z)=Z",neN,|Z|§r. Let Y be the space defined by (2.3),
(Bn)neN asequencein Y ,and U €Y such that ||U||<r.

Proposition 2.1. Consider the following statements
1) there exists a linear positive bounded operator F € L, (X Y ) , such that
F(p,)2 B, neN,|F(y)|<|y|,r(r1-U)" . Vyex (2.6)
r
|7l ol
2) the following relations hold
0<B,<U", neN 2.7)
3) the following inequalities hold
B, <r"™(rI-U)", neN (2.8)

Then2) = 1) = 3).
Proof.2) = 1). One applies theorem 2.1, 2) implies 1), to x; =¢;, jeN . If

D A0, <y=Y a9, cR, (2.9)

jedy neN
then the hypothesis, Cauchy inequalities and the above relation yield:
0<AB,<AU <|a|U, jeN

=Y 48,5 |o|v < EJZV”W—“’ ” (2.10)

n
Jjedy jeJy r

o (1-2) =r1-0) Wl = P)=P()

DOI: 10.4236/0alib.1103950

3 Open Access Library Journal


https://doi.org/10.4236/oalib.1103950

0. Olteanu, J. M. Mihaila

Hence, the implication of 2), Theorem 2.1 is accomplished and an application
of the latter theorem leads to the existence of a linear positive operator Fapply-

ing Xinto Y, with the properties stated at point 1):

Fp,)z F(p)|<r(ri-U)"|o|,.pex (2.11)

n’

Since the norm on Yis solid, we infer that
[ (@) <[ -v/r)"| el 0 x (2.12)
In particular, the following evaluation for the norm of Fholds

Z; ;} | - ||U|| (2.13)

E

On the other hand, 1) = 3) is almost obvious, because of:
B,=F(p,)<|p.|, r(r1-U)" =" (r1-U)" (2.14)

and ¢, X, forall neN.The conclusion follows. o

Theorem 2.2.Let X = le (M ), v20 and ((on )HGN a sequence of positive
functions in X , such that J. 9, dv=1,YneN. Let Y=L, (Q), #20,(y,)
a sequence of positive functiolls in Y . Then sup,_y (||y n ||) =b<o ifand only if
there is a linear positive operator F € L (X Y ) such that

F(p,)zy |F(1//)|Sb~(“y/|dv]~;(g,‘w//eX (2.15)

Proof. For the “only if” part, let J, c N be a finite subset, {/1,.} L CR, be
Jjedy
such that Z A @, <y in X . Hypothesis on the functions ¢,,neN and in-
tegration il the relation D A0, <y yield

J€Jo

z/i = Z/I Igodv<jwdv

Jjedo Jjedo

= S alf[Z 4 b e fror )0z @19
JjeJy JjeJy M

sU|¢//|dvj-b-ZQ =P(y)=P(~y),weX

Application of theorem 2.1 leads to the existence of a linear positive operator
FeL(X,Y) with the following properties

F(p,)=|y,|.neN, |F(1//)|Sb-(j|(//|va-;{Q,Vl//eX (2.17)
M

In particular, one has ||F ||Sb. Next we prove the “if” part. Assume that

Y
the norm on Yis solid, we derive

<F (gon),n €N and F has the qualities in the statement, then, because

||yn||s||F<¢n>||sz{ mdvjzb, peN 018)
M

This concludes the proof. o
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3. On Markov Moment Problem

We recall an earlier result on the abstract Markov moment problem, in order to
apply it to the multidimensional classical moment problem.

Theorem 3.1. (Theorem 4 [10]). Let X be a preordered linear space, Y an
order-complete vector lattice, {xj; jedJ } c X, { yijed } cY given finite or
infinite families of elements, F,F, e L(X,Y) two linear operators. The fol-
lowing statements are equivalent

1) there exists a linear operator F € L (X Y ) such that

F(x,)=y;VjeJ,F(x)<F(x)<F(x) Vxe X, (3.1)

2) for any finite subset J,cJ and any {ﬂ/; je JO} C R, we have

DA =y, —yLv e X, =12 Ay, <F(v,)-F(v,) (32)

Jedo Jjedo

The next result is quite similar to that of theorem 2.2.
Theorem 3.2. Let X,Y, (40,1 )n , (yn )n be as in Theorem 2.2, and 0<b<»;
consider the following statements:

1) there exists a linear positive operator F € L(X,Y) such that

F(p,)=y,.neN, F(l//)|Sb-j|y/|dv~;(g,y/eX,||F||Sb (3.3)
M

2) for any finite subset J,c N and any {ﬂj} _, CR, the following relation
J&€0

holds
>l <e12 4 (3.4)
Jjedy Jjedo
Then2) = 1).
Proof. We apply Theorem 3.1, 2) implies 1). If Z A9, =y, vy, , where
Jjedo
v,,¥, € X, , then the following implications hold
—Il//ldvﬁ ZAJ(/)}de DA< J"//de
M jelo M jelo M
(3.5)
= z /11' S IWz + _[ V= _[Wzdv_[_j V/ldvj
Jjelo M M M M
Now the hypothesis 2) yields
DIRIHE DITS I S[z |}“/|"yx||Jlﬂ
Jjedy Jjedo » Jj€do
<b| D4, ;(QSb(J.l//zdw;(Q—[—jy/ldeQB (3.6)
JjeJo M M

=F(v,)-F(w) B (w)=b[wdv: zo, F =-F,
M

Application of theorem 3.1 leads to the existence of a linear operator
FeL(X,Y) such that
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F(,)=y,.neN, F(y)=-blydv 2, <F(y)<F(y)

M

:bjt//dlw)(ﬂ,t//e)(+ <:>|F(1,z/)|Sb‘[y/dv-ggﬂ,l,z/eX+
M M

(3.7)
Sl <[l o o< o+ ) 2
M
=b[lo|dv 10, pe X
M
This concludes the proof. -

One goes on with an application of Theorem 3.1 to the operator valued real

multidimensional moment problem. Let X be the space of power series in

complex variables, absolutely convergent in the polydisc D = H{|zk| < rk} , with
k=1

real coefficients. The order relation on X is defined by means of the coeffi-
cients, similar to the case of Proposition 2.1. Let H be a complex Hilbert space,
A, k=1---,n linear positive self-adjoint commuting operators on H , such

that ||Ak|| <r,k=1---,n. We denote:
={UeA(H); AU =UA k=1,--,n},Y={V eY; VU =UV VU €Y} (3.8)
Here A(H) is the real vector space of all selfadjoint operators acting on H .

Then Y is an order complete Banach lattice [14] and clearly is a commutative

Banach algebra of selfadjoint operators. Denote
(pj (Z],"',Zn) = lel '”Z;fnﬂ ] = (jla'“;jn)e N" (3'9)

Theorem 3.3. Let (Bj> _
Jje
following statements are equivalent

be a sequence in Y,b>0 a real number. The

N

1) there exists a linear operator F € L (X Y ) such that
F(¢,)=B,,keN" 0<F(y)<by(4,-,4,), VwelX, (3.10)
2) the following relations hold
0<B, <bA-- A" Vk=(k, -k, )eN" (3.11)
Proof. The implication 1) = 2) is almost obvious, since ¢, € X,,k e N" and
the hypothesis 1) yields
B, =F(p,)€[0.bp, (4, 4,)]=[ 0,4 - 4} | (3.12)
For the converse, we apply Theorem 3.1, 2) implies 1). Assume that

ZMD, W, -y, = Zaﬂ’k Zﬁkwkﬂak’ﬂkEkaENn (3.13)

Jjedoy keN" keN"

From these relations we derive

A fa;,jeld, (3.14)
which further yields
DAB <Y aB <Y aB <by A Ay =F,(v,)-F(y,) (3.15)
jely jely keN" keN"

Thus the implication from 2), Theorem 3.1 is verified, where
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FZ(Zakw];bZakAf“--A,’:",E::o (3.16)
keN" keN"

Application of the latter theorem leads to the existence of a linear operator
FeL(X,Y) satisfying the moment conditions F((ok ) =B,,keN", such that
on the positive cone of X, the following relations hold

0=F(w)<F(y)<F(v)=by (4, .4,), wveX, (3.17)

This concludes the proof. o

We go on with applications related to a convexity and extension of linear op-
erators result, having a nice geometric meaning. If V' is a convex neighbor-
hood of the origin in a locally convex space, we denote by p, the gauge at-
tachedto V.

Theorem 3.4. (see [9]). Let X be a locally convex space, Y an order com-
plete vector lattice with strong order unit u, and §c X a vector subspace.

Let Ac X bea convex subset with the following qualities:
1) there exists a neighborhood V  of the origin such that

(S+V)N4a=a (3.18)
(that is, by definition, 4 and § are distanced);

2) A is bounded.
Then for any equicontinuous family of linear operators { f /.} ., C L(S,Y)
Je

and for any jeY \{0} , there exists an equicontinuous family
{F,}_, cL(X.Y) such that
F/.(S):fj(s),seS and F/.(t//)zj,l//eA,jeJ (3.19)

Moreover, it 'V is a neighborhood of the origin such that
f,(VNS) c[-uguy], (S+V)N A= (3.20)

and if a>0 is such that p,(a)<aVaeA, while a >0 Iis large enough
such that y < ayu, , then the following relations hold

Fj(x)S(l-i-a+al)pV(x)~u0, xeX,jeJ (3.21)

Recall that the definition and terminology of distanced (convex) subsets writ-
ten above is motivated by the fact that in the particular case when X'is a normed
vector space, the neighborhood Vappearing in relation (3.18) can be chosen as a
ball centered at the origin. Then (3.18) is equivalent to the relation d (S , A) >r>0,
where d (S, A) is the distance between the two subsets Sand A. with respect to
the metric defined by the norm on X, and ris the radius of that ball. In this par-
ticular case, V can be chosen as V = B(O,r) , for some r >0 sufficiently small.
If Vs a convex circled neighborhood of zero in a locally convex space, one can
define d, (x,y):=p,(x—y), where p, isthe gauge attached to V. Then d,
has all the properties of a distance defined by means of a norm, except one of
them. Precisely, d, (x,,x,)=0 does not imply x =x,, since p, is justa se-
minorm, not a norm. On the other hand, it is the case when X'is a normed vec-

tor space to which Theorem 3.4 will be applied in the sequel. Namely, in the next
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theorem X will be the space C([0,5]x---x[0,5,]), Y=Y (4, 4,) is the
space defined by (3.8) ( 4,,---,4, are commuting positive selfadjoint operators),

under the additional assumption o (4,)=[0,b,],k=1--,n,
@, € X, (t,,t, )=t -t (1,,--,1,) €[0,B]x--x[0,b, ],

,, (3.22)
j| =Y ji =1
k=1

j:(jls”'yjn)ENna

Theorem 3.5. Let (l//j )jgN" be a sequence in X such that y, (0,...,0) =1
Y(o,0) = 1, "y/]” <1 forall jeN", andlet BeY,B>1. Then there exists a
linear bounded positive operator F € B(X,Y), which is multiplicative on the

subspace of continuous functions vanishing at the origin, such that
Flo)= 41 i, o

F(o)<(2+[Bl)-lel- 1. voe x

iz
(3.23)
F(y,)2B,VjeN",

Proof. Denote A= conv{l//j;j € N"}, S= Span({(pj;|j| > 1}) Then we get

||S—a||w 2|s(0)—a(0)| =1,VseS,Vae 4

(3.24)
= (S+B(0,1))N 4=,V =B(0,1),

1//||wS1::a,Vt//eA

Thus, the unit ball B(0,1) of the space X stands for ¥ of the preceding

theorem 3.4,

|| stands for p,,and A is the convex hull of the collection of
functions y, j € N". Define

f:8S>Y, f(s)= f[ > aj(pj] =D a4 A (3.25)

Jjedo Jjedo
where Joc{jeN";|j|21}cN” is a finite subset. If s €S B(0,1), then
—1Ss=2ajtlj‘~--t;f”ﬁl V(ll,”-,tn)e[O,bl]x~~-><[0,bn]

Jedo

:>—[Sf(s)zzajAljl...Ay{n <]

Jjedo

(3.26)

because of the positivity of the spectral measures associated to the n-tuple
(4,,-++,4,) . On the other hand B<||B||-1, so that all conditions of theorem 3.4

are verified for

a, = ||B||, a=Lu,=1 (3.27)

Application of theorem 3.4 leads to the existence of a linear extension F of
1, such that

F(o)=(2+[8])lel. 1.
Vpe X =|F (o) <(2+]B])-lel, 1 = |Fl<2-+|5]. (3.28)
Fly;)2B=7VjeN' = F(1)2B
In particular, F is continuous. Now we prove that F is also positive. Let
p be a polynomial

p(t,t,)=D a1 >0 V(t,--t1,)€[0,h]x---x[0,b,]  (3.29)

Jjey
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where J, cN" is a finite subset. Then using the positivity of the spectral

measures attached to n-tuple of operators (4,,--+, 4, ), as well as the relations

F(l) = F(W(0,~-,0)) 2B2 ]! a((),m)o) = p(oaso) >0 (330)

we derive the following implications
s= Y afl -t >-a,_ =F(s)= Y a4'---4" 2=a, 1
Jehlip1 o Jenli o (3.31)
= F(p)=ay, oF (1)+F(s)2a (F(1)-1)z o, (B=1)20

Application of Weierstrass approximation theorem and the continuity of F
lead to the positivity of Fon X.
Hypothesis on the fact that A4,,---,4, are permutable and a straightforward

computation shows that
f(ppy)=1(p)f(P,) (3.32)

for all polynomials of n variables, vanishing at the origin. Since Fis a continuous
linear extension of fand the product operation on the Banach algebra Y'is con-
tinuous, we infer that Fis multiplicative on the subspace of continuous functions
vanishing at the origin (use Bernstein approximating polynomials of n variables:
if a continuous function vanishes at the origin, then all the corresponding

Bernstein polynomials do the same). This concludes the proof. o

4. Conclusions

In the first part of this work, new applications of Mazur-Orlicz theorem have
been proved (Section 2). In Section 3, Markov type moment problem results are
studied. Comparing theorems 2.2 and 3.2, we see that the proofs of the two
type-problems mentioned above are different, even in cases of similar state-
ments. The last result of the paper is an application of an earlier theorem. The
new element with respect to previous submissions is that here the solution is de-
fined on a space of continuous functions of several real variables, vanishing at
the origin (see Theorem 3.5). Our solutions are operator or function valued.
Further applications could be deduced, depending on the knowledge and imagi-
nation of the authors.
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