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1. roduction and Preliminaries

Ring theory is an important part of algebra. It has been widely used in Electrical
and computer Engineering [1]. Historically, some of the major discoveries in
ring theory have helped shape the course of development of modern abstract al-
gebra. Modern ring theory begins when Wedderburn in 1907 proved his cele-
brated classification theorem for finite dimensional semi-simple algebras over
fields. Twenty years later, E. Noether and E. Artin introduced the ascending
chain condition and descending chain condition as substitutes for finite dimen-
sionality.

We know that Module theory appeared as a generalization of theory of vector
spaces over a field. Every field is a ring and every ring may be considered as a
module. Kothe [2] first introduced and investigated the notion of nil ideals in
commutative ring theory. Amitsur [3] investigated radicals of polynomial rings.

It is important to ascertain when nil and Jacobson radical coincide. It is known
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that nil rings are Jacobson radicals. Again Jacobson radical of a finitely generated
algebra over a field is nil [3]. There were some historical notes on nil ideals and
nil radicals due to Amitsur [4]. Radicals of graded rings were introduced and
investigated by Jespers et al [5]. There is another notion of radicals in nil and
Jacobson radicals in graded rings due to Smoktunowicz [6]. Puczylowski ([7],
[8]) investigated some results concerning radicals of associative rings related to
Kothe’s nil ideal problems. Following [9], if X is a prime submodule of a right
R-module A, then the set |, is a prime ideal of the endomorphism ring $and

the converse is true if M is a self-generator. Ali [10] investiga

Let R be a ring with DCC on rig

tent. Using these results
arbitrary rings.

Corollary 2.1:
of Ris nilpotent.
Progflplet Sbe thg sum of all the nilpotent right ideals of R The Sis an ideal.

I cS.

gain the following propositions give us the property similar to that of rings.

ero. Hence

position 2.2 ([17]): If R is a semisimple ring then it has no two-sided
ideals except zero and R.

Proposition 2.3: Let R be a semiprime ring with the ACC for right annihila-
tors. Then R has no nonzero nil one-sided ideals.

Proof. Let /be a nonzero one-sided ideal of Rand let O#ael with ry(a)
as large as possible. Since R is semiprime, there is an element X e R such that
axa#0. Thus axa is a nonzero element of 7such that r,(a)cr,(axa). So
rr(a)=ry(axa) . We have ax=#0, ie, xers(a). Thus xe¢ry(axa). So,
(ax)z #0. Hence xaxery(a) implying that (ax)3 #0. Therefore, ax and
hence, also Xa isnot nilpotentand axel or xael.

Definition 2.4: The nil radical of a ring R is defined to be the radical ideal
with respect to the property that “a two-sided ideal is nil” and is denoted by
N(R). Thatis, N(R) is the largest two-sided ideal of R such that every ele-
ment of N (R) is nilpotent.
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Recall that the prime radical of M is the intersection of all prime submodules
of Mand is denoted by P(M ). The prime radical of a ring R is the intersection
of all prime ideals of Rand is denoted by P(R).

Theorem 2.5 ([16]): Let |, and |, be two ideals of a ring R and let

l,+1,={a,+a,:a,€l,a,el,}.Then I +I, isanidealof R

For convenience, we propose a theorem of nil right ideals over associative ar-
bitrary rings here.

Theorem 2.6: If Ris a ring and |,J are two nil right ideals of R, then the
sum (I +J) isanil right ideal.

Proof. Let |={a,a,,a, -8} and J={b,b,
a'=0,a2=0,3"%=0,--,a°=0 where n >n,>n, >
b" =0,b? =0,b™ =O,---,btmt =0 where m>m

Let nand m be positive numbers such that
hence a"=0,vi and b;" =0,Vj.

Since Va, el wehave arel

Alsolet ael such tha
So,as n=3, we get ( =...=0, where ab,a’b,abacl.
Similarly, as m=2 .’:1)2 =(ba2 )2 =(b2a)2 =...=0 , where
ba,ba® b’a e J

Now | +J=

=a’+a’h+aba+ab? +ba® +bab+b%a

=a’bh+aba+ab’ +ba® +bab

4

a+h) =a’ba+aba®+abab+ba%b

6

a+b) =a’ha’b+aba’ba+aba’b +ba’ba

(a+b)
(a+b)’ =a’ba® +a’bab +aba’b +ba’ba
(a+b)
(a+ b)7 =a’ba’ba
(a+b)’ =ba’ba’ba = (ba®)ba =0
If wetake n=3 and m=3, then we get
(a+b)’ =

Soif a'=0;i=12,3,-,s and b} =0;j=123, -t
Then there exists n>n; Vi and m>m; Vj such that

ar =(air)" —0,vi;arel,b =(bjr)m =0,Vj;bjreld

Then forany ael,beJ thereexists k such that (a + b)k =

Thus the theorem is proved.
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3. Nil and Nilpotent Modules

We see that the vector spaces are just special types of modules which arise when
the underlying ring is a field. If R is a ring, the definition of an R-module A/ is
closely analogous to the definition of a group action where R plays the role of the
group and M the role of the set. The additional axioms for a module require that
M itself have more structure (namely that M is an abelian group). Modules are
the “representation objects” for rings, that is, they are, by definition, algebraic

objects on which rings act. As the theory develops, it will become apparent how

versa.

In [11], many basic properties of nil and nilpot

Nbe the radical of Rand
is the sum of irreducible s

Proof. Let cible submodules, then any meM is in

=0. If N'=0, then M,N=M, implies

irreducible R/ N-modules. Now let M be an irreducible &N module, then
MN =0, M is an R-module, where mr= m(r + N) . Moreover, M
has no non zero proper R-submodules, since this would induce proper non zero
R/N-submodules. Thus M is an irreducible R-module.

Theorem 3.1 ([18]): Let M be an R-module, where R is a semisimple. Then
M s the sum of irreducible submodules.

The following propositions and theorems give some properties of nil and nil-
potent modules.

Proposition 3.3: Let M be a quasi-projective, finitely generated right R-module
which is a self-generator. Let X be a simple submodule of M. Then either

13=0 or X=f(M) for someidempotent fel, .

Proof. Since Xis a simple submodule of A, |, isa minimal right ideal of .
Suppose that 12 #0. Then there is a gel, such that gl, #0. Since gl
is a right ideal of Sand gl, c I, ,wehave gl, =1, by the minimality of I, .
Hence there exists f el, suchthat gf =g.Theset I={hel,:gh=0} isa
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right ideal of S and 7is properly contained in 1, since f & . By the mini-
mality of |, , we must have 1=0. It follows that f?-fel, and
g(fz— f)zO, and hence f®=f. Note that f(M)c X and f(M)=0,
and from this we have f(M)=X.

Proposition 3.4: Let M be a quasi-projective, finitely generated right
R-module which is a self-generator. If M satisfies the ACC on fully invariant
submodules, then P(M) is nilpotent.

Proof. If M satisfies the ACC on fully invariant submodules, then § satisfies
the ACC on two-sided ideals. Indeed, I, cl, c-- i ing chain of
two-sided ideals of &, then I (M)c1,(M)c---
invariant submodules of M. Since M has the ACC on

there exists a positive integer n such that 1 (M >N . Thus
I,=1, for all k>n, showing that § satis ided ideals.
Therefore P(S) is nilpotent. Since (S) is nilpotent.

Theorem 3.5: Let M be a quasi-prgj ed right R-module
which is a self-generator. Then A, e if and only if M con-
tains no nonzero nilpotent sub

Proof. By hypothesis, 0 dule of M. If X is a nilpotent
submodule of A4, then ome positive integer n, and hence
12 (M) =0.

Note that |,

Conversely, supp hat M contains no nonzero nilpotent submodules. Let

which is a §elf-generator and P(M) be the prime radical of M. If M is a noe-
ian module, then P ( M ) is the largest nilpotent submodule of M.

of. Let F be the family of all minimal submodules of M. Then we can
we write P(M) :nx€ X .But P(M) contains all nilpotent submodules of
M. Again IP(M) = ﬂX€f|x =P(S). Note that from our assumption we can see
that S is a right noetherian ring. Then there exist only finitely many minimal
prime ideals of S'and there is a finite product of them which is 0, say B ---P, =0.
Since |P(M) is contained in each PR,i=1:--,n, we have | )= 0. Thus

P(M) is nilpotent.

n
P(M

4. Conclusion

Nil and nilpotent rings and modules are very essential part of Abstract algebra.
In the class of noetherian ring, nil ideals are nilpotent. Many properties of nil and
nilpotent ideals of rings are not transferable to nil and nilpotent submodules.
Modifying the structure of nil and nilpotent ideals we transferred the notions to

modules. We also introduced a new concept of nil and nilpotent submodules.

DOI: 10.4236/ajcm.2017.73027

389 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2017.73027

Md. M. Hasan, K. F. U. Ahmed

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(14]

(15]

(16]

(17]

(18]

Van Lint, ].H. (1982) Introduction to Coding Theory. Springer Verlag, New York.
https://doi.org/10.1007/978-3-662-07998-0

Kothe, G. (1930) Die Struktur der Rings, deren Restklassenring nach dem Radikal
vollstanding reduzibelist. Mathematische Zeitschrift, 32, 161-186.
https://doi.org/10.1007/BF01194626

Amitsur, S.A. (1956) Redicals of Polynomial Rings. Canadian Journal of Mathemat-
ics, 8, 335-361.

Amitsur, S.A. (1973) Nil Radicals, Historical Notes and Some New Results. In:
2, Keszthely,

Rings, Modules and Radicals, (Proceedings International

Communications in Algebra, 10, 1849-1854.
https://doi.org/10.1080/00927878208822807

gebra and Its Applicati
thematics Society, 269-

Passman, D.S. (2004)

36, 4620-4642.
7870802186805

https://doi.org/10.1155/]JMMS.2005.3517

nh, N.V., Vu, N.A.,, Ahmed, K.F.U.,, Asawasamrit, S. and Thao, L.P. (2010)
Primeness in Module Category. Asian-European Journal of Mathematics, 3,
151-160.

Ahmed, K.F.U.,, Thao, L.P. and Sanh, N.V. (2013) On Semi-Prime Modules with
Chain Conditions. East- West Journal of Mathematics, 15, 135-151.

Sanh, N.V., Asawasamrit, S., Ahmed, K.F.U. and Thao, L.P. (2011) On Prime and
Semiprime Goldie Modules. East- West Journal of Mathematics, 4, 321-334.

Kasch, F. (1982) Modules and Ring. London Mathematical Society Monograph, 17,
Academic Press, London, New York, Paris.

Stenstrom, B. (1975) Rings of Quotients. Springer-Verlag, Berlin, Heidelberg, New
York.

Musili, C. (2006) Introduction to Rings and Modules. Narosa Publishing House,
New Delhi.

DOI: 10.4236/ajcm.2017.73027

390 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2017.73027
https://doi.org/10.1007/978-3-662-07998-0
https://doi.org/10.1007/BF01194626
https://doi.org/10.1080/00927878208822807
https://doi.org/10.1080/00927870802186805
https://doi.org/10.1007/s11856-010-0096-8
https://doi.org/10.1155/IJMMS.2005.3517

%
+%%, Scientific Research Publishing

Submit or recommend next manuscript to SCIRP and we will provide best
service for you:

Accepting pre-submission inquiries through Email, Facebook, LinkedIn, Twitter, etc.
A wide selection of journals (inclusive of 9 subjects, more than 200 journals)
Providing 24-hour high-quality service

User-friendly online submission system

Fair and swift peer-review system

Efficient typesetting and proofreading procedure

Display of the result of downloads and visits, as well as the numbe icles
Maximum dissemination of your research work

Submit your manuscript at: http://papersubmission.scirp.

Or contact ajcm@scirp.org @



http://papersubmission.scirp.org/
mailto:ajcm@scirp.org

	10-1100627.pdf
	On Nil and Nilpotent Rings and Modules
	Abstract
	Keywords
	1. Introduction and Preliminaries
	2. Nil and Nilpotent Rings
	3. Nil and Nilpotent Modules
	4. Conclusion
	References




