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Abstract 
I analyze the two-group contest with the group-specific public-goods prize 
when each player decides on the timing of their moves endogenously and in-
dividually. Unlike the previous papers, I show that free riders suffer a damage 
in the endogenous-timing framework because the decision on the endogenous 
timing adversely affects the behavior of free riders, by making them more ego-
tistical. 
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1. Introduction 

The free rider problem often occurs when players voluntarily exert effort to ob-
tain public goods, which has non-rival and non-excludable properties. Free rid-
ers attempt to gain benefits from public goods without exerting effort. A larger 
literature on the voluntary provision of public goods has emerged to analyze the 
sequential contribution mechanism. The main question is why players including 
free riders prefer to contribute sequentially, even though this mechanism does 
little to alleviate a free-rider problem. The suggested possibilities include exert-
ing lower effort levels [1], existing a fixed cost [2], having additional effects as 
warm-grow or snob appealing [3]. 

The free-rider problem arises not only from public goods provision in a group 
but also from between-group competition for obtaining public goods. The theory 
of contests with the group-specific public-goods prize considers the free-rider 
problem in group contest1. Most of the papers examine the situation in which 

 

 

1Group contests with group-specific public-goods prizes are easily observed; for example, R & D- 
research and development-competitions among firms, competitions for the public good between lo-
cal governments, and election campaigns between political parties. 
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players having the different valuations for the public good compete with each 
other by exerting effort simultaneously [4] [5] [6] [7] [8]. Even in between- 
group competition with the group-specific public-goods prize, do players prefer 
to exert effort sequentially rather than simultaneously? 

Drawing on contest theory, all players obtain a strategic advantage when they 
choose the timing of moves endogenously. Players who move earlier employ a 
strategic advantage, whereas players who move later efficiently manage their 
strategies by observing the preceding move of the players [9] [10] [11] [12]. For 
this reason, one may intuitively explain that both players exerting a positive ef-
fort and free riders can benefit by the choice of endogenous timing. 

I, therefore, examine how all players in two groups are affected when they 
endogenously decide on strategies regarding the timing of moves, particularly 
with regard to group-specific public-goods prizes. I first describe the endogenous- 
timing framework, in which each player decides on the timing of moves endo-
genously, and then compare the expected payoffs in the endogenous-timing 
framework with those in the simultaneous-move framework, in which all players 
exert effort simultaneously. I show that free riders indirectly suffer damages in the 
endogenous-timing framework, compared with the simultaneous-move framework. 

2. Model 

Two groups compete with each other to obtain the group-specific public-goods 
prize. Group i consists of in  risk-neutral players, where 2in ≥  for 1i =  or 2. 
The individual player’s valuation for the public good is different and announced 
publicly. Let ikv  denote the valuation of the public good of player k in group i. 

Assumption 1. Without loss of generality, I assume that  

1 2 0
ii i inv v v> > > >� .  

All individual players decide on the timing of their moves, which is composed 
of two periods: the first and second periods. However, they cannot exert effort in 
both periods. The subgroup in which the players choose the period t in group i is 
denoted by t

iG . Let t
ikx  represent the effort level exerted by player k in t

iG , 
which is nonnegative and nonrefundable; let t

iX  represent t
iG ’s total effort 

levels, t
i

t t
i ikk GX x

∈
= ∑ ; and let iX  represent the total effort levels of group i,  

2
1

t
i itX X

=
= ∑ . I define the winning probability for group i as ( )1 2,i iP P X X=   

where 1 0iP≥ ≥ , 2
1 1ii P
=

=∑ . The winning probability for group i has the prop-
erties described in Assumption 2. 

Assumption 2. I assume that 0i iP X∂ ∂ > , 2 2 0i iP X∂ ∂ <  when 0jX > , and 
0i jP X∂ ∂ < , 2 2 0i jP X∂ ∂ >  when 0iX > , i j≠ .  

Assumption 2 indicates that the winning probability of group i is increasing 
and strictly concave in group i’s effort2. Let t

ikπ  represent the expected payoff of 

 

 

2A simple example of the contest success function is 

if 0,
1 2 if 0.

i i i j i j

i j

P X X X X X
X X

= + + >

= + =
 

This simple logit function is introduced in Tullock (1980) and is used in many works on contest 
theory. 
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player k in t
iG . The expected payoff for player k in t

iG  becomes  

( )1 2, .t t
ik ik i ikv P X X xπ = −                      (1) 

I formally organize the paper as follows. In the announcement stage, each 
player independently decides whether to exert effort in the first or second pe-
riods. After choosing the period, the players announce and commit to their 
choices simultaneously. In the effort stage, knowing when the players exert their 
effort, each player sequentially and independently exerts effort in the period de-
cided in the announcement stage. The winning group is determined at the end of 
the effort stage. Finally, I assume that all of the above is common knowledge 
among all players, and employ a subgame-perfect equilibrium as the solution 
concept. 

3. Players’ Decisions in the Effort Stage 

To obtain subgame-perfect equilibria, I work backward from the second period 
in the effort stage. Given other players’ effort levels, 1

iX  and jX , player k in 
2
iG  exerts effort 2

ikx  by maximizing his expected payoff (1). The first-order 
condition for player k in 2

iG  becomes  

( ) ( )( )2 21 1 0.ik i ik ik i i i ikv P x v P X X x∂ ∂ − = ∂ ∂ ∂ ∂ − ≤           (2) 

The second-order condition is satisfied, which means that the best response of 
player k in 2

iG  is unique. Assuming that player k has the highest-valuation for 
the public good among the players in 2

iG , the marginal gross payoff for player 
k, ( )2

ik i ikv P x∂ ∂ , becomes high enough to satisfy the condition among the play-
ers in 2

iG . However, the players without player k obtain a negative expected 
payoff when exerting a positive effort, as the marginal gross payoff for them is 
less than the marginal cost from Assumptions 1 and 3. In the second period, on-
ly the highest-valuation player k thus becomes the active player, whereas the rest 
act as free riders in 2

iG . The 2
iG ’s best response to the effort levels of both 1

iG  
and group j is equal to the active player k’s best response when considering the 
valuation for the active player k in 2

iG . Given 1
iX  and jX , I represent the 

best response of the active player k in 2
iG  as ( )2 1, ;B

ik i j ikx X X v . The best re-
sponse of the active player k in 2

iG  turns into  

( )
( )

2 1 2

2 1 2

, ; 0 if 1,

, ; 0 if 1.

B
ik i j ik ik i ik

B
ik i j ik ik i ik

x X X v v P x

x X X v v P x

 > ∂ ∂ =


= ∂ ∂ <
              (3) 

The players announcing the first period have perfect foresight about their ex-
pected payoffs. They make their strategic decisions by considering the best re-
sponse of 2

iG . The players in 1
iG  exert effort, which maximizes (1). The first- 

order condition for player h in 1
iG  becomes  

( )( )1 1 1 11 1 0.ih i ih ih i i i ihv P x v P X X x∂ ∂ − = ∂ ∂ ∂ ∂ − ≤            (4) 

The second-order condition is also satisfied. Since the analysis is similar to the 
strategic behavior of the players in 2

iG , only the highest-valuation player h who 
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has the highest-valuation in 1
iG  becomes the active player, whereas the rest 

become free riders in 1
iG . The 1

iG ’s best response to group j also becomes the 
active player h’s best response when considering his valuation and the active 
players’ valuations in the second period. Let ( )1 ; , ,B

ih j ih ik jkx X v v v  denote the 
best responses for the active player h in 1

iG , then  

( )
( )

1 1

1 1

; , , 0 if 1,

; , , 0 if 1.

B
ih j ih ik jk ih i ih

B
ih j ih ik jk ih i ih

x X v v v v P x

x X v v v v P x

 > ∂ ∂ =


= ∂ ∂ <
             (5) 

Using the best responses for active players in each period, ( )1 ; , ,B
ih j ih ik jkx X v v v  

and ( )2 1, ;B
ik i j ikx X X v , I obtain Lemma 1. 

Lemma 1. In each group, player 1 with the highest-valuation becomes the ac-
tive player, and the others become the free riders when all the players choose the 
timing of moves endogenously.  

Whenever player 1 announces the first or second periods, the marginal gross 
payoff for another active player in the other period is less than the marginal cost. 
He also freely rides on player 1. 

4. Timing Decision in the Announcement Stage 

Assuming that 11 21v v> , player 1 in group 1 acts as a favorite, whose winning 
probability is greater than 1/2, and player 1 in group 2 becomes an underdog, 
whose winning probability is less than 1/2 [13]. Drawing on the contest theory, 
player 1 in group 2, as the underdog, has a dominant strategy of announcing the 
first period, whereas player 1 in group 1, as the favorite, prefers to announce the 
second period3. Free riders, however, have no dominant strategies for choosing 
their timing of moves, since they obtain the same expected payoff in any period. 
Let *

ikx  denote the equilibrium effort level for player k in group i, and let *
ikx−  

denote a vector of the equilibrium effort levels for the players in group i without 
player k: ( )* * * * *

1 1 1, , , , ,
iik i ik ik inx x x x x− − += � � . I obtain Proposition 2. 

Proposition 2. If 11 21v v> , then (a) player 1 in group 2 announces the first 
period while player 1 in group 1 announces the second period, (b) free riders 
announce either the first or the second periods freely, (c) ( )* 2

11 11 11 2 11, ;Bx x x X v−=  
and *

11 0x− = , and (d) ( )*
21 21 11 21,x x v v= , and *

21 0x− = .   
The effort level of player 1 in group i becomes the total effort levels of group i. 

Let *
iX  denote the equilibrium total effort levels of group i in the endogen-

ous-timing framework, and let N
iX  denote those of group i in the simultane-

ous-move framework. As mentioned above, the favorite has the higher winning 
probability, whereas the underdog has the lower winning probability at the sub-
game-perfect equilibrium in the endogenous-timing framework. However, at 
Nash equilibrium in the simultaneous-move framework, the winning probability 
of the favorite is lower, whereas the winning probability of the underdog is 
higher [9] [14]. The change in the winning probability for active players leads to 

 

 

3For concise exposition, I do not provide the full results with logit-form contest success functions. 
See also Baik and Shogren [9], Leininger [10], and Baik and Lee [12]. 
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the changes in both groups’ winning probabilities, ( ) ( )* *
1 1 2 1 1 2, ,N NP X X P X X>  

and ( ) ( )* *
2 1 2 2 1 2, ,N NP X X P X X< . Furthermore, it directly affects the expected 

payoffs for free riders in both groups. Let *
ikπ  denote the equilibrium expected 

payoff of player k in group i in the endogenous-timing framework, and let N
ikπ  

denote those of player k in group i in the simultaneous-move framework. Prop-
osition 3 indicates the outcomes of the endogenous-timing framework and those 
of the simultaneous-move framework, respectively. 

Proposition 3. If 11 21v v> , then I obtain (a) *
1 1

NX X<  and *
2 2

NX X< , (b) 
( ) ( )* *

1 1 2 1 1 2, ,N NP X X P X X>  and ( ) ( )* *
2 1 2 2 1 2, ,N NP X X P X X< , (c) *

11 11
Nπ π>  and 

*
1 1

N
f fπ π>  for 12, ,f n= � , and (d) *

21 21
Nπ π>  and *

2 2
N

g gπ π<  for 22, ,g n= � .  
Proposition 3 says that free riders in group 2 have the less expected payoffs, 

while free riders in group 1 have the greater expected payoffs in the endogen-
ous-timing framework than in the simultaneous-move framework. Active play-
ers always obtain the advantage of exerting less effort in the endogenous-timing 
framework. At first glance, it seems to be more beneficial for all the players in 
group 2 to have the opportunity for choosing the period, because player 1 exerts 
less effort in the first period to take the strategic advantage and free riders natu-
rally choose no effort even in both periods. Moreover, drawing on the literature 
on contest theory with regard to the public good, only the active player in each 
group plays a leading role, which carries the responsibility of winning; free rid-
ers, however, always seek to obtain positive externality without exerting effort to 
win against the other group. 

Contrary to my expectation, only the free riders in group 2 suffer consequen-
tial damage in the endogenous-timing framework compared with the simulta-
neous-timing framework. In the endogenous-timing framework, the free riders 
in both groups treat their timing of moves as insignificant because winning the 
competition is directly related to player 1’s effort. As they still exert no effort 
egoistically regardless of observing the player 1’s positive effort level in the first 
period, which is less than his effort level in the simultaneous-move framework, 
the group 2’s equilibrium total effort level becomes smaller and thus the winning 
probability for group 2 is less in the endogenous-timing framework than in the 
simultaneous-move framework. This egoistic behavior of free riders in group 2 
leads to obtaining the low equilibrium expected payoffs, even though they have a 
choice to increase the group 2’s total effort level. This is contrary to suggestions 
in the literature which demonstrate that the endogenous choice of timing must 
be beneficial and favorable for all players. 

Andreoni [2] also shows that the sequential game succeeds to coordinate be-
cause of a large initial contribution, whereas the simultaneous game may fail to 
coordinate. However, in between-group competition, free riders in the group 2 
can break with their group regardless of a positive effort in the first period, whe-
reas all the players in group 1 agree to coordinate even though player 1 exerts a 
positive effort in the second period. In the endogenous-timing framework, the 
decision on the timing makes the egoistic behavior of free riders more severe 
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and influences group 2 to dissolve more easily, compared with the simultane-
ous-move framework. 

5. Conclusions and Suggestions 

I have examined the two-group contest with the group-specific public-goods 
prize in the endogenous-timing framework, focusing not only on the equili-
brium effort levels of players but also the equilibrium timing of their moves. I 
have shown that active players having the highest-valuation in each group play 
the strategic leading role, whereas the rest act as free riders, even in the endo-
genous-timing framework. I have also shown that active players choose their 
timing of moves strategically, while free riders decide on their timing of moves 
freely. 

By comparing the equilibrium payoffs of the endogenous-timing framework 
with those of the simultaneous-move framework, I have shown that, unlike ac-
tive players’ equilibrium payoffs, free riders may have fewer equilibrium ex-
pected payoffs in the endogenous-timing framework. This is primarily because 
the decision on the timing makes the behavior of free riders more egoistically.  

This paper has examined the players that independently and endogenously 
decide on their timing of moves. It would be interesting to consider endogenous 
group formation in which all of the players decide whether to join the group. I 
may expect that this can reduce the participation of free riders. This paper shows 
that free riders in the group with a lower-valuation active player are damaged by 
the independent choice of timing of moves. Thus, they are unwilling to partici-
pate in the contest. 
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