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Abstract

A nonlinear transformation from the solution of a linear equation to the solu-
tion of the Boussinesq-Burgers equations is derived by using the simplified
homogeneous balance method. Based on the nonlinear transformation and
various given solutions of the linear equation, various exact solutions, includ-
ing solitary wave solutions, rational solutions, the solutions containing
hyperbolic functions and the solutions containing trigonometric functions, of
the Boussinesq-Burgers equations are obtained.
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1. Introduction

In the present paper, we will investigate the well-known Boussinesq-Burgers

equations in the form
(1)
)

u, +2uu, —av, =0,
v, + 2(uv)x -au,, =0,

where a = constant. Equations ((1) & (2)) emerge in the investigation of fluid
flow, and describe the proliferation of shallow water waves. u=u(x,?)
represents horizontal velocity; v=v(x,f) represents the height of the water
surface above horizontal at bottom. Equations ((1) & (2)) have been investigated
by many authors with different methods (see [1]-[6] and references therein).

In this paper, we will propose a somewhat different method to find various
exact solutions of Equations ((1) & (2)). First of all, a nonlinear transformation

from the solution of a linear equation to the solution of Equations ((1) & (2)) is
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derived by using the simplified homogeneous balance method [7] [8] [9]; then
based on the nonlinear transformation, various exact solutions of Equations ((1)

& (2)) can be obtained by the given various solutions of the linear equation.

2. Derivation of Nonlinear Transformation

Considering the homogeneous balance between uu_ and v, in Equation (1),

and between (uv) and u,  in Equation (2):
2m+l=n+lm+n+l=m+3=>m=1Ln=2,

according to the simplified homogeneous balance method [7] [8] [9], we can

suppose that the solution of Equations ((1) & (2)) is of the form
u(x,t):A(1n¢)x, (3)
v(x,t)=B(ln¢)Xx, (4)

where the constants A and B, as well as the function ¢=¢(x,t) are to be
determined later. Substituting (3), (4) into the left hand sides of Equations ((1) &
(2)), yields

¢t ¢XX 2
u,+2uu_—av, —Ai —A+(A+a£j(¢—"] R (5)
ox @ A)\ ¢
A
2 ¢f a7¢xx 2
v, +2(uv) —au, —Ba— —B+(A+aéj[ﬂj . (6)
x ol ¢ B)\ ¢

2
In expressions (5), (6), setting the coefficients of (%j to zero, yields

B A
A+aZ:O,A+aE=0=>A=i0!,B=—05~ (7)

Using the results (7), the expressions (3), (4) becomes

u(x,t)=+a(ing) , (8)
v(x,t)=-a(Ing)_, 9)
and the expressions (5), (6) can be simpliﬁed as
u, +2uu_—av, —+a $xad =0, (10)
Ox 1)
v, +2(wv) —ou, =-a— {¢’ aqj’“} 0, (11)
X ax ¢

provided that the function ¢= ¢(x,t) satisfies the linear equation

¢ tap, =0. (12)

From (8)-(12), we come to the conclusion that if ¢= ¢(x,t) is a solution of
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the Equation (12), substituting it into the expressions (8), (9), we have the
solution of Equations ((1) & (2)). Thus the expressions (8), (9) and Equation
(12) together comprise a nonlinear transformation that from the solution of
Equation (12) to the solution of Equations ((1) & (2)). According to the
nonlinear transformation composed of expressions (8), (9) and Equation (12), in
order to obtain the solution of Equations ((1) & (2)), we have to give the solution

of Equation (12). Many solutions of Equation (12) are easily given by
¢1 =1+ e/ofiakzt’
- 5
o =lFaxt+—x",
6
¢, =1+¢" (Acoshx+ Bsinhx),
¢, =1+e" (Acosx+ Bsinx),
Aand Bare constants, ---, and so on.

3. Various Exact Solutions of Equations ((1) & (2))

kgak’t

Substituting the solution ¢ =1+¢ , of Equtions (12) into (8), (9), we have

the solitary wave solutions of Equations ((1) & (2)):

u(x,t)=i%ak{l+tanh{%(kxiakzt)}}, (13)
1 2 2 1 — 2
v(x,t):—zak sech {E(kxjuak t)} (14)

1
Substituting the solution ¢, :liaxt+gx3, of Equation (12) into (8), (9),

we have rational solutions of Equations ((1) & (2)):

igxz —at
”(xat)zz—“, (15)
lFaxt+—x
TS
2
(;xziatj
v(x,t)=- ax +a ) (16)

1$00ct+lx3 1=t + L8 ’
6 + 6

Substituting the solution ¢, =1+¢™ (A cosh x + Bsinh x), of Equation (12)
into (8), (9), we have the exact solutions containing hyperbolic functions of
Equations ((1) & (2)):

¢ (Asinh x + Bcosh x)
1+e* (Acoshx+ Bsinhx)’

u(x,t)=ta (17)

—ae™™ (Acosh x + Bsinh x) . ae™* (Asinh x + Bcosh x)’

= : . as)
1+e™ (Acoshx + Bsinhx) [1+e¢“’(Acoshx+Bsinhx)J

v(x,t)=

Substituting the solution ¢, =1+¢*(A4cosx+Bsinx), of Equation (12)
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into (8), (9), we have the exact solutions containing trigonometric functions of
Equations ((1) & (2)):

(-Asinx+ Bcosx)

tat

u(x,t)=xae (19)

l+ei””(Acosx+Bsinx)’

Hat

ae™™ (Acosx + Bsinx) L oe (—Asinx-ﬁ-Bcosx)2

1+¢** (Acosx + Bsinx) [1+ei‘”(Acosx+Bsinx)]

v(x,t)= 5 (20)
-+-,and so on.

It is well known that the linear Equation (12) can admit an infinite many
solutions, based on the nonlinear transformation composed of (8), (9) and (12),
we can obtain more solutions of Equations ((1) & (2)), provided that more

solutions of Equation (12) are given.

4. Conclusion

In this paper, the nonlinear transformation composed of (8), (9) and (12) for the
Boussinesq-Burgers equations has been derived by using the simplified homogeneous
balance method. The important role of the nonlinear transformation is that the
problem of solving nonlinear Boussinesq-Burgers equations becomes that of

solving a linear equation, and the latter is much easily to solve for the researchers.
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