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Abstract 
The traditional version of the theory of volume filling of micropores was used 
for the estimation of the fractal dimension of microporous solids. For this 
purpose, the Dubinin’s integral equation was solved for infinite and limited 
integration limits. The results were applied to the adsorption of nitrogen (T = 
78 K) on coal samples and Davisil F silica and to the adsorption of water (Т = 
293 К) on lunar soil sample and on rice starch. 
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1. Introduction 

The description of microporous adsorbents is a complicated problem in physical 
chemistry. One can distinguish two methods for the description of microporous 
adsorbents: macroscopic and microscopic. 

The macroscopic method considers the macro-level (macroscopic thermody-
namic), using the experimentally measured parameters and generalizing the ob-
tained results. Their deficiency consists in the assumption of a size (or energy) 
distribution (fractal function) of micropores. Therefore, the distribution of mi-
cropores plays a dominating role. The most widespread macroscopic method is 
the theory of volume filling of micropores (TVFM). The simplest description by 
TVFM is given by the Dubinin-Radushkevich (DR) approach assuming a Gaus-
sian or generalized Gaussian size distribution of micropores [1] [2]. 

Stoeckli proposed a VFM-model taking into account heterogeneous properties 
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of materials. He assumed that a real material contains elements which can be 
separately described by the general equations of VFM. However, the parameters 
of equations for separate elements depend on the heterogeneous material (com-
plex structures) changes [3]. 

The microscopic description considers the molecular level: this allows obtain-
ing the molecular comprehension of the measured parameters. This feature 
makes it possible to calculate the pore size distribution. One describes the ad-
sorbate-pore interaction based on several models of the solid structure. The 
most interesting microscopic methods are the Horvath-Kawazoe (HK) method 
[4] and the density functional method [5]. 

Another way for the description of complex structures, beside the macro- and 
microscopic approach, is fractal geometry. The fractal geometry approach is ap-
plied successfully in heterogeneous chemistry. The geometry of the interface is a 
key parameter that affects the molecule-surface interaction. Surface irregularity 
affects all aspects of the physical and chemical properties of surfaces, including 
the adsorbed molecule conformation [6]. 

The aim of this paper is to obtain the relationship for calculation of the fractal 
dimension D for adsorption of gases and vapors on fractal surfaces of micro-
porous materials. To achieve the goal, we shall solve the Dubinin’s integral equa-
tion [1]. 

2. Theory  

As mentioned in the introduction, Dubinin’s integral equation [2] assumes to 
represent ( ),T pθ  in the form: 

( ) ( )
max

min

2

, exp d
l

l

lAT p f l l
k

θ
β

  
= −  

   
∫                   (1) 

Here ( )f l  is the micropore size distribution function; l is the typical size 
(the characteristic width of slit-like micropores, or the radius of cylinder-like 
micropores); lmin and lmax denote the minimum and maximum values of l; k is an 
empirical constant and β is the similarity coefficient that characterizes the ad-
sorbate. Equation (1) also contains the adsorption potential  

( )0lnA G RT p p= −∆ = , where ΔG is the Gibbs potential, p0 and p denote the 
saturation and equilibrium pressure of the gaseous adsorbate, respectively, R is 
the universal gas constant, T is the absolute temperature. The relative adsorption 
θ is defined as the ratio of the amount a of the adsorbate in the micropores at the 
equilibrium pressure p to the maximum amount a0 of the adsorbate in these mi-
cropores. The micropore adsorption capacity may be converted to the micropore 
volume. 

To determine the function ( )f l  various methods for solution of the integral 
Equation (1) have been proposed. The most common solution can be obtained 
by the method of integral transformations-Fourier transform. However, this 
method of calculation is for the practical use very difficult. 
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Two further methods are applicable: 
1. Method: Preset distribution function ( ).f l   
The study of Equation (1) is carried out based on two approximations: 
1) Preliminary assignment of the distribution function:  

( ) 3 Df l ml −=                            (2) 

where the fractal representation of the distribution function ( )f l , is used [6]. 
In formula (2) m is the similarity coefficient and D is the fractal dimension. 

2) TVFM is based on the assumption that the values are min 0l =  and 

maxl = ∞ . However, no rigorous physically sound evidence for this assumption 
has been provided [1, 2]. In what follows, we will carry out a study of Equation 
(1) taking into account both assumptions. Then Equation (1) should be rewrit-
ten as: 

( )
2

3

0

, exp dD lAT p ml l
k

θ
β

∞
−

  
= −  

   
∫                   (3) 

which can be rewritten as follows: 

( ) ( ) ( )
2

3

0

, exp d DlAT p l l l l ml
k

θ ϕ ϕ
β

∞
−

  
= − ∧ =  

   
∫            (4) 

For analytical solutions of Equation (4) we make the following additional as-
sumptions:  

1) The quantity ( ),T pθ  is an additive function [1, 2]; 
2) In Equation (4), the integrand has a sharp maximum. This determines the 

maximum value of ( ),T pθ  corresponding to a certain *l  ( *
min maxl l l< < ) for 

a given value of A; 
3) The function of density distribution ( ) Dl mlϕ −=  is a continuous and 

slowly varying function; 
4) In the neighborhood of *l  the function ( )f l  has a constant value equal 

to the value ( )*f l . 
Therefore, to solve Equation (4) one can apply the method of steepest descent, 

named also the “saddle point” method [7]. Assuming that for the maximum of 
the integrand, in the vicinity of *l , the function ( )lθ  takes a constant value 
( )*lθ , Equation (4) can be rewritten as follows: 

( ) ( )
2

3

0

, exp dlAT p l l l
k

θ ϕ
β

∞
∗

  
= −  

   
∫                   (5) 

Equating the derivative of the integrand to zero, one can determine the value 
l∗ . 

3
2

kl
A
β∗ =                             (6) 

After this, integrating (5), we obtain: 

( ) ( )
41,

2
kT p l
A
β

θ ϕ ∗ =  
 

                       (7) 
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From Equation (7) we find out the formula for determining the distribution 
function ( )lϕ ∗ : 

( ) ( )
4

2 , Al T p
k

ϕ θ
β

∗  
=  

 
                        (8) 

As stated above, the distribution function is defined as ( ) Dl mlϕ −= . Thus, on 
the basis of formulas (4b) and (8) and with the experimental values ( ),T pθ  
and A one can determine the fractal dimension D as follows: 

( )
4

ln 2 , ln lnAT p m D l
k

θ
β

∗
    = −       

                 (9) 

3. Method of Tangents 

However, as mentioned above, the replacement of finite limits of integration in 
Equation (1) is not properly justified. Equation (3) is written for an infinite 
range of the characteristic pore size. Therefore, Equation (8) is obtained based 
on the assumption of an infinite range of specific pore size. However, adsorbents 
contain pore sizes which vary over a finite range. Typically, the range of varia-
tion of the characteristic size of micropores is smaller than 2 × 10−9 m. It would 
therefore be advisable to check the adequacy of formula (8) in an independent 
manner.  

Let us rewrite (1) as follows: 

( ) ( )
2

1
, exp

m
n

n
n

l AT p f l
k

θ
β=

  
= −  

   
∑                   (10) 

For the representation of the experimental values ( ),T pθ  only one charac-
teristic micropore size ln is taken. 

( ) ( ) ( )
2

2ln , ln n n
AT p f l l

k
θ

β
 

= −  
 

                 (11) 

In the coordinates ( ) 2ln , ,T p Aθ   , Equation (11) will be represented by a 
smooth continuous convex line. The bulge of the curve, determined by the con-
dition of the characteristic size of micropores, decreases with increasing A. 

To obtain the dependence ( )ln nf l  for the set of experimental data deter-
mining the function (11), the tangential method is employed. The equation of 
the tangent to the curve ( ),T pθ  in coordinates ( ) 2ln , ,T p Aθ    can be re- 
presented as [8]: 

( ) ( ) ( ) ( )2 2
0 02

0

d ,
ln , ln ,

d
T p

T p T p A A
A

θ
θ θ

 
= + − 

 
           (12) 

where the subscript “0” indicates the nodes of the function. 
Comparing Equations (11) and (12) one can find the parameters of the tan-

gent function at the nodes (9): 

( ) ( )0 0 ,f l T pθ=                         (13) 
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( )
0 2

0

d ,
d

T p
l

A
θ 

=  
 

                        (14) 

Next, using formula (2) and the values obtained from formulae (13) and (14), 
one can determine the value of the fractal dimension D as follows: 

( ) ( )0 0ln ln 3 lnf l m D l= + −                     (15) 

4. Results and Discussion 

As examples, we consider: 1) the adsorption of nitrogen (T = 78 K) on coal sam-
ples ZC6 [9]; 2) the adsorption of nitrogen (T = 78 K) on Davisil F silica [10]; 3) 
adsorption of water (Т = 293 K) on lunar soil sample [11] [12]; 4) adsorption of 
water (Т = 293 K) on rice starch [13]. Further information to the samples and 
measurements are described in [9] [10] [11] [12] [13]. Coal samples, lunar soil 
and rice starch are layered structures. For such adsorbents micropores have a 
slit-like shape [1] [14]. Samples of the Davisil F silica are treated as adsorbents 
with pores of spherical or cylindrical shapes [10] [14]. In the analysis of the ad-
sorption process it is convenient to use the proportion of pore width l to the 
Van-der-Waals diameter of the adsorptive molecule σ. For slit-shaped pores vo-
lume filling in the pores occurs in the interval 1 1.6l σ< <  and in the case of 
cylindrical pores in the interval 1 2.5l σ< <  [14]. 

Now we have to study the adsorption of nitrogen on coal sample ZC6 (Figure 
1). 

An analysis of the adsorption isotherm is conveniently carried out on basis of 
the t-plot. On the basis of the t-plot the adsorbed amount is shown on the ordi-
nate axis and the thickness (t) of the adsorption film on the abscissa axis [14]. 
Figure 2 shows a t-plot of the adsorption isotherm. In a range of the value of the 
adsorbate relative pressure 0.6 < x < 0.95 (t > 1.5) the adsorption film is stable 
and t-plot is accordingly linear.  

To differentiate the regions of multilayer formation and capillary condensa-
tion in greater pores we describe the isotherm by the equation considered by  

 

 
Figure 1. Adsorption isotherm of nitrogen on coal 
sample ZC6. 
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Figure 2. t-plot for the adsorption isotherm of nitrogen 
on coal sample ZC6. 

 
Frenkel-Halsey-Hill (FHH) [14]: 

lnm
ba a

x

α
 =  − 

                        (16) 

In Equation (16) b and α are the parameters of the FHH theory. In the FHH 
theory α has a value of 1/3 [15] for Euclidean surfaces. For a fractal surface α ≠ 
1/3 [16]. 

In the analysis of the experimental data, isotherm Equation (16) is converted 
to the form: 

( ) ( )ln ln lnx f a− =                       (17) 

Figure 3 shows the adsorption isotherm of nitrogen on the coal sample in the 
coordinates of Equation (17). By analyzing Figure 3 one can determine the pa-
rameters of Equation (16) for the adsorption of nitrogen on the coal sample: am = 
1.15 ml/g; b = 1.53; α = 0.58. The film of condensate preserves its stability up to 
the saturation pressure. Such a mechanism of adsorption is characteristic for 
slit-shaped pores.  

Now consider the determination of the fractal dimension of the carbon sam-
ple by nitrogen adsorption (Figure 1). BET value was determined as aT = 1.15 
ml/g. The adsorption in micropores takes place in the interval 1.15 ml/g < a ≤ 
1.84 ml/g, which corresponds to a pressure range of 0.1 < x < 0.6, with x = p/p0. 

To determine the value of the fractal dimension from (9), a segment of the 
experimental isotherm for 0.07 < x < 0.6 is represented in the coordinates: 

( )4 1A f Aθ −=  with: 
0

т

т

а а
а а

θ
−

=
−

                 (18) 

in Figure 4. Here am and a0 are the adsorption values on the left and right 
boundary, respectively, in the micropore region. The maximum amount of ad-
sorbate in micropores corresponds to the adsorption value on the right bound-
ary in the micropore region. 

Having analysed Figure 1, one should pay attention to the following singular  
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Figure 3. Adsorption isotherm of nitrogen on coal sample 
ZC6 in the coordinates of Equation (17). 

 

 
Figure 4. Adsorption isotherm of nitrogen on coal sample 
ZC6 in the coordinates of Equation (18). 

 
behaviour of the adsorption system with x = 0.1 (the leftmost point (1) in Figure 
4) and x = 0.6 (the rightmost point (6) in Figure 4). A straight line is found for 
the region of 0.1 < x < 0.6, which corresponds to 0.072 < θ ≤ 0.94. The point (θ = 
0.072; x = 0.1) is not a point of the straight line, built by Equation (18). There-
fore, near x = 0.1, the quantity D takes a negative value, since in a close vicinity 
of x = 0.1, θ = 0.072 cannot be considered on the basis of the fundamental theory 
VFM. In this area there is a logarithmic divergent behavior of the adsorption 
potential energy of the system [14]. For the region (θ > 0.94; x < 0.6) of the iso-
therm in coordinates of (18) the slope of the straight line is much greater than of 
the isotherm with a plot interval 0.072 < θ ≤ 0.94. In the vicinity of this point the 
value of D is greater than 3. Therefore, calculations of the fractal dimension D in 
the vicinity of θ = 0.07 and θ = 0.94, based on the formalism of TVFM, is incor-
rect. Thus, the proposed method for calculation of the fractal dimension D, 
based on the solution of the integral (3) is strictly valid for 0.1 ≤ θ ≤ 0.9. Using 
formula (9), the value of D is calculated to 2.47.  
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Now consider the procedure for calculating the value of fractal dimension D 
from Equation (11). Figure 5 is a plot of the isotherm in the coordinates  

( )2ln f Aθ = . Figure 5 clearly shows that the point with coordinates A2 = 5.26; 
−lnθ = 2.65 is singular. In the coordinates of the adsorption isotherm, the singu-
lar point is defined as θ = 0.07; x = 0.1. For further calculations represent the 
adsorption isotherm of nitrogen in coal sample ZC6 on microporous region as 

( )2lnf Aθ = .  
The line in Figure 6 can well be approximated by the following formula: 

20.57 0.24ln Aθ = −                        (19) 

Then, using Equations (14) (19), one obtains the following formula for calcu-
lating the value l0 

0 0.48l A=                            (20) 

It should be noted that formula (6) to determine the value of l* and the for-
mula (14) to determine l0 coincide up to a constant factor. 

 

 
Figure 5. Adsorption isotherm of nitrogen on coal sample 
ZC6 in the coordinates of Equation (12). 

 

 
Figure 6. Adsorption isotherm of nitrogen on coal sample 
ZC6 as microporous θ visa lnA2. 
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Figure 7 shows a segment of the micropore adsorption isotherm in the coor-
dinates lnθ vs ln(A−1). Then formula 14 determines the value of the fractal di-
mension to D = 2.37. Likewise, we calculated the value of the fractal dimension 
D for the remaining three isotherms. Table 1 shows the values of fractal dimen-
sions for the four considered isotherms. 

The values of D were derived by two methods: 1) in the framework of a ri-
gorous theory (TVFM), which involves the use of infinite limits in the integral 
(3); 2) as part of the integral equation for the adsorption isotherm with finite 
limits of integration. The table shows that the results for the fractal dimension D, 
calculated by both methods, differ insignificantly. At the same time, the value of 
the fractal dimension D, calculated by the first method for all four cases is great-
er than D calculated by the second method. This can be explained by the fact 
that changes in the limits of integration extend the range of the distribution 
function ( )f l , as it was shown by Gauden [17], too It is important to stress 
that both methods, proposed in the article, equally determine the behavior of the 
distribution function and the singular points. 
 

 
Figure 7. Adsorption isotherm of nitrogen on coal sample ZC6 in the 
coordinates of Equation (13). 

 
Table 1. Fractal dimensions of the different adsorbents calculated with Equations (9) and 
(15). 

 
Fractal dimension D 

From (9) From (15) 

ZC-6 [9] 2.47 2.37 

Davisil F silica [10] 2.52 2.46 

Lunar soil [11] [12] 2.67 2.58 

Rice starch [13] 2.49 2.35 
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5. Conclusion 

Equations derived in this paper permit the estimation of fractal dimension for 
gas adsorption on microporous solids. These experimental results are inter-
preted in terms of the filling of micropores and fractal micropore-size distribu-
tion. That means that the fractal dimension in this case describes the space filling 
behavior of the fractal structure or rather the fractal dimension of the pore net-
work. Values for the fractal dimension usually are between 2 and 3 and here 
mean values are received. Because these equations are obtained on the basis of 
the Dubinin’s integral equation (Equation (1)), which contains an empirical ex-
ponential expression, which describes adsorption in uniform micropores, the 
calculated quantities depend on the correctness of the Dubinin’s equation. 
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