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(o) v o1y =0, 0

d
as X — oo, where xis the independant variable and the prime denotes i
X

In this paper, we examine the asymptotic form of two linearly independant

The coefficients p,gand rare nowhere zero in some interval [a, ). We shall
consider the situation where p and rare small compared to g see (15) to identify

the following case:

i=o(£j, (x— ) )
q q
and under (2) we shall obtain the forms of the asymptotic solutions for (1) as
X —> oo which is given in Theorem 1.

If p=1, then (1) reduces to the differential equation considered by Walker
[1]. We do not investigate the case where (° = o( pr), the analysis for this case

is already known for the Sturm-Liouville equation

(py') +ry=0,

see Eastham [2] and Atkinson [3].
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We shall use the asymptotic Theorem of Eastham ([3], Section 2), [4] to
obtain our main result of (1) in Section 4. The general feature of our method are

given in Sections (2) and (3), with some examples in Section (5).

2. The General Method

We write (1) in a standard way [5] as a first-order system:

Y'=AY (3)
where
oy
py
and the matrix is given by
0 -1
A= [ P J. (5)
-r —-qp
As in [6] we express the matrix A4 in the diagonal form:
TAT = A =diag (4, 4,) (6)

and we therefore require the eigenvalues A; and the eigenvectors v; of 4,
j=12.

The characteristic equation of is given by:
pA2+qA+r=0. (7)
An eigenvector v; correspondingto A; is
v, = (l P4, ) (8)

where the superscript = denote the transpose.
Now by (7)

g o)

j _2_p— 2p (J=l,2) (9)

Now we define the matrix T in (6) by

1 1
T= (10)
{M pﬂ«j

Hence by (6), the transformation

Y=TZ, (11)
takes (3) into
z' =(A—T-1T')z (12)
Now if we write
T7T'=(t, ), (13)

then by (7) and (10)
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’

b =(ﬂ1—12)1[( PAL+QA + r')(z pA, +q)’1 —ﬂp/lj
by = (i=12).

Now we need to work (14) in terms of r,p and ( in order to determine

(14)

(12) and then make progress for (1).

3. The Matrices A and T7'T’

At this stage we require the following conditions in the coefficients I, p and
0 as X—>oo0.
ConditionI. r,p and ( are nowhere zero in some interval [a,oo),and

rp:o(qz), (x> ) (15)
we write
5:%—» (x> x) (16)
Condition II.
oL 62 5% areall L(a,). (17)
r p q
Now if we let
12
q° —4pr
p (4] )
2p
then (9) gives
q .
A=——+D (j=12 19
where by(18) and (16)
q 12 Q
D=—(1-46)" ~— (x> o). 20
SLa-a0) =L (xs) @
Now by (19) and (20)
r
A =——|1+5+0(5%) ], 21)
1sv0(s)
and
q 2
A =——|1-86+0(¢s (22)
- 0(s?)
Now using (14), (21) and (22) we obtain
b=t = O(A)1 (23)
t,=-1, :_%"‘O(A), (24)
where
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A:(r—é s +q—5‘j (25)
r p q
Hence by (17),
Ae L(a,oo). (26)
Therefore, by (23), (24) and (26), we can write (12) as:
Z'=(A+R+8S)Z, (27)
where
o 4
r=| 4|, (28)
0 9
q

and S is L(a,0) by (26).

4. The Asymptotic Form of Solutions

Theorem 1. Let the coefficients r and p in (1) be Cl[a,OO) while q to be

C’[a,»).
Let (15) and (17) hold.
Let
q—:o(ij (x> ) (29)
q q
ap) r’p
— | ,——arelL(a,o (30)
(98] CPueL(ac)
Let
Re{ﬂ—2L+q—} be of onesign in [a, ). (31)
p qa q

Then (1) has solutions y;, and Yy, such that

Y, ~ exp(—j:édtj, (32)

Yy = {qp‘1 exp{—f: gdtﬂ (33)
while

Y, ~q" exp(ﬁ{—%+ﬂdt}, (34)

y,~p* exp(j§{—%+%}dtj. (35)

Proof. As in [6], we apply the Eastham theorem ([3], section 2) to the system
(27) provided only that A and R, satisfy the required conditions.
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We shall use (15), (17), (29), and (31).
We first require that

’

%=0(%—ﬂz), (36)
this being [2] for our system,
h=a= (140", (37)

Thus (36) holds by (15) and (29).
Second, we need

(a2 et 38
this being [2] for our system. By (38), this requirement is implied by (17) and
(30).

Finally we show that the eigenvalues x4, of A+R satisfy the dichotomy
condition [2].

Asin [6] and [7], the dichotomy condition holds if

Re(m—1,)="f+9, (39)

where f has one sign in [a,oo) and g is L(a,) [2].
Now by (6) and (28):

4 (X)=4(X), uz(X)%(X)—%. (40)
then by (21), (22) and (40)
q_,r a), 5frp
Re(u—u,)=Re| ~—2—+2 |10 -2 |, (41)
(4= ) (p p q] [qu

Thus, by (31) and (30), (39) holds. Since (27) satisfies all the conditions for the
asymptotic result [3, section 2], it follows that as X — oo, (27) has two linearly

independant solutions.
Z.(x)=[e, +o(1)]exp(j:yk (t)dt) (42)

with e, the coordinate vector with &th coponment unity and other coponments
zero.

Finally, on transforming back to yvia (10), (11), (4) and making use of (40),
(21), (22) and (30), we obtain (33), also (32) after adjusing Yy, by a constant

multiple, and similary for y, and y,.0

5. Examples
Example 1. We consider the cofficients in (1) given by
r(x)=cx", q(x)=cx", p(x)=cx™.

a; and ¢, (1<i<3) are real constants with ¢; #0. Then (15) and (17) of
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Theorem 4.1 hold under the conditions

20, —ay — o, > 0. (43)
Also (29) true if
o, —a,+1>0 (44)
Now in (30) (q—fJ is L(a,0) if
q
a,—a;+1>0 (45)

wich is trueby (43) and (44).

. r’p . .
Also, in (30), —~ is L(a,0) if
q

3a, - 20y —ay >1. (46)
So all conditions of theorem 4.1 are true under (43), (44) and (46). For

example if we take o, =«a,.

Then all condition are true if

a, —a, >1. (47)

Example 2. Let r(x)=cx™ exp(xa), p(X)=c,x* exp(—4xb),
a(x) = cx“ exp(—x°)
where b>a>0, ¢ and ¢ (1<i<3) arereal constants with ¢ #0.

Again it is easy to check that all conditions of Theorem 4.1 are satisfied.

References

[1]  Walker, P.W. (1971) Asymptotics for a Class of Nonanalytic Second-Order Diffe-
rential Equations. SIAM Journal on Mathematical Analysis, 2, 328-329.
https://doi.org/10.1137/0502030

[2] Eastham, M.S.P. (1985) The Asymptotic Solution of Linear Differential Systems.
Mathematika, 32, 131-138. https://doi.org/10.1112/5S0025579300010949

[3] Atkinson, F.V. (1956/58) Asymptotic Formulae for Linear Oscillations. Proceedings
of the Glasgow Mathematical Association, 3, 105-111.

[4] Eastham, M.S.P. (1989) The Asymptotic Solution of Linear Differential Systems,
Applications of the Levinson Theorem. Clarendon Press, Oxford.

[5] Everitt, W.N. and Zetti, A. (1979) Generalized Symmetric Ordinary Differential
Expressions I, the General Theory. Nieuw Archief voor Wiskunde, 27, 363-397.

[6] Al-Hammadi, A.S.A. (1988) Asymptotic Theory for Third-Order Differential Equa-
tions. Mathematika, 35, 225-232. https://doi.org/10.1112/S0025579300015229

[7] Al-Hammadi, A.S.A. (1990) Asymptotic Theory for Third-Order Differential Equa-
tions of Euler Type. Results in Mathematics, 127, 1-14.
https://doi.org/10.1007/BF03322625

DOI: 10.4236/apm.2017.78026 412 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.78026
https://doi.org/10.1137/0502030
https://doi.org/10.1112/S0025579300010949
https://doi.org/10.1112/S0025579300015229
https://doi.org/10.1007/BF03322625

o
+%%, Scientific Research Publishing

Submit or recommend next manuscript to SCIRP and we will provide best
service for you:

Accepting pre-submission inquiries through Email, Facebook, LinkedIn, Twitter, etc.
A wide selection of journals (inclusive of 9 subjects, more than 200 journals)
Providing 24-hour high-quality service

User-friendly online submission system

Fair and swift peer-review system

Efficient typesetting and proofreading procedure

Display of the result of downloads and visits, as well as the number of cited articles
Maximum dissemination of your research work

Submit your manuscript at: http://papersubmission.scirp.org/
Or contact apm@scirp.org



http://papersubmission.scirp.org/
mailto:apm@scirp.org

	Asymptotic Theory for a General Second-Order Differential Equation
	Abstract
	Keywords
	1. Introduction
	2. The General Method
	3. The Matrices  and 
	4. The Asymptotic Form of Solutions
	5. Examples
	References

