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Abstract

In this paper, multiplicative version of degree distance of a graph is defined
and tight upper bounds of the graph operations have been found.
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1. Introduction

A topological index of a graph is a numerical quantity which is structural
invariant, Ze. it is fixed under graph automorphism. The simplest topological
indices are the number of vertices and edges of a graph. In this paper, we define
and study a new topological index called multiplicative degree distance. All
graphs considered are simple and connected graphs.

We denote the vertex and the edge set of a graph Gby V(G) and E(G),
respectively. dg(v) denotes the degree of a vertex v in G. The number of
elements in the vertex set of a graph Gis called the order of G and is denoted by
V(G) . The number of elements in the edge set of a graph G'is called the size of
G and is denoted by e(G). A graph with order n and size m edges is called a
(n,m) -graph. For any u,veV (G), the distance between zand vin G, denoted
by dg(u,v), is the length of a shortest (u,v)-path in G. The edge connective
the vertices z and vwill be denoted by uv. The complement G of the graph G

is the graph with vertex set V (G), in which two vertices in G are adjacent if
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and only if they are not adjacent in G.

The join of graphs G, and G, is denoted by G, +G,, and it is the graph
with vertex set V (G,)UV (G,) and the edge set E(G,+G,)=E(G,)UE(G,)
u{uluz lu, eV (G,),u, EV(GZ)}. The composition of graphs G, and G, is
denoted by G,[G,], and it is the graph with vertex set V (G,)xV (G, ), and two
vertices u=(u,,U,) and v=(v;,V,) are adjacent if (u, is adjacent to V;) or
(u=v, and u, and v, are adjacent). The disjunction of graphs G, and G,
is denoted by G, v G,, and it is the graph with vertex set V (G,)xV (G,) and
E(G,vG,)={(u,u,)(vy,v,) |y, € E(G) or uy, € E(G,)}. The symmetric di-
fference of graphs G, and G, is denoted by G, ®G,, and it is the graph
with vertex set V (G,)xV (G,) and edge set
E(G,®G,)={(u,u,)(v,,V,)) |y, € E(G,) or u,, € E(G, ) but not both}.

Let G be a connected graph. The Wiener index W (G) of a graph G is
defined as

WE)= T de(uv)=; ¥ doluy)
{uvjev(e) vev(G

Dobrynin and Kochetova [1] and Gutman [2] independently proposed a

vertex-degree-Weighted version of Wiener index called degree distance or

Schultz molecular topological index, which is defined for a connected graph G as

DD(G)= dG(U’V)[de(U)ere(v)]:l > dG(u’V)[dG(u)erG(V)]'

{uviev(e) uvev(G)

The Zagreb indices have been introduced more than thirth years ago by
Gutman and Trianjestic [3]. The first Zagreb index M, (G) of a graph G is
defined as

M (G)= 3 [do(u)+ds(v)]= Zd()

uveE(G) veV (G
The second Zagreb index M,(G) ofa graph Gis defined as

M (G)= 3. dg(u)dg (V).
weE(G)

The Zagreb indices are found to have applications in QSPR and QSAR studies
as well, see [4].

Note that contribution of nonadjacent vertex pair should be taken into account
when computing the Weighted Wiener Polynomials of certain Composite graphs,
see [5]. A.R. Ashrafi, T. Doslic, A. Hamzeha, [6] [7] defined the first Zagreb
coindex of a graph G'is

2, [de(u)+de(v)]

uvgE(G
The second Zagreb coindex of a graph Gis

M, (G)= Zd() s (V)

uvgE(G

respectively.

In [8], Hamzeh, Iranmanesh Hossein-Zadeh and M.V. Diudea recently
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introduced the generalized degree distance of graphs. Asma Hamzeh, Ali
Iranmanesh and Samaneh Hossein-Zadeh, Cartesian product, composition,
join, disjunction and symmetric difference of graphs and introduce generalized
and modified generalized degree distance Polynomials of graphs, such that their
first derivatives at x =1, see [9].

In this paper, we defne a new graph invariant named multiplicative version of
degree distance of a graph denoted by DD"(G) and defined by

[DD°(G)] = T do(uv)[dg(u)+ds(v)]:

u,veV(G)u=v

Therefore the study of this new topological index is important and we have
obtained Sharp upper bounds for the graph operations such as join, disjunction,

composition, symmetric difference of graphs.

2. The Multiplicative Degree Distance of Graph Operations

Lemma 2.1. [10] [11], Let G, and G, be two simple connected graphs. The
number of vertices and edges of graph G, is denoted by n, and e, respectively
for i=1,2. Then we have

L dg.q, (u,v)z{

1, weE(G)orueE(G,)or(ueV(G)andveV(G,))
2, otherwise

For a vertex u of G, dg g (U)=dg (u)+n,, and for a vertex v of G,,
dg.c, (V) =dg, (V) +n,.
Gl(ul’uz)' U, # U,

d
2. ey ((ul’vl)’(uz’VZ)) =11 Uy =U,, Vv, € E(G,)
2, otherwise

g (609) =l ()5, (v).
5 e (040, 00) |
e ((09) =1, (0)+ 1l (V) () (),
b o () 0)) |

dgeq, ((U:V))=nydg (u)+ndg, (v)-2dg (u)dg, (V).

Lemma 2.2. (Arithmetic Geometric inequality)
Let X, X,,'*-,X, benon-negative numbers. Then

X+ X, +---+ X
1 2 n
—ZWXle"-Xn

n
Remark 2.3. For a graph G, let A(G) = {(x,y)eV(G)xV(G)|x and y
are adjacent in G} and let B(G) ={(x,y)eV(G)xV(G)|x and y are not
adjacentin G }. For each xeV (G),(x,x)e B(G). Clearly,

1 wu,eE(G))orvy, E(G,)
2, otherwise

1, wu, e E(G)orwy, € E(G,) but not both
2, otherwise
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A(G)UB(G)=V (G)xV(G). Let C(G)={(x,x)|xeV(G)} and
D(G)=B(G)-C(G). Clearly B(G)=C(G)uD(G), C(G)nD(G)=2.

The summation Z runs over the ordered pairs of A(G). For simplicity,

(xy)eA(G)
we write the summation )’ as Y . Similarly, we write the summation
(x,y)eA(G) xyeG
D> as Y . Also the summation )  runs over the edges of G. We
(x,y)eB(G) xyeG xyeE(G)
denote the summation ) by > and similarly ) by [] . The
X,yeV(G) X,yeG X,yeV(G) X,yeG
summation > eqivalent to > and similarly the summation
(x,y)eD(G) xyeG ,x#y
> eqivalentto Y
(x,y)eC(G) xygG x=y

Lemma 2.4. Let Gbe a graph. Then

3 1=20(G)

xyeG

Proof:

Y1=2 Y 1=2¢(G)

xyeG xyeE(G)

Lemma 2.5.

sz (X)= Ml(G)

xyeG

Proof: Let xeV(G) and t=dg(x).Let y;,Y,,--, Y, be the neighbours of
x. Bach orderd pair (x,y;),1<i<t, contributes dg(X) to the sum. Thus these

orderd pairs contribute d3 (x) to the sum. Hence

Zde (X) = (G)dé (X): MI(G)

xyeG xeV

Lemma 2.6.

Zde (X)de(y)=2M2(G)

xyeG
Proof: Clearly,

2ds (x)ds (y)=2 > )dG (x)ds (y)=2M,(G).

xyeG xyeE(G
Lemma 2.7.
1= 2e(G_)+v(G)
xyeG
Proof:
Yi= > 1+ Y 1=2¢(G)+v(G)
xygG (x.¥)eD(G)  (x,x)eC(G)
Lemma 2.8.

> dg (x)=2e(G)(v(G)~-1)+2e(G)-M,(G)

xyeG
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Proof.
2ds(x)= >, dg(x)+ dg (x)
xyeG (x,y)eD(G) (x,x)eC(G)
= 2 {(G)-1-ds(f+ X de(x)
(x,y)eD(G) (x,x)eC(G)

)
G)— d2(x)+2e(G)
)

Lemma 2.9.
Xngde(X)de(y)=2'\ﬁz(G)+M1(G)
Proof:
Te(de ()= 3 dol)da(y)r 3 ca(x)de(x
=2 ¥ da(x)de(y)+ 3 02 (x)
=2M,(G)+M,(G)
Lemma 2.10.
[0 (x) o (4)]=2M,(6) +42(C)
Proof:
Tlemrd(y]= 3 )[de<x>+ds<y>]+wﬁz[)(e)[de(x>+de(y)]
VZZd 2 [d (y)]
=zl€e(G)+2Ml(G)

3. The Multiplicative Degree Distance of Composition of Graph
Theorem 3.1. Let G,,i=12,bea (n,m,)-graph. Then
[0 (&[e.])]

+8nZm, (n, —1)+2n,M, (G, ) +8mn,m, + 4W (G, )M, (G, )

4M, (G, )W (G, )+4n,m,DD(G, )+4n,M, (G,)

N, (ngnp 1)
+2n,DD (G, )(2m, +n, )}}

Proof:
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[0 (a.[6, )]
“TLTT - dogey (0w (yov)] dogey (%00)+ 0 e (9

X,y€Gy u,veGy,x#u(or)y=v

mnp (nnp -1)
{n n2 nn, - x yeel u,veGy, é(or)yﬂd 1(C2] ((X’u),(y’v))[dGl[Gz] (X’u)+dGl[Gz] (y,v)}}
nnp (nny -1)
dg , d ’
{nlnz ”1“2 x%:e1 u%:e2 i[ ]((X u).(y v))[ Gl[Gz](X u)-+d 6[G,] (y V)}}
{n nz nn, - x yeel|:u\§2d61[62] ((X U) (y7v))(d61[62] (X’u)+dGl[Gz] (y,v))

mnz (yynz -1)
' Ze dGl[Gz]((X’u)’(y'v))(dq[eﬂ(X’”)+del[ez](y’v))}}
uve! 2
1
) {n n (n n, _1)|:x yerlx y uver GZ] , )[ Gl[GZ]( )+d61[62] (y,v)]
+ 2 2 dge((xu)

X,yeGy, X2y ueG, G GZ] GI[GZ] (y ):|

((x,
)] de

+ X Zdel[s] ((xu) |:dGl[G2] el[ez](y )}
V)|

X,YeGy,X=y WweGy mnz(mnz -1)
deyjc,] dofc,) (y,v)ﬂ}

, 1 mnz(mnp-1)
[DD'G,[G,]] < {W(s3 +5,+S, + s4)}

d

+ Zdel[e2 (x,u)

X,yeGy, x=y uveG,

where S,,S,,S,,S, are terms of the above sums taken in order.
Next we calculate S,,S,,S; and S, separately.

Sl = Z Z dG 1[Gz ] ((X'u)'(y’v))[del[ez] (X’u)+del[62] (y,v)]

X,yeGy, xzy uveG

= > Z dg, (%, y)[dGZ (u)+n,dg (X)+dg, (v)+n,dg (y)] by Lemma 2.1

X,yeGy,xzy uveG,

=n, > de, (X, y)[del(x)+d61(y)J PIREEDY dg, (% Y) > [dGz (u)+dg, (v)]

X,yeGy, x#y uveG, X,yeGy, x#y uveG,

= 4n,m,DD (G, ) +4M, (G, )W (G,)

S;= T o ((0).(y9))] dogy (60) + gy (V)

X,yeGy,x=y uveG,

_ s { 5 Ao (60,(39)) dogey (50)+ g (129)]

X,yeGy,x=y | uveGy,u=v

S gy (00, (1) dagey (1) ¢ G[G]wv)}}

uvegGy,u=v

=0+ X ) dGl[Gz]((x,u),(y,v))[dsﬂezl(x,u)+dGl[G2](y,v)}

X,yeGy,x=y uvegG, uzv

= > Y dg (X, y)[d(32 (u)+n,dg (x)+dg, (v)+n2dGl(y)] by Lemma 2.1

X,yeGy,x=y uveG, uAv

=2 > [dGz(u)erGz(v)J > 1+2n2[ > 1} > [dGl(x)erGl(y)J

uveGy,u=v X,yeGy, x=y uvgGy ,u=v X,yeGy, x=y

=4nM, (G,)+8n,mn, (n, -1)
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wn
w
I

2 dec,] ((x, u),(y,v))[del[ez] (xu)+ dsc,] (v, V)}

X,YeGy,x=y uveG,

1 Z Z [dq[ez](x'u)+del[ez](y’V)J

X,yeGy,x=y uveG,

> Y [de, (u)+dg (X)n, +dg, (v)+n,dg (y)] by Lemma 2.1

X,YeGy,x=y uveG,

IR I CROERUIESS M CROIAD 55

X,yeGy,x=y ) uveG, X,yeGy , x=y uveG,

=2nM,(G,)+8n,mm,

Z Z dGl[Gz] ((X’ u) ! ( y’v))[del[ez] (X' U)+ dGl[Gz] (y'v)]

X,YeGy,x#y uvegG,

Y g (x y)[dq[ez] (X,U)+dG1[G2](y,V)]

X,YeGy,x£y uvgGy

> 2 dg(x y)[dGz (u)+dg (X)n, +dg, (V) +n,dg (y)] by Lemma 2.1

X,yeGy,x#y uveGy

(T ()] [ 0 0]

X,yeGy, xzy uveGy

o, 2t tunfe o 0] 21

X,YeGy, X#y uveGy

w
N
Il

=4W (G,)M, (G, )+2n,DD(G, )(2m, +n,)

oo (ee)] s{m[wez)w(Go+4n2mZDD<Gl)+4n1M1(GZ>

+8n2m, (n, —1)+2n,M, (G, ) +8mn,m, +4W (G, )M, (G, )

mny(mnp-1)
+2n,DD(G,)(2m, + nz)]}

Lemma 3.2.

nr(nr-1)

DD'K, [K,]=[2(nr-1)] 2

Proof: Clearly the graph K [K,] is the complete graph K .

nr(nr-1)

~.DD"(K,[K,])=DD" (K, )=[2(nr-1)] 2 (1)
Remark 3.3.Let G, =K, and G, =K,.We get,
DD(Gl):z(n_l)M:n(n—l)z,ml:M,w(el):@
2 = _ r(r-1)
M,(G,)=r(r-1)",M,(G,)=0,m,=0,n,=n,n, =r, m, = 5
. InTheorem 3.1, put G, =K, and G, =K,, we get
. nr(nr-1)
DD'K, [K,]<[2(nr-1)] 2 (2)

From (1) and (2) our bound is tight

4. The Multiplicative Degree Distance of Join of Graph

Theorem 4.1. Let G,i=1,2,bea (n;,m)-graphandlet M = e(G_, ) Then
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[DD* (& +GZ)]2 ) {(nl + nz)(:r:1+n2 -1)

+2mn, +2m,n, +nn, (n +n, ) +2M,(G,)

[2M, (G,)+4n,m, +4M, (G, )+8n,m,

_ (ny+ng)(my+np-1)
+4nm, +4M1(Gz)+8n1n—wz]}

Proof:

[DD"(G,+G,)]

= H d(G1+G2) (X' y)[d(el+ez) (X)+d(01+02) (Y)J

X,yeV (G +Gy ), x#y

IA

- :|(n1+n2)(nl+n21)

1
(nl + n2 )(nl + nz _1) x,er(Gl+Gz),x¢yd(Gl+GZ) (X’ y)|:d(G1+Gz) (X) + d(Gl+G2) (y):|

r :|(”1+”2)(”1+n21)

1

= d f d d
(n1+nz)(n1+n2 _1) nyEV(Z:GﬁGZ) (01+G2)(X y)|: (Gl+Gz)(X)+ (61+Gz)(y):|

1

= d Il d d
(nl + nz)(nl + n2 _1) XeV(%%—Gz) ‘,IEV(%:-#Gz) (Gl+GZ) (X y)|: (Gl+GZ) (X)+ (Gl+GZ) (y):|

| 1
= (n1 +n2)(n1 +n, —1) XeV(Gzl+GZ){

_ }(ﬂﬁnz)(nﬁnzl)

> digro,) (x, y)[d(eﬁez) (x)+ digsc,) (y)}

yev(Gy)

(my+ng )(m+np 1)
+ z d(Gl+Gz) (X' y)|:d(Gl+Gz) (X) + d(Gl+Gz) (y):|}:|

yev(Gz)

1
I:(nl + nz)(nl +n, —1) XEV%:‘FGZ) erZ(:Gl)d(Gl+GZ) (Xl y)[d(el+G2) (X) ’ d(Gl+GZ) (y)J

(my+np )(m+np 1)
T e ) () ey 0]

XeV (G +Gy) yeV(Gy)

1
I:(nl + nZ)(nl +n, _1) Xevz(el) erz(G1)d(Gl+GZ) (X, y)lid(GﬁGZ) (X)+ d(GﬁGZ) (y):|

+ X d(el+ez)(x,y)[d(GﬁGZ)(x)+d(Gl+Gz)(y)]

XeV(Gy) yeV(Gy)

+ 22 d(eﬁez)(xly)[d(eﬁez)(X)+d(e1+e2)(y)}

XeV(Gy) yeV(Gy)

DI d(eﬁez)(xl y)[d(el+ez)(X)+d(Gl+Gz)(y)J

XeV(Gy) yeV(Gy)

:|(n1+n2)(rn+n2 -1)

1

= d y d d
C e PR R

+2 Z Z d(G1+G2) (X’ y)|:d(Gl+Gz) (X)+ d(GlJer) (y):|

xeV(Gy) yeV(Gy)

X d(el+ez)(xly)[d(el+ez)(X)er(eﬁez)(y)}

XeV(Gy) yeV(Gy)

:|(n1+n2)(nl+nzl)

OALib Journal 8/18
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1 (my+ng )(ny-+n2-1)

(n,+n,)(n,+n,-1)

[DD"(G,+G,)] <

(3,+23,+3,)

where J,,J,,J; are terms of the above sums taken in order.

Next we calculate J;,J, and J; separately one by one. Now,

= Z del+ez (x, y)[ G1+Gz)(x)+d(Gl+Gz)(y):|

XeV Gl yEV
= Z d(el+Gz)(x'y)[d(el+<32)(X)+d(el+ez)(y)J
X,yeV(Gy)
= Z(;d(ol+ez)(x' y)[d(el+<32)(x)+d(Gl+Gz)(y):|
xyeGy
+xngzx¢yd(Gl+G2)(X,y)|:d(Gl+G ( )+dGl+G (y):|
+ xyggx_yd(%@) (%, y)[d(eﬁez) (x)+ discy) (y)}
=1 Z:g[ @y (X)+ d(GﬁGz)(y)J
xyeGy
+2- Z [d(el+ez)(X)+d(el+ez)(y)]+o
xygGy Xy
= Z‘é [dGl(x)+n2+dG2(y)+n2}
XyeGy
+2 ) [dq(x)+n2+d62(y)+n2] by Lemma 2.1
XyeGy, X£Yy
=y [dGl(x)+dGZ(y)]+2n2 31
XyeGy xyeGy
+2{ > [dGl(x)+dGZ(y)]+2n2 > 1}
XyeGy, X£Y xyeGy, Xy

=2M,(G,)+4n,m +4M, (G,)+8n,m,

J, = Z Z dG+G (X Y)[ G+Gy) ( )+d(Gl+Gz)(y):|

xeV(Gy) yeV(Gy)

1> X [d(el+62)(x)+d(el+62)(y)]

XeV ) yev (GZ)

> [del (x)+n, + dg, (y)+ nl] by Lemma 2.1
xeV(Gy) yev(Gz)

qu(x)21+ ZlZd (y)+(n+n,) 21> 1

XeV (Gy yeVv(Gy) XeV(Gy) yeV(Gy) XeV(Gy) yeV(Gy)

= 2m1n2 +2m,n, +(n, +n,)nn,

b= > d(Gl+GZ)(X, y)[d(el+ez)(x)+d(Gl+Gz)(y)]

XeV(Gy) yeV(Gy)

= Z d(GlJer) (X’ y)l:d(Gl+Gz) (X)+ d(GlJer) (y):l

X,yeV (Gy)

=2 dige) (%, y)[d(el+ez) (x)+ digc,) (y)}

xyeGy

+ 2 dierc,) (%, y)[d(GﬁGz) (x)+ dierc,) (y)]

xyeGy , X#Yy

+ X d(g,1a,) (X y)[d(el+ez) (X)+dg .0, (y)]

xygGy, x=Yy
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=1 Z |:d((31+<32) (X) + d(Gl*GZ) (y):|

xyeG,
+2 3 [dgue (0+ 40 (1)]+0
xyeGy, X#Yy
= 3 [de, (0 +n+de, ()0,
xyeG,
*2 3 [dez(x)+“1+dez(y)+n1] by Lemma 2.1
xyeGy , X#Yy
- Z [dGz(X)+dGZ(Y):|+2n1 Zl
xyeG, XyGy
+2{ > [dez(x)+doz(y)]+2nl 3 1}
xyeGy,x#Yy xyeG, Ky

=2M,(G,)+4nm, +4M, (G, )+8nm,
1

[DD* (& +GZ)]2 - {(nl +n,)(n, +n, -1)

+2mn, +2m,n, +nn, (n +n, ) +2M,(G,)

[2M, (G, )+4n,m, +4M, (G, ) +8n,,

B (meng)(n+np-1)
+4nm, + 4M1(Gz)+8nlmz]}

Lemma 4.2.
DD’ [K, +K,]
(n+r)(n+r-1)
=[2(n+r-1)] 2
Proof: Clearly the graph K + K, isthe complete graph K,,,
DD'[K, +K,]
=DD'[K, ] 3)

(n+r)(n+r-1)

=[2(n+r-1)] 2
Remark 4.3.Let G, =K, and G, =K,. We get,

M,(G,)=n(n-1),
_n(n-1)
==
M,(G,)=r(r-1)°,
M, (G,)=0,

m, = r(rz_l),l\ﬁl((;l)zo,nlzn,n2 =r,m, =0,M, =0.

. InTheorem4.1,put G, = K,,G, = K,, we get

(n+r)(n+r-1)

DD'[K, +K,]<[2(n+r-1)] 2 (4)

From (3) and (4) our bound is tight.

5. The Multiplicative Degree Distance of Disjunction of Graph

Theorem 5.1. Let G,,i=12,bea (n,m,)-graphandlet M, =e(C_5i).Then
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[DD"(G,vG,) |

1 _
<|— 2 fomn, (2M,(G,)+4m, )+ 2n, (2, +n, )M, (G
nlnz(nlnz —1){ mznz( 1( 1)+ ml)+ nl( m1+n1) (G,)

—2M1(G2)(2n_11( ~1)+2m, - M, (G, ))+2n2M (G,)(2m, +ny,)
+2mn, (2M, (G, )+4m, ) -2M, (G, )(2(n, ~1)m, +2m, M, (G, ))
+4n,M, (G,)m, +4nmM, (G,)-2M, (G,)M, (G,)

+2n, (2M, (G, )+4m, )(2m, +2n,) +2n, (2M, (G, )+ 4m, ) (2, +n, )

~a(2m,(n, 1)+ 2m, - M, (&) (2m, (n, ~1) +2m, - M, (G, )

mnz (mnp 1)
—8mn? —4nm, +16m1m2}}

Proof:

[DD"(G,vG,)]

=TI 1 diguey ((6U).(v9) [ dgpuey (x0) +dig e,y (V) ]

X,y€Gy U,veGy, x#y(or)u=v

i (np -1)
Z > gy (60 (1) dig ey (60) + dig ) (¥ V)ﬂ}

n nz n nz ROEE u,veG, , x=y(or)uzv

| X,yeGy u,veG,

mnz (mnp 1)
{ L e (0. 00009 (1) 0]

» ( 5 e (060, 5 [y (60) G (3]

nn2 n n2—1 =

uveG;

uveGy

nlnz(nan )
+ 2 d(leGz)((X’u)’(y’v))[d(leGz)(X’u) dicuey (y V)H:l}

) {W{ z Z d (@rvGe) ((X7u)'(y'v))[d(GﬂGz) (X,U) d (G1vG,) (y V):|

xyeG; uveG,

D d(leGZ)((X,U),(y,V))[d(leGZ)(X,U) digve,) (v, V)]

xyeGy uveGy

+ 2 Y g (60),(v:9) [ ey (60) +dig e (V)]

xyeGy uveG,

xygGy uveGy

mnz (ynp 1)
+ 2 dicuey) ((X’u)’(y’v))[d(leGz) (x,u)+d(G vGy) (v, V)ﬂ}

1 mna(nnp-1)
[DD(G,vG )] IZW(AS+A&+A2+A4):|

where A, A, A, A, areterms of the above sums taken in order.

Next we calculate A, A,, A, and A, separately one by one. Now,
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A= T T 000 (500G (60) 10 (0]
= yz 261 [ o (X)+ndg (u)=dg (x)dg, (u)+n,dg (Y)
+ndg, (V) -dg (y)dg (V)J by Lemma 2.1

I
>

2§§@<>4ﬂm22[wwwu
§M>w>2ﬁd>m

xyeG xygGy u

R P Py P
)| 2
(G

{Zeo ) Z00) 20
=2m,n, (2M, (G,) )+2n1(2m1+n1)M1 ))
—m(ﬂ( 1)+2m,~M,(G,))
A= 3 3 ey (060):(09) G (1) + Gy (9)]

= Z Z [nz ( )+n1 (u) del(x)dez( )+n2del(y)

xyeGy uveGy

+ndg, (v)—=dg (y)dg, (v )] by Lemma 2.1

-0 3 3 [0 (04 ()]+n T 3 [t (0)+0, ()]

A (v)d, ()
1) 5 [t @), ]

-3 T (08, (- T T (v

n[ 2 [t (0, 0] Zafon 3
(2w 2w Zen] )
=2n,M, (G,)(2M, +n,)+2n,m, (2M, (G, ) +4m, )

M

-2M, (G, )[Z(HZ ~1)m, +2m, — 1(62)]

A=, Zdel VGy) (( ,u),(y,v))[d (G Gz)(x )+d(lee2)(y,v)J

XyeGy uv

=2 Z [nd (x) +ndg, (u)—dg, (x)dg, (u)+n,dg (¥)

XyeGy uv

+ndg, (V) —dg (¥)dg, (v)] by Lemma 2.1

=, 3, % [dg (x)+de, (v)]+n 3 Zz[ e, (U)+dg, (V)]

—é@ﬂ)()zﬁ;nm
n[ [0 00+t ]| Z1fon] Z1f £ e )00 0]

_[xy;;ldel (x)jEUVEZGZdGZ (U)j - {Xy%d% (y)j(uvee . (V)j

2
=4n,m,M, (G,)+4nmM,(G,)-2M,(G,)M,(G,)
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A=Y Y dge (60)(1V))] ey (6U)+dig ) (¥:V) ]

xygG; uveG,

_22 Z[ (GvGy) (X'u)+ (61vGy) (yv)}

xygGy uveG;

-2 Z Z |:d(leGZ)(X'u)+dGvG2 (y V)}

xyeGy,x=y uvgG,,u=v

A, =2A -2A,, where A and A, areterms of the above sums taken in
order.

Now,

A=Y Y (e (0U)+dg e, (1Y)

xyeGy uveG,

=3y [nzdol(x)+n1dGz (u)—dg, (x)dg, (u)+n,ds (¥)

xyeGy uveGy

+ndg, (V)-dg (Y)dg, (v)] by Lemma 2.1

=n > X [dGl (X)"'del(y)}"nl > X [dez (u)+ds, (V)J

xyeG; uveG, xyeGuveG,

=2 2,06 (¥)dg, (U)= 2 D dg (¥)dg, (V)

xygG) uveGy xyeG; uveG,

- nz{ > [do, (x)+dg, (y)]][ > 1J+nl( > 1}( > [dg, (u)+d, (V)]j

xy£Gy uveG, xygGy uveG,

(2w Zaw{ Zam] Zao)

=n,(2M, (G,)+4m, )(2m, +n,)+n, (2M, (G, )+4m, ) (2, +n,)
_2(2n_11( 1)+2m -M (G ))(Zm (n2—1)+2m2—M1(G_2))

A= Z Z [d(quz)(x,u) dleGz (yv)}

xyeGy,x=y uvgG, ,u=v

= > > [nzdel(x)JrnldGZ (u)=dg, (x)dg, (u)+n,dg ()

xyeGy,u=v uveG, ,u=v

+ndg, (v)—dg (y)dg, (v)] by Lemma 2.1

= Y% [d()rde (N]+n XN [do, (u)+ds, ()]

xygGy,x=Yy uvgG, ,u=v xyeGy, x=y uvgGy ,u=v

- 2 2 dg ()dg, (u)= > X dg (Y)d, (V)

xyeGy, Xx=y uvgG, ,u=v xyeGy,x=y uvgG, ,u=v

[ 5 [dq(x)%(y)ﬂ[ 5 1j[ » 1}[ > [dez<u)+d62<vﬂ]

XygGy, x=y uveGy,u=v xygGy, x=y uweGy,u=v

{2 ew| 2 awl{ e £ e

xyeGy,x=y uvgGy,u=v xyeGy,x=y uweGy,u=v

= 4m,n? +4m,n? —8mm,
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[DD*(G,vG,)]
1
< W{Zmznz( )+4m, )+ 2n, (2m, +n, )M, (G,)
—2M1(Gz)(2n_11(n1 )+2m, - (G ))+2n2 ,)(2m, +n,)

+2myn, (2M, (G, ) +4m, ) —2M, ( (2 (n,-1) m2+2m2 Ml(G_Z))
+4n,M, (G,)m, +4nmM, (G, ) 2M, (G, )M, (G,)

+2n, (2M, (G, ) +4m, )(2m, + 2n, )+ 2n, (2M, (G, )+4m2)(2n_1 n)
—4(2m, (n, ~1)+2m, — M, (G, ))(2m, (n, ~1)+2m, - M, (G, ))

M (mnp -1)
—8m,n? —4nm, +16m1m2}}

Lemma 5.2.

mn(mn-1)

DD [K, vK,]=(2mn-2)

Proof: Clearly the graph K_ v K, isthe complete graph K

mn(mn-1)

DD (K, vK,)=DD (K, )=(2mn-2)" 2 (5)

Remark 5.3.Let G, =K, and G,=K . We get

n=m,n =nm=m(m_l) m :n(n—l) m =0,m, =0
h My =N, M > My > , M =u,m,

M, (G,)=M, (K, )=m(m-1)*,M,(G,)=M,(K,)=n(n-1)’
M, (G,)=M,(K,)=0,M,(G,)=M,(K,)=0,M,(G,)=M,(K,)=0
. InTheorem 5.1, put G, =K, and G, =K, we get

mn(mn-1)

DD [K, vK,]<(2mn-2)"2 (6)

From (5) and (6) our bound is tight.

6. The Multiplicative Degree Distance of Symmetric

difference of Graph
Theorem 6.1.
[DD*(G,@6,)]
1
<12 +4 2 M 2
<{n1n2(nln2—l)[ nzmz( m1)+ n m, +n,)
~4M, (G, )(2m, (n, - -M ( 1))+ 2n,M, (G,)(2m, +n,)

+2n,m, (2M, (G, )+4m ) M, ( )( (n2—1)m2+2m2—M1(G_2))
+4n,M, (G,)m, +4nmM, (G,)-4M (G, )M, (G,)
+2[n2(2l\ﬁ (G,)+4m,)(2m, +n,)+n, (2M, (G, )+4m, )(2m, +n,)

_4(2n—11( 1)+2m - M (G ))(Zm (”2_1)+2m2_M1(62))J

mn (mnp 1)
- 2(4n§ml +4n7m, —16mm, )]}
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Proof:
[DD*(G,®6,)]

=11 I1 d(Gler)((X,U),(y,V))[d(Gler)(X,U) dg00,) (v, V)]

X,YeGy u,veGy, Xy(or )uv

mynz(nnz-1)
{nlnz (nn, - Z x> d(el@GZ)((x,u),(y,v))[d(Gl@Gz)(x,u) + (06, (V: v)ﬂ}

| X.yeGy uveGy x#y(or)u=v

mna(mnp-1)
{nlnz (um, Z > diggecy (61 (V:V))] dig e, (6 U)+ g ec, (yv)ﬂ}

| X,yeGy u,veG,

{n n, (nn, - Xélel[uézd(sl%z)((X’u)’(y'v))[d(q%z) (xu)+ +d g0, (y V)J

uveGy

nlnz(nan )
+ Zd(Gl®G2)((X,u),(y,v))[d(G@Gz)(X,u) diec,) (v, V)JH}

_{nnz(nnz 1){Z 2. Ysec) ((X’u)’(y’v))[d(%%z)(X’u)+ (618G,) (yv)}

xyeG; uveG,

+ 3 2 gy (1), (99) | oy (x0) + gy (V)

xygG; uveG,

+ 3 3 dgae ((60),(v:))] digeey (X 0) + g e, (V)]

xyeGy uveG,

mn,(mny-1)
TS e (60 (5) By (5 o (0 v)ﬂ}

xygGy uveG,

1 (1)
[DD™(G, @G)] {W(C3+C1+C2+C4):|

where C;,C,,C,,C, are terms of the above sums taken in order.

Next we calculate C,,C,,C, and C, separately.

C=2 2 d(q@Gz)((x,u),(y,v))[d(qeez)(x,u)+d(Gl®Gz)(y,v)]

%Zl[ o (X) 1k, ()20, ()0, (1)l (9)
+ndg, (v)-2 dg, (v)] by Lemma 2.1
ZZ[ e ()] +m 3 3 [de, (4) v, (v)]
‘ny%uézdel(x)d@z (u)- 2X)§(:31U\g(;2d61() o (v

=n, (Xy%[del (X)+dg, (y)]j[weszlJ +n, [Xgﬂ Zz u)+de, (V)]]
| 2

)
[ - e
_ 2[%1%1 (x)j(uvez(;zdez (U)] - 2&%%1 y)j(uveezdez (V)J

=2n,m, (2M, (G,)+4m, )+ 2n,M, (G, (2, +1,)
~4M, (G, )(2m, (n, ~1)+2m, - Ml(Gl))
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=2 Zd(GleBGz)((X’u)’(y'v))l:d(Gl®Gz)(X’u)+dG@Gz (v, V)J

xyeGy uveGy

=2 X [nzdel (x)+ndg, (u)-2dg, (x)dg, (u)

xyeGy uveG,

+n,dg (y)+ndg, (v)-2dg (y)dg, (v)] by Lemma 2.1

=2 2 [del(x)"‘dez (y)]+nl 2 2 [dez (u)+ds, (V)]

xyeG; uveG, XyeG;uveGy

=22, 2 g (¥)dg, (u)=22 > dg (¥)de, (V)

xyeGy uveG, xyeGy uveG,

- 2 [0, 0006, 0] 1) 21 2 [ w005, 0]

xyeGy uveGy xyeGy ueG,

o 2o 0] Ze )7 T )] Te )

=2n,M, (G, )(M, +n,)+2n,m, (2M, (G, ) +4m, )

—4M, (Gl)(z(nz ~1)m, +2m, — MI(G_Z))

C;=2 2 dige6,) ((x,u),(y,v))[d(el%z) (X u)+dg 00, (V. V)}

xyeGy uveG,

=2 X [nszl(x)+n1dG2 (u)-2dg, (x)dg, (u)

xyeGy uveG,

+n,dg (y)+ndg, (V)-2dg (y)dg, (v )J by Lemma 2.1

=0, ¥ ¥ [do ()0, ()]+n Y X [do, (u)+dg, (V)]

—ziqu(x) (u)- 2%2(1() e (V)
—n, (yzq [dg, (x)+d, (y)]j[wézl]+ nl[xyezGllJ{weZez[dez (u)+dg, (V)]J

o 2.0 Z et Tea0]| T o)

xyeGy uveGy xyeGy uveG;

=4n,M, (G,)m, +4nmM, (G,)—4M,(G,)M,(G,)

C,= D, Zd(Gler)((x,u),(y,v))[d(q@ez)(x,u) digec,) (v, V)}

xygGy uveGy

_22 Z[ (6,06,) (X’U) dG@Gz (yv)]

xyeGy uveG,

-2 Z Z [d(eleez)(x'u) dG@GZ (y V)]

xyeGy,x=y uvgG,,u=v

C,=2C,-2C,, where C, and C, denote the sums of the above terms in
order.

Now,
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O
I
N

I:d(Gl®Gz) (X U G ,®G;) :|
»: [nzdel( )+ndg ( )-2 (X)dez( )

+n,d (y)+ nldGz (V)_Zdel (Y)dez (V)] by Lemma 2.1

=n 2 > [del (x)+dg, (y)]+n1 2 2 [dez (u)+dg, (V)]

xyeGy uveG, xyeG) uveGy

-2 Z z del (X)dez (u)-2 z z del (Y)dcz (v)

xyeGy uveG, xyeGy uveG,

- nz( > [d, (x)+dg, (y)]J[ > 1}”{ Zl}( > [de, (u)+d, (V)]J

xyeGy ueGy xygGy uveGy

A 2000 e @] Zee )] o)

=n,(2M, (G,)+4m,)(2m, +n,)+n, (2M, (G, )+4m, )(2m, +n,)
—4((2m1( 1)+2m -M, (G, ))(2m (n2—1)+2m2—M1(G_2))

C= 2 X |:d(el®ez)(X’u)+d(eleez)(y’v):|

xygGy,x=y uvgGy,u=v

= > > [n,dg (x)+ndg, (u)-2dg (x)dg, (u)

xygGy,x=Yy uvgGy,u=v

Gy u

3

<
<
@]

N

&

I
K9

>

<
N
@
@

N

+n,dg (y)+ndg () (y)dG v] by Lemma 2.1

: 2 X (A (0+ds, ()] Y ¥ [de, (u)+d, (v)]

xyzGl x=y uvgGy,u=v xyeGy,x=y uvgG, ,u=v

-2 % Zdeluv()dz(u 2 > 2 dg (¥)de, (v)

xygGy,x=y uvgG, xyeGy,x=y uvgG,,u=v

(
-

ol 2 oot o] 2 ) [WJ(

EE Ry ](Wv 5

=4n’m, +4n’m, —-16mm,

(u)+dg, (v )]J

weGy,u= v

[DD"(G,®6,)]

s{ﬁ[znzmz(2M1(Gl)+4ml)+2n1|v|1(c32)(2m1+nl)
~4M, (G, )(2m, (n,~1)+2m, — M, (G, ))+2n,M, (G, )(2m, +n, )
+2n,m; (2M, (G, ) +4m, )= 4M, (G, )(2(n, ~1)m, +2m, - M, (G, ))
+4n,M, (G,)m, +4nmM, (G,)-4M (G, )M, (G,)
+2[n2(2l\ﬁ (G,)+4m,)(2m, +n,)+n, (2M, (G, )+4m, )(2m, +n,)
~4(2m, (n,~1)+2m, - M, (G, ))(2m, (n, ~1)+2m, - Ml(éz)ﬂ

M Mz -1)
—2(4nZm, +4n?m, —16m;m, )]}

Lemma 6.2.

m(m-1)

DD’ [K, ®K,]=(2m-2) 2
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Proof: Clearly the graph K @ K| is the complete graph K,

. . m(m-1)
DD'[K, ®K,]=DD'K, =(2m-2) 2 7)
Remark 6.3. Let G, =K, and G, =K;. We get
m(m-1) _
n=mn,=1m = 5 ,m,=0,m=0m,=
2
M, (G,)=M, (K, )=m(m-1)*,M,(G,) =M, (K,) =0
M,(G,)=M,(K,)=0,M,(G,)=M,(K,)=0
M, (G,)=M,(K,)=0,M,(G,)=M,(K;)=0
In Theorem 6.1, put G, =K, and G, =K, we get
m(m-1)

DD'[K, ®K,]<(2m-2) 2 (8)

From (7) and (8) our bound is tight.
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