
Journal of Software Engineering and Applications, 2017, 10, 663-676 
http://www.scirp.org/journal/jsea 

ISSN Online: 1945-3124 
ISSN Print: 1945-3116 

 
 
 

Algebraic or Algorithmic: Searching for Optimal 
Solutions in Multi-Stage Supply Chain Models 

Ab Rahman Ahmad1*, Borkistang Mohamad1, Sami M. Halawani2 

1Faculty of Computing and Information Technology, King Abdulaziz University, Rabigh, KSA 
2Faculty of Computing and Information Technology, King Abdulaziz University, Jeddah, KSA 

  
 
 

Abstract 
In this paper we proposed an AMH Supply Chain model to obtain optimal 
solutions for Two-, Three- and Four-Stage for deterministic models. Besides 
deriving its algebraic solutions, a simple searching method is successfully ap-
plied in obtaining optimal total costs and its integer multipliers. Our model 
has shown promising results in comparison to Equal Cycle Time and other 
existing ones. The tests focused on obtaining optimal total annual costs and 
other related details of Two-, Three- and Four-Stage for deterministic models. 
The results are run under Visual Basic Programming platform using Intel® 
CoreTM2 Duo T6500 Processor. 
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1. Introduction 

The term Supply Chain Management (SCM) has emerged in the late 1980s and 
since then many definitions of SCM [1] have been proposed. SCM deals with the 
managing materials, information and financial flows in a network consisting of 
suppliers, manufacturers, distributors, wholesalers, retailers and customers 
(consumers). SCM [2] is defined in as a set of approaches utilized to efficiently 
integrate suppliers, manufactures, warehouses, and stores, so that merchandise is 
produced and distributed at the right quantities, to the right locations, and at the 
right time, in order to minimize system-wide cost while satisfying service level 
requirements. 

There are many different models developed for SCM and planning objectives. 
The models [3] developed for implementation and application in supply chain 
management are classified in two mathematical types, i.e., descriptive models 
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and optimization models. The descriptive models are created by modeling prac-
titioners to better understanding functional relationship in the supply chain. 
They include demand forecasting models, cost relationship model, resource uti-
lization relationship models, and supply chain system simulation model. 

Research findings in inventory-distribution coordination and information 
sharing reveal that these can help in reducing inventories, order costs and 
transportation costs. The firms are advised to device strategies that lead to 
smaller batches or frequent replenishments. The exchanging substantial quanti-
ties of information among the parties involved can increase the efficiency and 
effectiveness of the supply chain. This can significantly reduced inventory which 
has a significant impact on supply chain activities. 

The focus [4] [5] is on the integrated vendor-buyer inventory and the joint 
economic lot sizing problem models. The inventories [4] across the entire supply 
chain can be more efficiently managed through greater cooperation and better 
coordination. A review in [5] on the joint replenishment problem shows that 
there is interest in the new kind of problem with dynamic or stochastic demand. 
Recent research on the problem has also focused on finding faster algorithms to 
the problem. 

The case of a Two-Stage serial supply chain system [6] involves a single vendor 
who supplies a single buyer with a single product. The vendor’s production rate is 
assumed finite whilst the demand at the buyer is assumed deterministic. The mod-
el fully shares the relevant information in order to coordinate the replenishment 
policies and joint optimize their operational costs. The study developed an inte-
grated inventory replenishment model which assumed linear and fixed backorders 
costs. A hybrid geometric-algebraic method is used to derive the optimal reple-
nishment policy and the minimum supply chain total cost in a closed form. 

Some studies suggested synchronization of cycle times across the chain stages; 
however, in many cases pure Just-In-Time schedules using a common synchro-
nized common production replenishment cycle are found not to be optimal. The 
supply chain model [7] achieved better the coordination by applying integer 
multipliers mechanisms in which the cycle time at each stage is an integer mul-
tiple of the cycle time of the adjacent downstream stage. 

This research [8] deals with inventory and production co-ordination in a 
Three-Stage supply chain involving suppliers, manufacturers and retailers. The 
cycle time used at each stage is an integer multiple of the cycle time of the adja-
cent downstream stage. The produced lot is sent as soon as they are produced 
and not to wait until the whole lot is produced. A numerical example shows that 
the policy leads to better savings compared to the scheme that allows shipments 
only after the whole lot is produced. 

A discrete-event simulation model [9] is developed for a Four-Stage supply 
chain. The model assumed to share their inventories and demands information. 
The evaluation on the system performance is the expected total cost which con-
sists of the inventory holding cost, the ordering cost, and the shortage cost. The 
simulation model is optimized using SimRunner optimization package. 
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A more generalized inventory coordination mechanism in an n-stage, mul-
ti-customer, non-serial supply chain [10] used algebraic method to optimize 
coordinated supply chain. The established recursive expressions are used for the 
derivation of the optimal replenishment policy and the development of the solu-
tion algorithm. Further, a simple procedure is derived that can help in sharing 
the coordination cost benefits to induce all stages to adopt the inventory coor-
dination mechanism. 

In [11], a proposed formulation for n-stage multi customers supply chain in-
ventory model where a company can supply products to several customers. The 
formulation is for the model with the simplest inventory coordination mechan-
ism, i.e., same cycle time for all companies in the supply chain. Instead of using 
differential calculus, it is feasible to use perfect square method to obtain an alge-
braic approach to optimize the supply chain model. 

A generalization [7] is performed in [12] and individual derivation of the op-
timal solution to the Three- and Four-Stage models using the perfect squares me-
thod. A simple algebraic approach is considered good for those unfamiliar with 
differential calculus to understand better the optimal solution procedure. The study 
also deduced the optimal expressions [7] and [11] via two numerical examples. 

The objective for this paper is to introduce our supply chain model called 
AMH, to develop algebraic solutions and performing search algorithms to ob-
tain optimal solutions for multi-stage supply chain models. The development of 
mathematical formulations can assist the integrated design of strategic supply 
chain networks. Whenever algebraic formulations are not easily derived, then 
the alternative is to perform search algorithm. Both results can be utilized to 
coordinate and integrate the production-inventory decisions efficiently among 
supply chain partners, for example, suppliers, manufactures, distributors, who-
lesalers and retailers. 

2. The Notations for Supply Chain Models 
In this paper, up to Four-Stage supply chain partners are considered where a 
firm can supplies many customers. The production rates for the suppliers, man-
ufactures and distributors are assumed finite and the demand for each firm is 
assumed to be deterministic. The production and inventory decisions across the 
supply chain will be coordinated so that the total cost of the system is mini-
mized. The inventory and production cycles in these models are assumed syn-
chronized across the entire supply chain. Figures 1-3 illustrates the examples of  
Two-, Three- and Four-Stage supply chain model. 

The models are developed under the following assumptions:  
 

 
Figure 1. An example of two-stage supply chain model. 

Retailers R2 R3 R4 R5 R6 R7 R1 

Suppliers S1 
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• A single product is produced and distributed up to Four-Stage non-serial 
multi customers supply chain 

• Production rates and demand are deterministic and uniform 
• Unsatisfied demands at the end retailers are backordered 
• Ordering/setup costs, holding costs are, shortage costs the same for firms at 

the same stage 
• A lot produced at stage is sent in equal shipments to the upstream stage. 

The following notations are used in the models developed; where the letters R, 
D, M and S are referred to Retailers, Distributors, Manufactures, and Suppliers. 
 

 
Figure 2. An example of three-stage [7] supply chain model. 

 

 
Figure 3. An example of four-stage [10] supply chain model. 

 
T  Basic cycle time, cycle time at the end retailer 

RT , DT , MT , ST  Cycle time at the stages R, D, M and S 

RA , DA , MA , SA  Setup cost at stages R, D, M and S 

RK , DK , MK , SK  Integer multiplier at stages R, D, M and S 

,2 R jK , ,2 D jK , ,2 M jK , ,2 S jK  Integer Powers of Two Multipliers of firm j at stages R, D, M and S 

Rh , Dh , Mh , Sh  Inventory holding cost at stages R, D, M and S 

RN , DN , MN , SN  Number of firms at stages R, D, M and S 

,R jD , ,D jD , ,M jD , ,S jD  The Demand Rate of firm j at stages R, D, M and S 

,D jP , ,M jP , ,S jP  Production rate of firm j at stages D, M and S 

,D jj
P∑ , ,M jj

P∑ , ,S jj
P∑  The total production rate at stages D, M and S 

R RN A , D DN A , M MN A , S SN A  The total setup cost at stages R, D, M and S 

,R jj
D∑ , ,D jj

D∑ , ,M jj
D∑ , ,S jj

D∑  The total demand rate at stages R, D, M and S 

,R jj
TC∑ , ,D jj

TC∑ , ,M jj
TC∑ , ,S jj

TC∑ , TC∑  The total cost for R, D, M and S and the entire supply chain 

M1 M2 M3 Manufacturers 

Suppliers S1 

Retailers R2 R3 R4 R5 R6 R7 R1 
 

Retailers R1 R2 R3 R4 R5 R6 

Distributors D1 D2 D3 D4 

Manufacturers M1 M2 

Suppliers S1 
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The total annual cost for a downstream firm consist of  

Cost of keeping products reorder costTC = +∑  

For example, the total annual cost for retailers is given by  

,
, 2

R j R R
R jj j

TD h ATC
T

 
= + 

 
∑ ∑ . 

For a firm involves in making products, we can express it in three parts 

Cost of making product cost of keeping finished product setup costTC = + +∑  

For example, the total annual cost for manufacturers is  

( )
2

,
,

,2
M j M

M j S Mj j
M j

TD ATC h h
P T

 
= + +  

 
∑ ∑ . 

The variation on the cost of keeping finished products can determine the low-
est annual cost. 

We present a deterministic Four-Stage supply chain model formulated for two 
inventory coordination mechanisms—Equal Cycle Time (ECT) and Integer 
Multipliers (IM). The mathematical formulation for Two- and Three-Stage can 
be derived accordingly by reducing the model into required stage. Under the 
configuration, a firm can supply any customer in the adjacent upstream stage. 

3. Four-Stage Supply Chain Models 

Four-Stage supply chain model example based on [10] is depicted in Figure 3. The 
chain consists of a supplier, two manufacturers, four distributors and six retailers. 

First, we discuss the coordination mechanisms, i.e., the equal cycle time and 
the integer multipliers. Let T is the basic cycle time. In Equal Cycle Time (ECT) 
mechanism, all firms in the chain have similar cycle time T. In contrast, for the 
Integer Multipliers (IM) mechanism models firms, each stage use the same cycle 
time but the cycle time at each stage is multiplied by an integer of the cycle time 
at the adjacent downstream stage. This implies that D DT K T= , M M DT K K T=  
and S S M DT K K K T=  where DK , MK , SK  and DT , MT , ST  are the IM 
and cycle times for Distributors, Manufacturers and Suppliers respectively. 

3.1. Equal Cycle Time (ECT) 

Under ECT, the total annual cost for four-stage model is summarized as Equa-
tion (1)  

( )

( ) ( )

( ) ( )

2
, ,

1 1 ,
2 2

, ,
0

1 1, ,
2 2

, ,
,

1 1 1, ,

2 2

2 2

2

R D

SM

R D M

N N
R j D jR D

R M D
j j D j

NN
M j S j SM

S M S
j jM j S j

N N N
D j M j

R j R M D S M
j j jD j M j

S

TD TDA ATC h h h
T P T

TD TD AAh h h h
P T P T

TD TDT D h h h h h
P P

TD

= =

= =

= = =

  
= + + + +       

   
+ + + + + +      

   


= + + + +


+

∑ ∑ ∑

∑ ∑

∑ ∑ ∑

( ) ( )
2

,
0

1 ,

1SN
j

S R R D D M M S S
j S j

h h N A N A N A N A
P T=


+ + + + +


∑

   (1) 
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Let  

( ) ( ) ( )
2 2 2

, , ,
, 0

1 11 1, , ,2

SR D M NN N N
D j M j S j

R j R M D S M S
j jj jD j M j S j

TD TD TDTW D h h h h h h h
P P P= == =

 
= + + + + + + 

  
∑ ∑∑ ∑  

and ( )1
R R D D M M S SY N A N A N A N A

T
= + + + . 

The algebraic solution for the T and TC can be obtained using simple proce-
dure as follows:  

With YTC WT
T

= + , then 2

d
d
TC YW
t T

= − . 

Equating 
d 0
d
TC
t

= , we then have 2 0YW
T

− = , thus giving the solution as  

Equation (2)  

opt
YT
W

=  and 2optTC WY= .                (2) 

3.2. Khouja’s Model 

During non-production times [7], the distributors’ inventory drop every T years 
by ,D jTD  which reduce the annual holding cost to ( ) ,0.5 1D D DjK TD h− . The 
same applies to manufacturers and suppliers where the costs are reduced to 

( ) ,0.5 1D M M MjK K TD h−  and ( ) ,0.5 1D S S SM jK K K TD h−  respectively. Thus, we 
obtain Equation (3) as follows  

( ) ( )

( ) ( )

( ) ( )

2
, , ,

1 1 ,

2
, ,

1 ,

2
, ,

0
1 ,

1
2 2 2

1
2 2

1
2 2

R D

M

N N
R j D D j D D jR D

R M D D
j j D j D

N
D M j D MM M j M

S M M
j M j D M

N
D S S j D S SM M j S

S S
j S j D SM

TD TDK K TDA ATC h h h h
T P TK

TDK K K K TD Ah h h
P TK K

TDK K K K K K TD Ah h h
P TK K K

= =

=

=

   −
= + + + + +       

 −
+ + + +  

 
 −

+ + + +  
 

∑ ∑ ∑

∑

S

∑

(3) 

Rearranging Equation (3) as Equation (4), we have  

( )

( )

( )

2
,

0 ,
1 ,

2
,

, ,
1 1,

2
,
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1 1 1,

,
1

2

1
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S M S SM Mj j
j jM j

N N N
D j
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P

D
h h D h D h
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D
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P
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T
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∑ ∑
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R

D D D SM M

N AN A N A
K K K K K K

 
+ + + 

 

    (4) 

and let  

( )
2

,
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DN
D j

D M D D Dj
j D j
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∑  
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( )
2

,
0 ,

1 ,

SN
S j

S S S Sj
j S j

D
h h D h

P
α

=

 
= + +  

 
∑ , , ,

1 1

R DN N

RD R j R D Dj
j j

D h D hβ
= =

= −∑ ∑  

,
1

MN

M M Mj
j

D hβ
=

= ∑ , ,
1

SN

S S Sj
j

D hβ
=

=∑ , 

S SD D M M
R R

D D D SM M

N AN A N AN A
K K K K K K

ω
 

= + + + 
 

 

D
R R

D

N A
K
ϕ

ω = +  and S SM M
D D D

M M S

N AN AN A
K K K

ϕ = + + , S S
M M M

S

N AN A
K

ϕ = +  

( )
2

D
S S M S D M RDM

KTC T K K
T
ω

α α β α β β  = + − + − + +   
∑ . Let,  

( )( ) , .
2

D
S S M S D M RDM

KW YK K α α β α β β ω= + − + − + =        (5) 

Differentiating 
d
d
TC
T

 then solving for 
d 0
d
TC
T

= , we obtain Equation (6)  

( )

( )

2

2 .

D S S M S D M RDM

D S S M S D M RDM

T
K K K

TC K K K

ω
α α β α β β

α α β α β β ω

=
 + − + − + 

  = + − + − +  

        (6) 

Next, differentiating and solving for d 0
d D

TC
K

= , d 0
d M

TC
K

=  and d 0
d S

TC
K

=  we  

then have Equation (7)  

( ) ( )
( )

( )

,

.

M S S S D M Mopt opt
S M

S M M S S M S D D

opt RD D
D

S S M S D M R RM

N A
K K

N A K N A

K
N AK K

α β α β ϕ
α α α β

β ϕ
α α β α β

− −
= =

+ −

=
 + − + − 

      (7) 

Substituting (7) in (6), gives us optT  and optTC . 

3.3. Our Proposed Model—AMH 

Our proposed model AMH-Ahmad, Mohamad and Halawani is an improve-
ment based on Three-Stage model [8]. Instead of using both algebraic and 
searching algorithm, we will show our model requires only a mathematical for-
mulation in obtaining the results. 

In this model, goods produced at any stage are delivered to the upstream stage 
in equal shipments as they are produced and depend on the cycle time of the 
stage. In 4-Stage model, the inventory level of distributors at the beginning is at 
its minimum level which is equal to 2

, ,D Dj jD P . Then it starts to increase at the 
rate of , ,D Dj jDP −  until it reaches its peak at ( ), , , ,D D D D Dj j j jD K TD PP − . Then 
it is consumed at the rate ,D jD  until the end of the cycle. 

For manufacturers and suppliers, their respective inventory levels reach their 
peaks at ( ), , , ,M M D M M Mj j j jD K K TD PP −  and ( ), , , ,S S D M S S Sj j j jD K K K TD PP − . 
These then consumed at the respective rate of ,D M jK D and ,D M S jK K D  until 
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the end of the cycle. The total annual cost for Four-Stage AMH model can be 
summarized as Equation (8)  

( )
( )

( )
( )

2
, , ,, , ,

1 1 , ,

2
, , ,, ,

1 , ,

2 2 2 2

2 2 2

R D

M

N N
D D D Dj j jR j D D Dj jR D

R M D D
j j D D Dj j

N
M M M Mj j jM M MD j j M

S M D M
j M M D Mj j

D M S S

P D K TDTD K TD TDA ATC h h h h
T P P K T

P D K TDK TD TDK A
h h K h

P P K K T

K K K TD

= =

=

  −    = + + + + − +        

  −
  + + + − +
    

+

∑ ∑ ∑

∑

( )
( )2

, , ,, ,
0

1 , ,2 2 2

SN
S S S Sj j j Sj j S

S D M S
j S S D M Sj j

P D K TD TD A
h h K K h

P P K K K T=

  −
  + −+ +
    

∑

(8) 

Rearranging Equation (8) as Equation (9), we obtain  

( )
( )

( )
( )

( )
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1 , ,

2
, , ,,

,
1 1, ,
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=
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= =
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 (9) 

and let  
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R DN N

RD R j R D D j
j j

D h h Dβ
= =

= −∑ ∑  

( ) ( )2
, , ,,

0
1 , ,

SN
S S S Sj j jS j

S S
j S Sj j

P D h DD
h h

P P
α

=

 −
 = + +
 
 

∑ , ,
1

SN

S S S j
j

h Dβ
=

=∑  

S SD D M M
R R

D D M D M S

N AN A N AN A
K K K K K K

ω = + + + , D
R R

D

N A
K
ϕ

ω = +  

S SM M
D D D

M M S

N AN AN A
K K K

ϕ = + + , and S S
M M M

S

N AN A
K

ϕ = +  

( )( )
2 D M S S M S D M RD
TTC K K K

T
ω

α α β α β β = + − + − + + ∑ . Let,  

( )( )
2

D
S S M S D M RDM

KW K K α α β α β β= + − + − + , Y ω= , 

which is similar to Equation (5). Using (7) and (6), we can obtain opt
SK , opt

MK , 
opt
DK , optT  and optTC . 
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4. Searching Algorithm 

Algebraic solutions to some mathematical problems can be derived to obtain the 
intended results instantly. However, some difficult expressions might require the 
solutions to be obtained iteratively or by approximation. Three-Stage Model [8] 
for example, is first solved by mathematical formulation then requires a method 
of searching for its final solution. For this purpose, we devise a simple searching 
method that can provide solutions as accurate as algebraic counterparts.  

Equations (1), (4) and (9) can be written in the form of Equation (10) 

YTC WT
T

= +                       (10) 

where W and Y are constants and positive. This gives TC > 0 and depends on T. 
To illustrates this, Figure 4 shows an example for TC WT Y T= +  where W = 

1 and Y = 20. The blue line (straight) 1Y T=  and the red hyperbola (curve) 

2 20Y T=  meets to yield an optimal annual cost, optTC  on the green line func-
tion TC . 

A simple search to determine optT  and optTC  based on Figure 5 is presented 
as follows. First, an initial value for optTC  is required prior to perform the 
search. Let T , ST , ET  and AT  are the respective cycle time, its start, end and 
accuracy that create the main loop. Since the bounds of cycle time T is ( )0,1 , 
then we can select 0.01ST =  and 0.99ET = . For AT , the good choice is within 
0.001 to 0.00001 (3 to 5 decimal places accuracy). 

The main loop is sufficient for Equation (1); however Equations (4) and (9) 
involve integer multipliers which require more calculations. In addition to the 
loop created by cycle time T, the number of multipliers used in IM mechanisms 
generates more loops. The bounds set for these mechanisms determine the 
number of repetition required. For Four-Stage IM, the number of loops gener-
ated are D M SL L L× ×  where DL , ML  and SK  are the respective limits for  
 

 
Figure 4. The sketch of an optimal solution 
for optT  and optTC . 
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Figure 5. Searching for an optimal solution for optT  and optTC . 

 

DK , MK  and SK . When these limits are reached the loops terminate, giving 
us optT , optTC  and the optimal values of multipliers. 

We present the flowchart for Searching for an Optimal Solution for optT  and 

optTC  for Four-Stage IM model as depicted in Figure 5. 
For Three-Stage IM model skips DK ; for Two-Stage IM model skips DK  

and MK ; and for Multi-Stage ECT model skips DK , MK  and SK . 

5. Results and Discussion 

Figures 6-8 are the results for the respective Two-, Three- and Four-Stage mod-
els run on Visual Basic Programming platform. The sample data [7] is used for 
Two- and Three-Stage (Figure 6 and Figure 7) whilst for Four-Stage (Figure 8) 
we have considered the sample [9]. Figure 9 shows the nature of total costs 
where the optimal value for each stage and mechanism exists. 

For Three-Stage model as shown in Figure 7, our model (AMH) yields similar 
results as [8] at 45,987 but the advantage is we are able to solve it algebraically or  
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Figure 6. The detail results for two-stage supply chain models. 
 

 
Figure 7. The detail results for three-stage supply chain models. 
 

via searching. A better improvement over ECT and [7] is clear, both at 54,688 
and 51,960 respectively. Another saving is also shown in Two-Stage model 
(Figure 6), where the total cost for AMH is 23,859 in comparison to 26,486 and 
25,933. More convincing result is shown further in Four-Stage model, Figure 8. 
AMH shows very much further reduction with the total cost of 51,400. The sav-
ing over ECT for three different stages is 10%, 16% 35% compared to KH of 2%, 
5% and 25%. 

Figure 9 displays a clear behavior of total costs TC WT Y T= + , , 0W Y >  
for each model and mechanism. 
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Figure 8. The detail results for four-stage supply chain models. 
 

 
Figure 9. The graph for two, three and four-stage supply chain models. 

 
These significant gains in all cases are due to proper handling of finished 

products within non-production activities. These products are shipped as soon 
as they are produced, thus saving the holding cost drastically. This can be seen 
from the reduction in individual cost for distributors, manufacturers and sup-
pliers in Figure 8 for each mechanism. 

Algebraically, it has been shown in each case that there exists only one optimal 
value. The dots represent the optimal value for the mechanisms in each model. 
This is similar to the chart depicted in Figures 6-8 which shows the evidence 
that AMH is a far better scheme over ECT and [7]. The searching technique used 
also yields the same results as the algebraic solutions as shown in Figures 6-8. 

For searching algorithm, the time taken for Two-, Three- and Four-Stage are 
measured in second. Their respective times are 0.81, 1.51 and 3.09 seconds and 
running under Inter® CoreTM2 duo T6500 Processor. The latest processor with 
faster speed would reduce further the time required to produce the results. It is 
clear that the results are obtainable via mathematical formulation or perform 
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searching algorithm. 

6. Conclusions 

To date, supply chains are spanning thousands of miles across the globe involv-
ing numerous suppliers, manufacturers, distributors, wholesalers, dealers, retail-
ers and finally to customers (consumers). All are important in each of their 
scopes and interdependent on one another. It is consumers who create the de-
mand based on manufacturers’ goods produced. If consumers reduce the con-
sumption of a particular product, its supply also has to be reduced to balance the 
demand.  

In this paper we have developed AMH model to obtain optimal solutions for 
Two-, Three- and Four-Stage Supply Chain models. Our AMH model has shown 
promising results in comparison to ECT and [7]. Besides deriving algebraic so-
lutions, a simple searching method is successfully applied in obtaining optimal 
total costs and its integer multipliers. 

The model is just tested on deterministic demand; however, this can be ex-
tended to deal with other issues, variations and constraints such as stochastic 
demand or other costs incurred. Developing a computerized system that can 
handle transactions in small or medium business is feasible. The system should 
be able to perform some required tasks in simple Two-Stage to bigger N-Stage 
models that involve more firms and with the variation in supply chain manage-
ment. 
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