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Abstract 
 
The integration of Michaelis-Menten kinetics results in a trancedental equation. The results are not in a form 
that is readily usable. A more usable form of the model solutions is developed. This was accomplished by 
using Taylor series expansion of dimensionless concentration u in terms of its derivatives. The infinite series 
expression for dimensionless concentration is given. It can be seen that for times t < 025 E afDose kC V , the 
Taylor series expression evaluated near the origin up to the third derivative is a reasonable representation of 
the integrated solution. More terms in the Taylor series expression can be added to suit the application. It can 
vary with the apparent volume, dosage, enzyme concentration, Michaelis constant and the desired accuracy 
level needed. The single compartment model solution was obtained by the method of Laplace transform. It 
can be seen from Figure 2 that the dimensionless drug concentration in the compartment goes through a 
maxima. The curve is convex throughout the absorption and elimination processes. The drug gets completely 
depleted after a said time. The curve is asymmetrical with a right skew. The systems under absorption with 
elimination that obey the kinetics that can be represented by a set of reactions in circle were considered. A 
system of simple reactions in circle was taken into account. The concentration profile of the reactants were 
obtained by the method of Laplace transforms. The conditions when subcritical damped oscillations can be 
expected are derived. A model was developed for cases when absorption kinetics exhibit subcritical damped 
oscillations. The solution was developed by the method of Laplace transforms. The solution for dimension-
less concentration of the drug in single compartment for different values of rate constants and dimensionless 
frequency are shown in Figures 6-9. The drug profile reaches a maximum and drops to zero concentration 
after a said time. The fluctuations in concentration depends on the dimensionless frequency resulting from 
the subcritical damped oscillations during absorption. At low frequencies the fluctuations are absent. As the 
frequency is increased the fluctuations in concentration are pronounced. The frequency of fluctuations were 
found to increase with increase in frequency of oscillations during absorption. 
 
Keywords: Single Compartment Models, Michaelis and Menten Kinetics, Reactions in Circle, Subcritical 
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1. Introduction 
 
The experimental, theoretical and computational analysis 
of rate of change with time of concentration and volume 
distribution of compounds administered externally such 
as drugs, metabolite, nutrients, harmones, toxins, in var-
ious regions of the human physiology is called pharma-
cokinetics [1,2]. Application of pharmacokinetics allows 

for the processes of liberation, absorption, distribution, 
metabolism and excretion to be characterized mathemat-
ically.  

The absorption of drug can be affected by different 
methods. Drugs administered through the gastrointestinal 
tract, GI is referred to as enteral route of entry. Parenteral 
routes refer to all other types of drug entry. Drug admin-
istration: 1) beneath the tongue is by sublingual entry; 2) 
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via the mouth is by buccal cavity; 3) through stomach by 
gastric entry; 4) through veins by IV therapy; 5) with/in 
the muscular by intramuscular therapy; 6) beneath the 
epidermal and dermal skin layers via subcutaneous ther-
apy; 7) within the dermis by intradermal therapy; 8) by 
topical treatment applied to the skin by percutaneous 
therapy; 9) through mouth, nose, pharynz, trachea, bron-
chi, bronchioles, alveolar sacs, alveoli by inhalation; 10) 
is introduced into artery by intrarterial route; 11) to cere-
brospinal fluid by intrathecal route; 12) within the vagina 
by vaginal route and; 13) through eye, intraocular route. 
Systemic circulation is reached by the drugs absorbed 
from the buccal cavity and the lower rectum. 

Pharmacokinetics is modeled using compartment 
models. Compartmental methods [1] involve develop-
ment of mathematical models to describe the change in 
concentration of drug with time. These models are simi-
lar to those developed in chemical reaction engineering 
and thermodynamics and biochemical kinetics. Com-
partmental models offer the advantage of prediction of 
drug concentration at any instant of time. There is a 
spectrum of pharmacokinetic models and computer 
software ranging from a simple one-compartmental 
pharmacokinetic mode with bolus administration with 
elimination to complex models that rely on the use of 
physiological information to ease development and vali-
dation. 

Although there are number of discussions in the lite-
rature about pharmacokinetic models most of them deal 
with monotonic exponential decay of concentration. 
Very little attention is paid to oscillatory systems such as 
found in Krebs and systems that obey Michaelis-Menten 
kinetics. When the number of compartments in the model 
becomes large or when the kinetics becomes complex 
such as Michaelis-Menten or Krebs cycle no closed form 
analytical solution is possible [3]. Only for simple single 
and two compartment models closed formed analytical 
solutions are available. Lundquist and Wolthers [4] pre-
sented integrated solutions for 1 compartment model 
with Michaelis-Menten kinetics. This is a trancedental 
equation and not in a readily usable form. Beal [5] and 
Godfrey et. al. [6] examined the integrated form of solu-
tion for the same problem. They use implicit functions 
that can be calculated using table or numerical methods. 
These are not completely analytical solutions as some 
interim functions are invoked that cannot be calculated 
directly. Tand and Xiao [7] looked into this problem re-
cently and suggested the Lambert W function that can be 
implemented using software libraries such as Matlab and 
Maple to fit the Michaelis-Menten parameters. 

This study deals with application of single compart-
ment model pharmacokinetic analysis to systems: 1) that 
obey Michaelis-Menten kinetics and; 2) Krebs cycle ki-

netics. Closed form analytical solutions are presented by 
using infinite series representation and method of Lap-
lace transforms. A more useful closed form analytical 
solution is sought for Michealis-Menten kinetics. In the 
case of Krebs cycle the implications of oscillatory sys-
tems are discussed. 

 
2. Michaelis-Menten Absorption With Eli-

mination 
 

A mass balance on the concentration of drug within the 
human anatomy for the case where the kinetics of ab-
sorption is in obeyance of Michaelis-Menten Kinetics 
with elimination can be written for Figure 1. as; 

0 d plasma
E anatomy drugplasma

a lumped drug a
a M anatomy

kC n C
V k C V

V C n dt
− =

+
    (1) 

Let nanatomy be the amount of drug that is available for 
absorption. The absorption of the drug process can be 
described by Michaelis-Menten kinetics; 

0d
d

anatomy a E anatomy

a M anatomy

n kV C n
t V C n

= −
+

                  (2) 

where k is the infusion Michaelis-Menten rate constant, 
CE0 is the total enzyme concentration and CM is the rate 
constant. It can be seen that (Levenspiel, 8) the Michae-
lis-Menten kinetics becomes independent of concentra-
tion at high drug concentration and becomes zeroth order 
and at the low concentration limit reverts to a simple first 
order rate expression. Integration of Equation (2) can be 
seen to be (9); 

0ln anatomy anatomy
M E

a a

n nfDoseC kC t
fDose V V

   
+ − =   

   
     (3) 

It can be seen that Equation (3) is in a form that is not 
readily usable in terms of a one-to-one mapping between 
the independent variable t and dependent variable nanatomy. 
A trancedental equation has to be solved for. In order to 
combine Equation (3) with Equation (1) and then solve 
for the concentration of drug in the plasma, a more us 
able form of Equation (3) is needed. This can be done  

 

 
Figure 1. Single Compartment Model for Human Anatomy. 
by realizing that any arbitrary function can be 
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represented using the Taylor series. Taylor series repre-
sentation of any arbitrary function is a infinite series 
containing derivatives of the arbitrary function about a 
particular point. Prior to obtaining the Taylor series Equ-
ation (3) is made dimensionless as follows; 

0
3 0 0; ; ;anatomy E a M a

E E M

n C V C V
u k u t u u

fDose fDose fDose
τ= = = =  (4) 

Equation (3) becomes; 
d
d M

u u
u uτ

= −
+

                           (5) 

Taylor series in terms of derivatives of u evaluated at 
the point τ = 0 can be written as follows; 

( ) ( ) ( ) ( )
2 3

0 ' 0 " 0 "' 0 .........
2! 3!

u u u u uτ ττ= + + + +  (6) 

( )From the initial condition,  u 0 1=              (7) 

From Equation (5),  

( ) 1' 0
1 M

u
u

=
+

                            (8) 

The initial value of the second derivative of the di-
mensionless concentration, u" can be seen to be; 

( )
( ) ( )

2

2 2 3
0

' 'd
d 1

M M

M M

u u u uu uu
u u u

τ
τ

=

− + +
= =

+ +
      (9) 

The initial value of the third derivative of the dimen-
sionless concentration, u"' can be seen to be; 

( )
( )

( )

23

3 4
0

2

5

" 2 '( )d
d

2
     

1

M M M M

M

M M

M

u u u u u u u uu
u u

u u
u

τ
τ

=

− + + +
=

+

−
= −

+

   (10) 

Plugging Equations (8-10) in Equation (6); 

( )
( )
( )

3 22

3 5

2
1 ......

1 2! 1 3 !1
M MM

M M M

u uuu
u u u

τττ −
= − + − +

+ + +
(11) 

Equation (11) and Equation (3) are sketched for a par-
ticular value of uM =16, in Figure 2. It can be seen that 
for times t < 025 E afDose kC V , the Taylor series ex-
pression evaluated near the origin up to the third deriva-
tive is a reasonable representation of the integrated solu-
tion given in Equation (3). More terms in the Taylor se-
ries expression can be added to suit the application and 
the apparent volume, dosage, enzyme concentration, 
Michaelis constant and the desired accuracy level needed 
as shown above. 

 
Figure 2. Michaelis-Menten Kinetics from the Integrated 
and Taylor Series Expressions. 

 
Equation (11) and Equation (1) can be combined and 

the concentration of drug as a function of time can be 
solved for from the resulting equation by the method of 
Laplace transforms as follows. The combined equation is 
also made dimensionless; 

0

d
d

plasma
lumped drugplasma

drug
M E

k uu u
u u ku τ

 
− = +  

            (12) 

Combining Equation (11), Equation (5) and Equation 
(1); 

( )
( )
( )

2 2

3 5

0

21
1 1 2 1

d
......

d

M MM

M M M

plasma
lumped drugplasma

drug
E

u uu
u u u

k u
u

ku

ττ

τ

−
− +

+ + +

 
+ − =  

 

           (13) 

Obtaining the Laplace transform of the governing eq-
uation, Equation (13) for dimensionless drug concentra-
tion in the compartment (plasma); 

( )
( )

( )

2

3 52 3

_ _

0

21
( 1) 1 2 1

...... 0

M MM

M M M

lumped

E

u uu
s u s u s u

k
u s u

ku

−
− +

+ + +

 
+ − = −  

 

        (14) 

The transformed expression for dimensionless drug 
concentration in the compartment can be seen to be; 



K. R. SHARMA 

Copyright © 2011 SciRes.                                                                                JEAS 

46 

( ) ( )

( )
( )

32

0 0

2 _

53

0

1

1 1

2

2 1

M

lumped lumped
M M

E E

M M

lumped
M

E

u
k k

s u s s u s
ku ku

u u
u

k
s u s

ku

−
   

+ + + +   
   

−
+ + − =

 
+ + 

 



 (15) 

It can be seen that the inversion for each term in the 
infinite series is readily available from the tables [10]. 
Thus a non-linear differential equation was transformed 
using Taylor series and some manipulations into a equa-
tion with closed form analytical solution. The term by 
term inversion of Equation (15) can be looked from the 
Tables as; 

( )

0

0

2

3

1
( 1)

1

......
1

lumped

E

lumped

k
ku

lumped

E M

k
k

M
lumped lumped

M

k e
ku u

k ku e
k k

u
u

τ

τ
τ

−

−

  −
  + 

   
  + −         − + =

+

(16) 

The dimensionless drug concentration in the com-
partment or plasma is shown in Figure 3. It can be seen 
from Figure 3. that the dimensionless drug concentration 
in the compartment goes through a maxima. The curve is 
convex throughout the absorption and elimination 
processes. The drug gets completely depleted after a said 
time. The curve is asymmetrical with a right skew. The 
constants used to construct Figure 3. using Microsoft 
MS soft MS Excel Spreadsheet were; 
 

 
Figure 3. Michaelis-Menten Absorption and Elimination. 
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3. Analysis of Simple Reactions in Circle 

 
The mathematical model predictions for drug concentra-
tion as discussed above depends on the nature of kinetics 
of absorption. It can be simple zeroth order, first order, 
second order, fractional order any order n. It can also be 
reversible in nature. It can obey Michaelis-Menten ki-
netics. 

Sometimes in the absorption process the Krebs cycle 
[11] may be encountered. Reactions such as these can be 
represented by a scheme of reactions in circle (Sharma, 
12). The essential steps in the Krebs cycle are formation 
of: i) A. Oxalic Acid; ii) B. Citric Acid; iii) C. Isocitric 
Acid; iv) D. α-Ketoglutaric Acid; v) E. Succyl Coen-
zyme A; vi) F. Succinic Acid; vii) G. Fumaric Acid; viii) 
H. Maleic Acid. There are other sets of reactions in me-
tabolic pathways that can be represented by a scheme of 
reactions in circle. Systems of reactions in series and 
reactions in parallel have been introduced [8].  

Consider a system of reactions in circle: i) System of 3 
Reactants in Circle; ii) System of 4 Reactants in Circle; 
iii) System of 8 Reactants in Circle such as in Krebs 
Cycle and; iv) General Case. A scheme of reactants in 
circle is shown in Figure 4. 

 
3.1. Reactions in Circle 

 
The simple first order irreversible rate expressions for (i) 
3 Reactants in Circle can be written as; 
 

 
Figure 4. Simple Reactions in Circle Representation of 
Krebs Cycle. 
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1 3
d
d

A
A C

C k C k C
t
= − +                (17) 

2 1
d
d

B
B A

C k C k C
t
= − +                (18) 

3 3
d
d

C
C B

C
k C k C

t
= − +                (19) 

where, CA, CB and CC are the concentrations of the reac-
tants A, B and C at any instant in time, t. Let the initial 
concentrations of reactants A, B and C be given by CA0, 
CB0 =0 and CC0=0. The Laplace transforms of Equations 
(17-19) are obtained as; 

( )
_ _

1 0 3A A Cs k C C k C+ = +             (20) 

( )
_ _

2 2B As k C k C+ =                  (21) 

( )
_ _

3 2C Bs k C k C+ =                  (22) 

Eliminating CB and CC between Equations (20)-(22) 
the transformed expression for the instantaneous concen-
tration of reactant A can be written as; 

( ) ( )( )

_
_

3 2 1
1 0

3 2

A
A A

k k k C
s k C C

s k s k
+ = +

+ +
          (23) 

or,  

( )( )
( )( )

_
0 3 2

2
1 2 3 1 2 1 3 2 3

A
A

C s k s k
C

s s s k k k k k k k k k
+ +

=
+ + + + + +

(24) 

The inversion of Equation (24) can be obtained by use 
of the residue theorem. The 3 simple poles can be recog-
nized in Equation (24) Further it can be realized that 
when the poles are complex, subcritical damped oscilla-
tions can be expected in the concentration of the reactant. 
This is when the quadratic, 2 4 0b ac− < . This can hap-
pen when; 

( )2
3 2 1 2 14 0k k k k k− − − <                  (25) 

or, 

( )3 2 1 1 22k k k k k− − <                    (26) 

or, 

( )2

3 2 1k k k< +                        (27) 

This expression is symmetrical with respect to reac-
tants A, B and C. When the relation holds , i.e., when 
one reaction rate constant is less than the square of the 
sum of the square root of the rate constants of the other 
two reactions, the subcritical damped oscillations can be 
expected in the reactant concentration. 

3.2. Reactions in Circle 
 
The equivalent Laplace transformed expression for con-
centration of reactant A for a system of 4 reactions in 
circle assuming that all the reactions in the cycle obey 
simple, first order kinetics can be derived as; 

( )( )( )
( )

_
0 3 2 1

3 2
1 2 3 4

1 2 1 3 2 3 1 4 2 4 3 4

1 2 3 1 2 4 1 3 4 2 3 4

( )

A
A

C s k s k s k
C

s s k k k k
s s k k k k k k k k k k k k

k k k k k k k k k k k k

+ + +
=

 + + + + +
 

+ + + + + 
 + + + + 

  (28) 

The conditions where the concentration can be ex-
pected to exhibit subcritical damped oscillations when 
the roots of the following equation becomes complex; 

3 2 0s s sα β χ+ + + =                     (29) 

where, 1 2 3 4k k k kα = + + +                     (30) 

2 3 1 3 1 2 1 4 4 3 1 4k k k k k k k k k k k kβ = + + + + +     (31) 

1 2 3 1 2 4 1 3 4 2 3 4k k k k k k k k k k k kχ = + + +         (32) 

It can be seen that α is the sum of all the 4 reaction 
rate constants, β is the sum of product of all possible 
pairs of the reaction rate constants and χ is the sum of 
product of all possible triple products of rate constants in 
the system of reactions in circle. Equation (29) can be 
converted to the depressed cubic equation by use of the 
substitution, 

3
x s α
= −                 (33) 

This method was developed in the Renaissance period 
(Ans Magna, (13)). The depressed cubic without the qu-
adratic term will then be; 

2 3
3 2 0

3 27 3
x xα α αββ χ

 
+ − + + − = 
 

         (34) 

Let, 
2

3
Bαβ

 
− = 

 
; 

32
27 3

Cα αβχ
 

+ − = 
 

     (35) 

Then, Equation (29) becomes; 
3 0x Bx C+ + =                (36) 

The complex roots to Equation (34) shall occur when 
D > 0, where, 

3 2

27 4
B CD = +                 (37) 

Thus the conditions when subcritical damped oscilla-
tions can be expected for a system of 4 reactions in circle 
is derived. 
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3.3. General Case of n Reactions in Circle 
 
For the general case, of which the Krebs cycle with 8 
reactions in circle is a particular case can be obtained by 
extension of the expressions derived for 3 reactions in 
circle and 4 reactions in circle. Aliter to this would be the 
method of Eigen values and Eigen vectors. The cases 
when λ is imaginary is when the concentration of the 
species will exhibit subcritical damped oscillations are 
given by the characteristic equation (Varma and Morbi-
delli, (14)); 

K- I 0Det λ =              (38) 

The size of the K matrix depends on the number of 
reactions in circle. For n reactions in circle K would be a 
n x n matrix. For the case of Krebs cycle it would be a 8 
x 8 matrix (Figure 5). 

Upon expansion an 8th order polynomial equation in λ 
arises. Eight roots of the polynomial exist. Even if all the 
values in the characteristic matrix are real some roots 
may be complex. When complex roots occur they appear 
in pairs. The roots of the polynomial are called eigenva-
lues of the characteristic matrix. The polynomial equa-
tion is called the Eigen value equation. 

 
4. Subcritical Damped Oscillations 
 
As was discussed in the previous section, the concentra-
tion of the drug during absorption on account of kinetics 
such as the reactions in circle can undergo subcritical 
damped oscillations. In such cases, how can the absorp-
tion with elimination process be modeled ? 

 

 
Figure 5. Characteristic Matrix for System of 8 Reactions 
in Circle 

Let the solution for the dosage drug when absorbed by 
kinetics that result in a subcritical damped oscillations be 
given by; 

( )( )2infusionk t
anatomy k

a

fDosen e Cos t
V

ω−= −       (39) 

A mass balance on the concentration of drug within 
the human anatomy for the case of kinetics of absorption 
resulting in subcritical damped oscillation can be written 
for Figure 4 as; 

( ) ( )( )2infusionk t
infusion k

a
plasma

drugplasma
a lumped drug a

k fDosee Cos t
V

dC
V k C V

dt

ω− −

− =

       (40) 

Equation (40) is the governing equation for concentra-
tion of drug in the single compartment. Equation (40) is 
made dimensionless by the following substitutions; 

;  ;  *
plasma

drug k
lumped

lumped

a

C
u k t

kfDose
V

ω
τ ω= = =

 
 
 

      (41) 

Plugging Equation (41) in Equation (40) becomes; 

( )( )d 2 *
d

infusion

lumped

ku e Cos u
k

τ ω τ
τ

−
 

= + −  
 

       (42) 

The concentration of drug as a function of time can be 
solved for by the method of Laplace transforms as fol-
lows. Obtaining the Laplace transforms of Equation (42); 

( )
( )

( )2 2 *2

12
1 1

infusion

lumped

k s
u

k s s ω

   +
 = +   + + +  

       (43) 

Obtaining the inverse of the transformed expression in 
Equation (43) by using the convolution property; 

( )*
*

infusion

lumped

k Sin
u e

k
τ ω τ

τ
ω

−
  

= +     
           (44) 

The solution for dimensionless concentration of the 
drug in the single compartment for different values of 
rate constants and dimensionless frequency are shown in 
Figures 6-9. The drug profile reaches a maximum and 
drops to zero concentration after a said time. The fluctu-
ations in concentration depends on the dimensionless 
frequency resulting from the subcritical damped oscilla-
tions during absorption. At low frequencies the fluctua-
tions are absent. As the frequency is increased the fluc-
tuations in concentration are pronounced. The frequency 
of fluctuations were found to increase with increase in 
frequency of oscillations during absorption. 
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Figure 6. Dimensionless Concentration of Drug in Com-
partment ω* = ω/klumped = 8. 

 
Figure 7. Dimensionless Concentration of Drug in Com-
partment ω* = ω/klumped = 16; kinfusion/klumped = 0.4 

 

 
Figure 8. Dimensionless Concentration of Drug in Com-
partment, ω* = 1, kinfusion/klumped = 0.4 

 
Figure 9. Dimensionless Concentration of Drug in Com-
partment ω* = ω/klumped = 5; kinfusion/klumped = 0.4 

 
 

5. Conclusions 
 
A closed form explicit, more useful solution for systems 
that obey Michaelis-Menten kinetics was developed. 
Taylor infinite series method was used along with di-
mensionless variables. The pharmacokinetic model with 
absorbtion and elimination in the Laplace domain can be 
inverted term by term by look-up from existing tables. 
The number of terms needed for a given application can 
be chosen for a given desired level of accuracy. A right 

skew and maxima was seen in the dimensionless concen-
tration with time plot. 

Subcritical damped oscillations can arise when the 
system obey the Krebs cycle kinetics. Such systems can 
be treated using the single compartment pharmacokinetic 
analysis. The drug concentration drops to zero concen-
tration after a said time. This is au contrairie to decaying 
exponentially with the x axis as asymptote. A saw tooth 
pattern was seen in the concentration time plot for certain 
values of the frequency of oscillations and ratio of the 
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rate constants of infusion and excretion. A bimodal con-
centration curve can be seen lower frequencies of fluctu-
ations. At very low frequencies the concentration time 
curve was found devoid of concentration. At high fre-
quencies the concentration time curve gets embedded 
with high frequency fluctuations. 
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