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Abstract

In this paper, we construct MDS Euclidean self-dual codes which are extended
cyclic duadic codes. And we obtain many new MDS Euclidean self-dual codes.
We also construct MDS Hermitian self-dual codes from generalized Reed-
Solomon codes and constacyclic codes.
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1. Introduction

Let I, denote a finite field with g elements. An [n.k,d] linear code C over
F, is a k-dimensional subspace of F. These parameters n, k and d satisfy
d<n-k+1.If d=n-k+1, Cis called a maximum distance separable (MDS)
code. MDS codes are of practical and theoretical importance. For examples,
MDS codes are related to geometric objects called n-arcs.

The Euclidean dual code C* of C is defined as
CLZ:{XEF;ZZn:XiinO,VyEC}. (1)
i1
If q=r’,the Hermitian dual code C'" of C is defined as
c Z:{XEF:Z :Zn:xiyir =0, Vyec}. (2)
i1

If Csatisfies C=C* or C=C*", Cis called Euclidean self-dual or Hermi-
tian self-dual, respectively. In [1] [2] discussing Euclidean self-dual codes or
Hermitian self-dual codes. If Cis MDS and Euclidean self-dual or Hermitian
self-dual, Cis called an MDS Euclidean self-dual code or an MDS Hermitian
self-dual code, respectively. In recent years, In [2]-[9] study the MDS self-dual
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codes. One of these problems in this topic is to determine existence of MDS
self-dual codes. When 2]|q, Grassl and Gulliver completely solve the existence
of MDS Euclidean self-dual codes in [5]. In [6], Guenda obtain some new MDS
Euclidean self-dual codes and MDS Hermitian self-dual codes. In [8], Jin and
Xing obtain some new MDS Euclidean self-dual codes from generalized Reed-
Solomon codes.

In this paper, we obtain some new Euclidean self-dual codes by studying the
solution of an equation in F,. And we generalize Jin and Xing’s results to MDS
Hermitian self-dual codes. We also construct MDS Hermitian self-dual codes
from constacyclic codes. We discuss MDS Hermitian self-dual codes obtained
from extended cyclic duadic codes and obtain some new MDS Hermitian

self-dual codes.

2. MDS Euclidean Self-Dual Codes

A cyclic code Cof length nover F, can be considered as an ideal, <g (X)> , of

F
the ring R:i—[xj]. , where g(x)[x"-1 and (n,g)=1 . The set

X —
T= {0 <i<n-1|g (ai ) = O} is called the defining set of C, where orda =n.

Let S, and S, be unions of cyclotomic classes modulo n, such that
S,NS,=@ and S US,=7Z,\{0} and aS,(modn)= Sisi(mogz) - Then the
triple g,, S, and S, is called a splitting modulo n. Odd-like codes D, and

2 are cyclic codes over 9 with defining sets S, and S,, respectively. D,
and D, can be denoted by s, (D)= D.4(mod2)
and C, are cyclic codes over [F, with defining sets {O}US1 and {0}US,,

. Even-like duadic codes C;

respectively. Obviously, 1, (C;)= Ci+1(mod2). In [10], A duadic code of length n
over [, existsif and only if gis a quadratic residue modulo n.

Let n|g—1 and n be an odd integer. D, is a cyclic code with defining set
T= {1, ZnT_l} . Then D, is an [nnTH.nTH} MDS code. Its dual

C,=Dj is also cyclic with defining set T U{O} . There are a pair of odd-like
duadic codes D, =C;" and D,=C, and a pair of even-like duadic codes
C,=u4(C).

Lemma 1 [6] Let n|q—1 and n be an odd integer. There exists a pair of

MDS codes D, and D, with parameters [n,nTH,n—H}and

Hy ( D, ) = Di+1(mod2) :
Lemma 2 [11] Let D, and D, be a pair of odd-like duadic codes of length
nover F,, u,(D;)=D, . Assume that

1+7°n=0 )

1(mod 2)

has a solution in F,.Let D, ={¢|ceD,} for 1<i<2 and

€=(cy,Cy,-+,Cyy,C, ) With C, :—}/Z:;;Ci. Then D, and D, are Euclidean

self-dual codes.
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In [11], the solution of (*) is discussed when n is an odd prime. In [5], the so-
lution of (*) is discussed when n is an odd prime power. Next, we discuss the
solution of (*) for any odd integer nwith n|q-1.

Definition 1 (Legendre Symbol) [12] Let p be an prime and a be an integer.

0, if a=0(mod p),
[Ej =41, if a(#0) isa quadratic residue modulo p, 3)
P -1, if ais not a quadratic residue modulo p.

GHaHs
p p p
where a=p,--p,.
Definition 2 (Jacobi Symbol) [12] Let m and n(;t 0) be two integers.

R HR)

We cannot obtain m(;t 0) is a quadratic residue modulo n from (mj =1.
n

Proposition 1 [12]

where n=p,---p,.

But we have the next proposition.
Proposition 2 Let M(#0) and n be two integers and (m,n)=1.1If mis a

quadratic residue modulo n, then
If

then m is not a quadratic residue modulo n.
Proof Obviously.
Lemma 3 (Law of Quadratic Reciprocity) [12] Let p and r be odd primes,

(p.r)=1.
(g

Corollary 1 Let pand rbe odd primes.
(1) When p zl(mod 4) or r zl(mod4) ,

(2) When p=r ES(mod 4)’

-G

Theorem 1 Let q=r' and rbe an odd prime. Let n|q—1 and nbe an odd
integer. And
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— n & nos+1 €h
N=p" P P31 Py

where

p=---=p,=3(mod4), p,,=--=p,=1(mod4).

(1) When ¢ sl(mod 4) , there is a solution to (*) in .

(2) Let = 3(m0d 4) VI Z;ei is an odd integer, there is a solution to (¥) in
F,.

Proof (1) q zl(mod 4) .

(1.1) r= 3(mod 4). So we have that ¢is even. Then every quadratic equation
with coefficients in F,, such as Eq. (*), has a solution in Frz cF,.

(1.2) r=1(mod4) and 2|t.The proofis similar as (1.1).

(1.3) r=1(mod4) and 2+tt.

1:(3}(1): IANNER :(& (P :(ﬂj
n) \n P P r r r)
So nis a quadratic residue modulo . And -1 is a quadratic residue modulo r.

So there is a solution to (*) in .
(2) q= 3(mod 4) .Then r= 3(m0d 4) and ¢is odd.

=G G RS
(B (] (2] (2]
S (2 (2 (2] 0t (7)

If Zis:lei is odd, nis not a quadratic residue modulo r. And -1 is not a qua-

dratic residue modulo . So —n is a quadratic residue modulo r. There is a so-
lution to (*) in F, .

Remark In fact, n|g-1, and nis an odd integer and ¢ =3(mod4). We can
easily prove that there is a solution to (*) in F, if and only if Ziszlei is an odd
integer.

Let n|g-1, ¢ El(mod n) . g is a quadratic residue modulo n.
y’=qg(modn). Let q=r' and q=3(mod4), where r is a prime. Then
r=3(mod4) and ¢is odd. Equation (*) has solutions in F, if and only if Equa-

tion (*) has solutions in .. And r is a quadratic residue modulo n.

t-1)?
(yr 2 J =r(modn). Let p be an odd prime divisor of . ris a quadratic resi-

due modulo p. Then (Lj =1. By Law of Quadratic Reciprocity, p|n,
p

(2 Sosmess)

The Legendre symbol
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FIEE A ()3

. 1 iei is odd
_ (_1)l+i§1ei _ i:l ,
-1, e iseven
i=1
where n= plel Ses p§i+11 pﬁh , == 53(mod4) and

Py == Py El(m0d4) .
Theorem 2 Let =r' be a prime power, n|q—1 and 2 be an odd integer.
Then there exists a pair D;, D, of MDS odd-like duadic codes of length 2 and
#.1(D;) = Dy y(noq2) » where even-like duadic codes are MDS self-orthogonal, and

T, = {1,---,”7_1} . Furthermore,

(1) If q=2", then [~)i are [n+1,n7+1’n7+3} MDS Euclidean self-dual

codes.

(2) If g=1(mod4), then D, are {n+1,n7+1,n7+3} MDS Euclidean

self-dual codes.

(3)If q=3(mod4) and zis:lei is an odd integer, then D; are

{n +1,n—Jrl nTJFB} MDS Euclidean self-dual codes, where

nzplel... .:s :i*ll teh and plz---E pSEB(mOd4),
P, == P, =1(mod4).

Proof Obviously, D, are [nnTHnTle} MDS odd-like duadic codes. If

there is a solution to (*), we want to prove Iji are [n +1,n7+1,n7+3} MDS

Euclidean self-dual codes, and we only need to prove that

ceD, and wt(c)znTH, then wt(C):nTJrlH.
This is equivalent to prove that c_ #0. It can be proved similarly by which

proved in [5].

When (=2', there is a solution to (*) in IF2t R |5i are [n +1,n7+1,n7+3}
MDS Euclidean self-dual codes by Lemma 2.

We can obtain (2) and (3) from Theorem 1 and Lemma 2. Theorem 2 is
proved.

We list some new MDS Euclidean self-dual codes in the next Table 1.

3. MDS Hermitian Self-Dual Codes

Let n<q°. We choose n distinct elements {al,-~-,an} from IE‘qz and 2 non-

zero elements {Vl, 2 ,Vn} from IF‘CI2 . The generalized Reed-Solomon code
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Table 1. Some new MDS Euclidean self-dual codes.

n q

4 22,7
6 24,34
8 23,36
10 26, 56
12 3°
14 212, 3¢
16 31,31% 31°
18 3!
20 5°
22 5¢
24 31
26 74
28 7°
30 59
156 54

GRS, (o) = {(wf ()1, T (@,)): (x) € F,y [x].deg T (x) <k -1

isa ¢-ary [n,k,n—k+1] MDS code, where @ =(ay,"-,2,) and
v=(Vy, V).
Theorem 3 Let n<q and 2|n. Let {al,---,an} be n distinct elements

from F, (g qu) and u, =1_[1§jmj¢i(ozi -a )’1 , 1<i<n. Then there exist

v, € IFqZ such that U =Vv’, for i=1---,n, and the generalized Reed-Solomon
code GRS, (a,v) isan {n,g,g+l} MDS Hermitian self-dual code over qu ,
2
where az(al,---,an) and v:(vl,---,v )
Proof Obviously, u;(# O)EIE‘q (g qu) for 1<i<n. So there exist
v (# O)EIFqz such that U, =V’ for 1<i<n. The generalized Reed-Solomon

code GRS, (a,v) is an [n,%,g+l} MDS code over F,. For proving the
2

generalized Reed-Solomon code GRS (a,v) is Hermitian self-dual over qu ,

NS

we only prove
TnTn

(Vlal',... Vv a')~(vfafq,--',V,?ar‘fq):0, 03|,k$2—1,

From the choose of %, Vi and [8, Corollary 2.3],

| [ q kg q . kq
(i, Vo ) (Ve -+ Vi)

— (wtd e vyah ) (v vt ) =0, Osl,ksg—l.
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So the generalized Reed-Solomon code GRS, (a,v) is an [n,%,g+1}
2
MDS Hermitian self-dual code over Iqu .
Next we construct MDS Hermitian self-dual codes from constacyclic codes.
Let Cbe an [n,k] A-constacyclic code over F, and (n,q)=1. Cis consi-

F,lx
dered as an ideal, <g(x)> , of ?12[ ]

X"—A4
C =(g(x)).
Lemma 4 [2] Let A€ IF:Z , = Ol’dqz (/l) , and Cbe a A-constacyclic code over
Iqu . If Cis Hermitian self-dual, then r|q+1.
Lemma 5 [2] Let n=2%n’ (a > 0) and r=2°r" be integers such that
2¢n" and 2{r’. Let g be an odd prime power such that (n,q)=1 and

, where g(x)|(x”—ﬂ). Simply,

rig+l, and let Ae IFqZ has order r. Then Hermitian self-dual A-constacyclic
codes over Fo of length nexist ifand onlyif b>0 and q# —1(m0d 23”’) .
Let r=ord, (4) and r|q+1.

O,,={1+rj]j=01--,n-1}.

Then o' (i € Or‘n) are all solutions of X" —1=0 in some extension field of
Iqu , where orde=rn. C is called a A-constacyclic code with defining set
TcO,,,if

C=(g(x))and g(a')=0, VieT.
Theorem 4 Let n=2n'(a>0) and r=2r'(b>0). m|qg®-1. leIng
with ordA=r. q#-1(mod2*").If m|2(q+1), there exists an MDS Hermi-

tian self-dual code C over IF‘qZ with length n, Cis a A-constacyclic code with

defining set
. ..n
T :{1+I’j|0S j gg—l}.
Proof If rn|g*-1, qu (i)={i}, for i€O,,, where qu(i) denote the

¢-cyclotomic coset of imodrn. And |T| :g , Cis an {n,%,g+l} MDS
A-constacyclic code by the BCH bound of constacyclic code.

When m|2(q+1), q:rTnI—l.Because q$—1(m0d23+b),lisodd.

(-9)(1+rj)=-q—qrj El—%nl+ rj=1+ r(%+ jj(mod m).

So
(-)TNT =2.

C is MDS Hermitian self-dual by the relationship of roots of a constacyclic
code and its Hermitian dual code’s roots.
Remark The MDS Hermitian self-dual constacyclic code obtained from

Theorem 4 is different with the MDS Hermitian self-dual constacyclic code in

K2
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[12], because (q+1,q—1)=2 for an odd prime power g.
If r=2, Cis negacyclic. Theorem 4 can be stated as follow.
Corollary 2 Let n=2°n'(a>1) and n' isodd. Let

q= —1(mod 2an") and q=2° —1(mod 2"‘”),

where n'|n” and n” is odd. Then there exists an MDS Hermitian self-dual
code Cof length nwhich is negacyclic with defining set

T ={1+2j l =o,1,---,%—1}.

Especially, when a =1, Corollary 2 is similar as [5, Theorem 11].
From Theorem 3 and Theorem 4, we obtain the next theorem.
Theorem 5 Let n<q+1 and n be even. There exists an MDS Hermitian

self-dual code with length n over qu .

4. Conclusion

In this paper, we obtain many new MDS Euclidean self-dual codes by solving the
Equation (*) in F,. We generalize the work of [8] to MDS Hermitian self-dual
codes, and we construct new MDS Hermitian self-dual codes from constacyclic
codes. We obtain that there exists an MDS Hermitian self-dual code with length
n over qu, where n<q+1 and 2 is even. And we also discuss these MDS
Hermitian self-dual codes, which are extended cyclic duadic codes. Some new

MDS Hermitian self-dual codes are obtained.
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