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) this equation with acoustic boundary conditions. By using the assumptions on
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1. Introduction

In this paper, we investigate the following viscoelastic system with acoustic

boundary conditons

|ut|”un—Au—Aun+f;g(t—s)Au(x,s)ds—Aut:O, (x,t)e(0,40),  (1.1)

( )= (X,t)erx[0,+oo), (1.2)
u(x,t)=0, (X,t)el“lx[O,+oo), (1.3)
%(xt +— (x,t) jg (t-s)==(x,s)ds=y, (xt)elyx[0,+n), (1.4)
ut<x.t>+p(x)yt+q(x>y<x,t>=o (erpia). a9
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u(x,0)=uy(x),u (x,0)=u,(x), xeQ, (1.6)

where QcR" ( n=1, 2) is a bounded domain with smooth boundary
=T, JI,, Vv is the unit outward normal to I', the function g represents
the kernel of a memory, p and q are specific functions, and p is a real

number such that

l<p< > if n>3 p>1 if n=12 (1.7)
n_
Our problem is of the form
f (U, )ug —Au—Au, =0, (1.8)

which has several modeling features. In the case, f (Ut) is a constant; Equation
(8) has been used to model extensional vibrations of thin rods (see Love [3],
Chapter 20). In the case, f (Ux) is not a constant; Equation (8) can model ma-
terials whose density depends on the velocity u,, for instance, a thin rod which
possesses a rigid surface and with an interior which can deform slightly. We re-
fer the reader to Fabrizio and Morro [4] for several other related models.
Recently, Liu [5] considered the following viscoelastic problem with acoustic

boundary conditions

U, —Au+[1g(t-s)Au(x,s)ds =0, (x.t)e(0,+0), (1.9)
u(xt)=0, (x,t) el x[0,+w), (1.10)

L t)-folt-s) 2 (xs)ds =y, (xt)elpx[04=), @
U () + P(X)Y +a(x)y(xt)=0  (xt)elex[0+0),  (1.12)
u(40) =ty (x), u (x0)=w(x), xeQ (113)

the authors obtain an arbitrary decay rate of the energy. In the pioneering paper
[6], Beale and Rosencrans considered the acoustic boundary condition (1.12)
and the coupled impenetrability boundary condition (1.11) with a general form,
which had the presence of y, in (1.2), in a study of the model for acoustic wave
motion of a fluid interacting with a so-called locally reacting surface. Recently,
many authors treated wave equations with acoustic boundary conditions, see [7]
[8] [9] [10] and references therein. For instance, Rivera and Qin [10] proved the
polynomial decay for the wave motion with general acoustic boundary condi-
tions by using the Lyapunov functional technique. Frota and Larkin [8] estab-
lished global solvability and the exponential decay for problems (1.9)-(1.13) with
g =0. They overcame the difficulties which were arisen due to the absence of
Y, in (1.12) by using the degenerated second order equation. Recently, Park
and Park [9] investigated problems (1.9)-(1.13) and proved general rates of de-

cay which depended on the behavior of g, under the additional assumption of
that [ "g(s)ds.

Many authors have focused on the viscoelastic problem. In the pioneer work of

Dafermos [11] [12], existence and asymptotic stability for a one-dimensional vis-
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coelastic problem were proved but no rate of decay has been specified. Since then
problems related to viscoelasticity have attracted a great deal of attention [13] [14]
[15]. It seems all started with kernels of the form ¢ (t) e , >0, then with
kernels satisfying —&0 (t) < g'(t) <-£,0 (t) , for all t>0, for some constants
& and &, and some other conditions on the second derivative, Cavalcanti et al.

[2] studied the following equation with Dirichlet boundary conditions
|u|” Uy — Au— Au, + g * Au - yAu, =0 (1.14)

where §*AU = J:g (t—s)Au(s)ds. They established a global existence result
for >0 and an exponential decay of energy for y >0, and studied the inte-
raction within the |ut |p U, and the memory term ¢ * AU . Messaoudi and Tatar
[16] established, for small initial data, the global existence and uniform stability

of solutions to the equation
|u|” vy —Au—Au, +g*Au=bu/"*u (1.15)

with Dirichlet boundary condition, where y >0,p,b>0,p>2 are constants.
In the case b=0 in (15), Messaoudi and Tatar [17] proved the exponential
decay of global solutions to (15) without smallness of initial data, considering
only the dissipation effect given by the memory.

In [18] [19], the condition has been replaced by g'(t)s—g(t)g(t), where
¢ (t) is a positive function. Similarly, Han and Wang [20] proved the energy
decay for the viscoelastic equation with nonlinear damping

|u|” uy = Au— Au, + g *Au+|u|" U, =0, (1.16)

with Dirichlet boundary condition, where p>0,m>0 are constants. Then
Park and Park [21] established the general decay for the viscoelastic problem

with nonlinear weak damping
|u|” Uy — Auy —Au+ g *Au+h(u, ) =0, (1.17)

with the Dirichlet boundary condition, where p >0 is a constant. We also
mention that Fabrizio and Polidoro [22] obtained the exponential decay result
under the conditions that g’(t) <0 and e“g (t) el (0, +00) for some « >0.
Recently, Tatar [23] improved these results by removing the last condition and
established a polynomial asymptotic stability. In fact, he considered the kernels
having small flat zones and these zones are not too big (see also [24] for the case
of coupled system). More recently, under the assumptions that g’(t) <0 and
g(t)»(t)eL'(0,+%) for some nonnegative function ¥ (t), Tatar [1] genera-
lized these works to an arbitrary decay for wave equation with a viscoelastic
damping term. Moreover, we would like to mention some results in [25]-[30].

The rest of our paper is organized as follows. In Section 2, we give some pre-
parations for our consideration and our main result. The statements and the
proofs of our main results will be given in Section 3.

For convenience, we denote the norm and scalar product in L (Q) by ""
and (',-), respectively. C denotes a general positive constant, which may be

different in different estimates.
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2. Preliminaries and Main Result

For the memory kernel g we assume that:

(H1) g:R" > R" isanon-increasing differentiable function satisfying that
9(0)>0, 1=1-[ “g(s)ds >0. (2.1)

(Hz) suppose that there exists a nondecreasing function Y (t) >0 such
"(t o
that ~ ((t)) =7(t) isa decreasing function and L: g(s)y(s)ds <+,
Y
For the functions p and ¢, we assume that P,qeC (Fo) and p(x) >0
and ( (X) >0 for all xeTl,. This assumption implies that there exist positive

constants P;, G (i=0,1) such that
Po<P(X)< Py 0 <q(x)<qy, xel,. (2.2)
We use the notation
% Z{UG Hl(Q):u:Oonl"l},
(u,v):jﬂu(x)v(x)dx, and (u,v)ro = rou(x)v(x)dl‘.
Let A and A be the smallest positive constants such that
< 2wuf, o, < 2l @)

Firstly, we have the following existence and uniqueness results, it can be es-
tablished by adopting the arguments of [2] [31].

Theorem 2.1 Let (uy,Uu,)e (VﬂH g (Q))XV . Assume that H,,H, and (2.2)
hold. There exists a unique pair of functions (U, yt) , which is a solution to the

problem (1.1) in the class
uel”(0T,VAH*(Q)), uel”(0,TV), (24)

U el (0T, 12(Q)), v,y e P(R%L(T,)). (2.5)

We introduce the modified energy functional

E(t)zpliz 2:22 S ds)llfuu Feen
Ao 0f 2] ey o
where
(govu)(t fgt s)[vu(t) (s)||2ds.
Clearly
S () =—[vu (O -2 OV +(g'0Vu)- |, py? @7)

To state our main result, we introduce the following notations as in [32]. For

every measurable set A — R", we define the probability measure § by

=%L\g (s)ds. (2.8)
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The flatness set and the flatness rate of g are defined by
Fy={seR":g(s)>0andg’(s)=0} (2.9)
and
R, :@(.ﬂ):—.[fgg(s)ds (2.10)
respectively. We denote
G, (t)=r(t)" ] "a(s)r(s)ds. (2.11)

Now, we are in a position to state our main result.
Theorem 2.2 ([23]) Let (ug,u;)(V(H?(Q))xV , Assume that (2.1)-(2.2)

hold and R, <%. If G,(0)< W, then there exist positive constants

C and V such that

E(t)<Cy(t)", t=0. (2.12)

3. Arbitrary Rate of Decay

Now we define

()= Lz|u |"uudx+jVu Vudx += j pyzdF+_[ uydr” (3.1)

p+1

Using (1.1) and (3.1), we have

' (t)=— ||u I~ |vulf +|vuf +L2Vuﬁg (t—s)Vu(s)dsdx

p+2

p+1 (3.2)
+ IQAutudF + erouytdl" - jroq (x)y*dr.

We use here the following identity due to [1], to give a better estimate for the

term J.QVUJ.SQ(t—S)Vu(s)dsdx;
IQVUISQ (t—s)Vu(s)dsdx .

3.3

:%(j;g (S)ds)||Vu||2 +%j$g (t-s)|vu (s)||2 ds —%(g oVu)(t).

From (2.1), (3.2) and (3.3), integration by parts and Young’s inequality, we
derive for any ¢, >0,

[ p+2 l I
@'(t)< p+1||u o (18 Vu () (;_5 ﬂqu”
+3fa(t=s)|vu(s)f ds=Z(aou)(t) (3.9

1 2
+ Iyl [ a00yr

As in [5], we have:
Lemma 3.1 For Ue Hé(Q), we have

926 00’ Scientific Research Publishing
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fg(ﬁg(t—S)(U(t)— (s ))dS) dx < 2(1-1)(g o Vu)(t). (3.5)
Now we define the functional
¥0=],[ 20 Lglu [0 ve)sn 6o
It follows from (1.1) and (3.6) that
)= [,Au [ig'(t=s)(u(t)-u(s))dscx— g () s )|V
+(1—J;g<s>ds)fgvu(t>-(fsg<t—s)(Vu(t)—Vu(s))ds)dx

o fpt-s) ot -vu(osf ox- L2y,

v o) (w1 o
fp+1|u ["u Jog" (t=s)(u(t)-u(s))dsdx

~J. % ([ (t=s)(u(t)-u(s))ds)ar

=|1—|2+(1—j;g(s)ds)|3+|4—|5+|6—|7—|8.

For any & >0, we have

< s|vu, (1)’ —%;)/I(g'(s)oVu)(t). (3.8)

For all measurable sets A and F suchthat A=R"\F, I;, I, and I
can be estimated as in [1]:

I, <6 |Vulf +—IJ' g(t-s)[vu(t) (s)|2 dsdx
(3.9)
3 2
2(1 Ng(F)|vuf += j g(t-s) ||Vu )|| ds, & >0,
I, < [1+ij(1—l)jﬂ'[ g (t—5)|Vu (t)—Vu(5)|2 dsdx
% “ (3.10)
+(1+6,)(1-1)G(F)[ [, a(t-s)Vu (t)-vu(s) dsdx, &,>0,
<6, ||Vut||2 +LLJ,419 (t— S)|Vu (t)—Vu(s)|2 dsdx
(3.11)
3
E F)|vu ] += j g(t-s)|Vu(s )||2 ds, &, >0,
where § is defined in (2.8). Forany &3>0,
I, <5|Vu, (t)"z—%l(g'(s)oVu)(t). (3.12)
For Iy, for &,,6, >0, we use a different estimate as
927
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(I =s)(u(t) )ds)dF
+.[r Y, (J' —s)(u(t) )ds)dF

<L, A8 ’H (t-5)fvu () - u(s)f dscx

(3.13)

1 2
25, 9Pl

- 1
+8,4§(F)|vulf 2o I,
+3,A(L I g(t-s) ||Vu )||2 ds.

Taking into account these estimates in (3.6), let t, be a number such that

jg )ds = g., we obtain that
(O=(-%ea Iruf L
+{(1_g*)[51+§(1-|)@(¢)J+mg(f)+5}
1+5 ﬂ

><||Vu||2(1—|)[1; . = j” g(t—s)[Vu(t)-vu( s)| dsdx
—2(0)A(g'ovu)(1) (3.14)
+(1+6,)A-1)§(F “' g(t—s)|Vu(t)-vu(s)[ dsdx
{1‘29* +54i(1—|)j Ja(t-s)|vu(s)f

1 §(F) 1 2
(320 L,

Let

t):J'QJ';Gy (t—s)|Vu(s)|2 dsdx, (3.15)
and G, (t) is given in (2.11), we define the following functional
F(t)=ME(t)+ed(t)+¥(t)+el (1), (3.16)
then we know from [1] that
I'(t) <G, (0)[Vulf —7 (1) ['G, (t—s)|[Vu(s)[ ds
~[la(t-s)|vu(s)| ds.

At the same time, we have the following lemmas.

(3.17)

Lemma 3.2 For M Jarge enough, there exist two positive constants p, and

p, such that
p(E(M)+1(t)<F(t)<p, (E(t)+1(t)). (3.18)
Proof. See, e.g. Liu [5].
Proof of Theorem 2.2 By using (2.7), (3.4), (3.13)-(3.16), a series of com-
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putations yields, for t>t,,

F ()< 2002 g ova -2 )
_[%ﬂz* 5 e(les, }”Vut(t)"
+(1+,) (1) §(F) [, [, (t=3)[Vu(t) - Vu(s)[ dsox
+{( g, )[5+ (—I)Q(]—")j+5sig(]-')+5+e6y(0)— [ﬂ—mj}uwuz (3.19)
+(1_|)(1;59* 1;25 AJH g (t-s)|vu(t)-Vu(s)] dsd

_(e_gjﬁg(t—s)"Vu(s)Hzds—%(goVu (
-ent)-of ateyar- w2185 Ll

For neN,asin [32] we introduce the sets
An:{SGR*:ng’(s)+g(s)so}. (3.20)

It is easy to see that

~+8,A(1-1 )jj‘flg (t-s)[vu (s)"2 dsdx

UA =R \{F UN,], (3.21)

n

where F, is given in (29) and N g Is the null set where ¢’ is not defined.

Additionally, we denote F, =R"\ A , then
i (5)-a(5). 622

L CF, for all N and ﬂnﬁ =F, U./\/g . Then, we take A=A
and F =F in (3.18), it follows that

n

F'(t)s[%—%g(o)ﬂj(@ov“)(t)( i

p+1 p+lj"

{ & eltrs,) }"w i

since F

p+2

p+2

( MO s |]jgt s)[vu(s) ds

H-a) a+§<1—l>@<fn>j ,76(5)+5+6, (0

%%
0:{5: Scientific Research Publishing

(3.23)
_[a+(1_a)]gl_;'+gaoz}||w||z
+(l—|)(1;—;i*+%+%ﬁghg(t—S)|Vu(t)—Vu(s)|2 dsdx
—(%—(1+5z)(1—')@(ﬁ)j(9OVU)(t)
a0 0-of a0 ar-| w22 L
929
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. 1
for some 0<¢&<1. Since Ry =( (.7-'9 ) < > we can choose ¢,6, small enough

and n,t, large enough such that

5-(1+8,)(1-1)§(%)20 (3:24)
and
%(1—I)(l—g*)g(]-"n)—as%<0 (3.25)
o 3-n@-g.)
with 0 =—————=. Note that for t, large enough. Furthermore, we
29, (1+1)
require that
l+e-q, 1

+54i(1—|)g6g6_(0)((1_0)8%

~(1-9.)8, - 5,44 (7, ) - 6,4 +6).

2 (3.26)

Combining (3.24) and (3.25), we obtain

(1_g*)[(sl+§(1_|)g(fn)j+53zg(]-;)+5+ecs,(o)_g%waoko (3.27)

Choose our constants properly so that:
M 3

M

———g(0)1>—, 3.28
2 45g() 4 (3.28)
Mpo_i_[l_{_—g(ﬁ)_Fi]ZO' (3.29)

6 \2 45, 45,
(1_|)(1—g* +ﬁ+iJ—M< 0 (3.30)

45, S, 2) 4n

together with (3.22) yield

F'(t)<-CE(t)—en(t)I(t), t>t,. (3.31)

As 77('[) is decreasing, we have 77('[) < 77(0) for all t>t, . Then (3.30) be-

F(t)<- = n(t)E(t)—en(t)I(t), t=t,.

Since F(t) is equipped with E(t)+1(t), we get
F'(t)<-Cp(t)F(t), (3.32)

integrating (3.31) over [t*,t] yields

-C, J-: n(s)ds

F(t)<e F(t,), t>t,.

Then using the left hand side inequality in (3.17), we get

t
—CZJ. n(s)ds
te

p(E(t)+1(t))<e F(t), t>t,.

930
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By virtue of the continuity and boundedness of E (t) in the interval [O,I*] ,

we conclude that

E(t)<Cy™(t), t20 (3.33)

for some positive constants C and V.
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