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1. Introduction

Definition 1.1. Let T be a bounded linear operator from S (R”) to S'(R”)
(see [1], [2]). T is called a standard operator if T satisfies the following con-

ditions:
1) T extends to abounded linear operator on L*(R").
2) There exists a function K(X,y) defined by {(X y)e (RH)X(RH); X # y}

satisfies
|K(x, y)|£C/|x—y|", (1.1)

where C>0.
3) (Tf,g):J'(Rn)J'(Rn)K(x, y) f(y)g(x)dxdy, for f,g eS(R”) with

supp(f)nsupp(g)=92
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A standard operator T iscalled a y -Calderdn - Zygmund operator if K is
a standard kernel satisfies:

K (x, y)—K(z,y)|sC|x—z|y/|x—y|””; (1.2)
|K(y,x)—K(y,z)|sC|x—z|7/|x—y|”+7, (1.3)
if |X—Z|<%|X—y| for some O<y<1.

The bounded mean oscillation BMO space and BMO norm are defined, re-

spectively, by

BMO(R") = {b e L (R"): Jollenoer) < oo}, (1.4)

"b"BMO(R") :E:Ldgl/|B|J.B|b(X)—bB|dX. (1.5)
The commutator of the Calderén-Zygmund operator is defined by
[0, T]f(x)=b(x)Tf (x)-T (bf )(x). (1.6)

In 1983, J.-L. Jouné proved y -Calderén - Zygmund operator is bounded on
LP (R”) in [3]. Coifman, Rochberg and Weiss proved that commutator [b,T] is
bounded on L° (R" )(1< p<1) (see[4]).

Kovacik and Rakosnik introduced Lebesgue spaces and Sobolev spaces with
variable exponents (see [5]). The function spaces with variable exponent has
been recently obtained an increasing interest by a number of authors since many
applications are found in many different fields, for example, in fluid dynamics
(see [6]), image restoration (see [7] [8] [9]) and differential equations.

Herz spaces play an important role in harmonic analysis. After they were in-
troduced in [10], the boundedness of some operators and some characteriza-
tions of Herz spaces with variable exponents were studied extensively (see
[11]-[16]). In 2015, Wang and Tao introduced the Herz spaces with two variable
exponents p() .q () , and studied the parameterized Littlewood-Paley operators
and their commutators on Herz spaces with variable exponents in [17].

In this paper, we will discuss the boundedness of the Calderén-Zygmund op-
erator T and their commutator [b,T] are bounded on Herz spaces with two
variable exponents p() .q ()

2. Definitions of Function Spaces with Variable Exponent

In this section we recall some definitions. Let Q be a measurable set in R"
with |Q| > 0. We firstly recall the definition of the Lebesgue spaces with variable
exponent.

Definition 2.1. [5] Let p() Q —>[1,oo) be a measurable function. The Le-
besgue space with variable exponent L (Q) is defined by

(x)

f Pl

LP(©) =1 f is measurable : IQ {M] dx < oo for some constant 7 >0%. (2.1)
n

For all compact K < Q, the space L) (Q) is defined by

%%
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‘;(c') (Q) ={ f is measurable: f e L") (K)} (2.2)

The Lebesgue spaces L) (Q) isa Banach spaces with the norm defined by

f p(x)
[ £ty =inf {'7 >0:f (';—XNJ dx < 1}. (2.3)

We denote p_=essinf{p(x):xeQ}, p, =esssup{p(x):xeQ} . Then
P(Q) consists of all p() satisfying p_>1 and p, <wo. Let M be the
Hardy-Littlewood maximal operator. We denote B(Q) to be the set of all
function p(-)eP(Q) satisfyingthe M is bounded on Lp(’)(Q).

Definition 2.2. [18] Let p(-),q(-)e’P(Q). The mixed Lebesgue sequence

space with variable exponent éq(‘)(Lp(')) is the collection of all sequences

{ f i }0_0:0 of the measurable functions on R" such that

{f}go =inf{n>0: f ) <lp<oo
H ol aey0) ~ i 'qu(')(“’(')) < o) ,

p(x) (2.4)

QK«-)(LN-))({f,»}fo)=j2(;inf g >0:fRn — dx <1}.

é’jq(x)
Let B, ={xeR":[x<2"},C, =B \B_, %, = x> keZ, for q <o, we
have that
> \_< aof
il e

Let B, ={xeR":|X|<2“},C, =B\B ,, 2 =1c,» keZ
Definition 2.3. [17] Let a eR",q(-), p(-)e P(R“) . The homogeneous Herz

space with variable exponent KZ(‘g(') (]R”) is defined by

p(-) loc

K ) (]R”) = {f e LV (Rn \{O}) 1t Kl (=) ) OO}.

Equipped the norm

It

_ ka .
szz(if;(-)(Rn) = ”{2 | flk |}k:0 |q(')(|_P(-))

o a()
[2“ |f;{k|J <1
0"
n L%

Remark 2.1. [17] Let ql('),q2(~)eP(R”) satisfying (q,), <(0,), and sa-
tisfy the following results:

D Kz (B) < Ko (7).

k=—00

inf{n>0: i

2) If qZ(.)e'P(R") and qZ(.)Zl. For any feKa'q(')(R”), by using

0, () (o () p()

K2
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Lemma 3.7 and Remark 2.2, we have

(zka | f 2 |]q2()
n 20
L

0

2

ke qz(.-) ke La)
Ph P
w» 2ka|f/’{ | ‘h(')
ds (_ g
k=-o0 77 L%())
where
(qZ(‘)J 2ka|f75k|gl
o, = ql(') _ n
' [qz(‘)J 2|t ] 1
a.() ), n
minp,, > &, <1,
p*_ veN v=0
maxpv!zav >1
veN v=0

This implies that K;‘(‘gl(') (R” ) c KS’('_‘;Z(') (]R") .

Remark 2.2. Let ve N, a, 20,1< p, <. Then we have

v=0

where

minpP,, > a, <1,
veN v=0

P = "
m%xpwzav >1.

v=0

3. Properties and Lemmas of Variable Exponent

In this section, we recall some properties and some lemmas of variable exponent
belonging to the class B (R" ) .
Proposition 3.1. [19] If p(-)e P(R”) satisfies

<€ <o
|p(x)_p(y)|_LOg(|X—y|),|X Y|—1/2, (3.1)
|p(x>—p(y)|sm,|y|z|x|. 52)

Hence we have p(-) eB(]R” ) .
Lemma 3.1. [5] Given p() R"—> [1,00) have that for all functions f and

g,
IR" f (X) g (X)| dx<C " f "Lp(')(R") g"Lp'(')(R”) : (3-3)
where C, :1+i—i.
P b,
431
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Lemma 3.2. [5] Suppose that p(-), p, (- )e P(R”) for any
f e LMO(R"), ge L”20) (R"), when L _ 1 1 , we get
()02 () M)()m)

(3.4)

AICLTCY PTREL] ) P

1
where Cplpz :{1+i— ! }p.
' pl— p1+

Proposition 3.2. [20] Let p(~)eB(R”) and T be a Calder6n- Zygmund
operator. Then we have

"Tf "Lp(')(R") <C ” f "Lp(')(R") ' (3.5)

Lemma 3.3. [20] Let p(~)eB(R”),beBMO function and T be a Cal-
derén - Zygmund operator.Then

1071 ey <o

f ||L,,(.)(]Rn) (3.6)

BMO| R"

Lemma 3.4. [11] Let beBMO(]R”).If i,j€Z with i< j,then we have

L c? "b"BMO ]R" = SUp "(b - bB ) ZB”LP(') Rn <C "b"BMO R" )

|6 IIL

<C(

2 (00 ) 25| 5 mmma

wO(Re)
Lemma 3.5. [21] Let p, (-)eB(R”)(u:l,Z), then there exist constants
0<iy,4, <1, and C>0 such that for all balls BcR" and all measurable

subset Rc B,

";(R Lpu(‘)(R" (|R JM |ZR Lp“( ( (|R ]’uz

U< — < C (3.7)
Lpu(‘)(R") |B| ||lB LpU ( ) |B|

"ZB
Lemma 3.6. [11] If p(o)eB(R"), there exist a constant C >0 such that
for any balls Bin R", we have

1
@"ZB ||Lnt->(Rn) Ze ||Lp'<->(mn) <C. (3.8)

Lemma 3.7. [17] Suppose that p(-),q(-) e P(B"). If fel’ then

i (] ) < 1 w00 ). 69

< max(|

LP0)

4. The Main Theorems and Their Proofs

Theorem 4.1. Suppose that p,(-) e B(R”), % (). 0 ()e ’P(R”) with
(qz) 2 (ql) If —nyg, <a<ny, with g,,1, asdefined in Lemma 3.5, then the
operator T is bounded from Ka(qf() (R") to K';‘l’(‘%(') (R” )

Proof Let h(x) € K;:(%() (R”) . We write

()= 2n(x)z = Xhy (x),

K2
432 0:§§: Scientific Research Publishing



0. Abdalrhman et al.

By Definition 2.3, we have

0

oka |-|- (h) 7 | (")
n

[T (h) co%0(0) =infip>0:> St (4.1)
PL k=—00 L?(.)
Since
i o - a2(")
{Zka |T(h)lk|]q2() 2k zj:iw-l- (hj)lk‘
77 L?T((.'; z;’hi LqplTE';
” . QZ(‘)
Sz
- Tha no
q (L;Z(‘) (4.2)
+ 2
. 2" ZE::J (hy )Zk‘
Ty ()
L92()
o oo da(-)
N [2 Zj:k+2T (hj )Zk‘
Ths no ’
L92()
where
k=2 *
T = {zka .ZT (hj )Zk } ' (4.3)
= k=—0 éqzu(Lm(»)
k+2 *
Thy = {Zka z T (hj )Zk } ' (4.4)
j=2 LG )
Ths = {zka _ZT(hj)lk} )
I=k+2 G )
and
3
n= Zﬂn-
i1
Thus,
o a2()
$ 2 TMad)” ) o
Pt n mo
L92()
We easily see that
3
||T (h) K‘Dt,qz(')(Rn) < C77 = Canl (4.6)
P() i=1

This implies that we only need to prove 77;;,77;,,7,; <C|h
The = ”h

K;%(.)(Rn) . Denote

Cil)

%%
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First, we consider 7,,. By virtue of Lemma 3.7, we get

o k2 az(*)
i 2" ijk—zT(hj)Ik
k=—o0 7710 ()
L920)
o k+2 (q%)
< - |12 Zj:k-zT(hj)lk ‘
k=—c0 Tho Lpi0)
(<)
a k+2 K
< i 2 Zj:k—ZT(hj)Zk‘
& ‘ Tho ,
Lpl(')

where,

2 (X T () o

(d2)_

2 ZEizT (hy)

(92),

a2(")

()

P()

La2(:

.10
L92()

<1

>1.

In the above, we use the Proposition 3.2 and Remark 2.2. Since

. 2ka h
h(x)e K;’(.)(')(R"),we have M <1 and
Tho || Lm0
ka @()
> (MJ , <1 we get
- -
Tho Lm
a k+ a()
i 2 ijisz (hj )Zk
k=— Tho
1
i o |2k hj| (93)k
<C —
k=—oo| j=k-2 Tho LPC)
1
<C i _Zka|hlk| ()
k=—o0 Tho L)
(cb
o ¢
<C i (Zk h k|Jql (.
k=—e0 Tho )
Lal)
o ¢
<cls {2k|thJ%
k= Tho LZlT(f;
<C.

210]

La2()

(4.7)

434
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(%),

Here (p,), <(p,). S(q%) and ¢. =min @) . That is
1)+
Mo < C7710 <C "h K,;l,ﬁl)(.)(Rn) . (48)

Let us now turn to estimate 7,,. Noting that Xe A; and j<k-2, by the

generalized Holder's inequality and the Minkowski’s inequality, we get

|Thj | J'|K (x,y)h

stAj ]

<C27h, iler)
ja th|
By Lemmas 3.5-3.7 and the fact that
Tho
()
i 2 ZWT(hj);{k
K=—o0 Tho m()
Lo0)
© 2 Z 27|, ||L1(Rn) Ak
<C)
k=—o0 Tho
()
Lo20)
(),
. Zka Z 2- kn Ll Rn) Z
<C3),
k=-o0 7710
Lpl(')(]R")
I [
<C2 | 2% 227~ [ o ) 1oy
K=—o0 =0 Tho || m( I(=")

2ka kiz 2—kn hll
k=—o0 j=—x 7710

(8]
Lm(-)(Rn)

L)

LPLO) ]R"j

(v)lay

y|/|X—y| dy

sCZ’k”f _|h.(y)|dy

(4.9)

<1, we easily see that

2

(%),
LPO(R! )( )}

s,

" k2 (21 hy Xs; |_Pl
<CY |2« 2 |
k=—0 j=—o0 Tho Lp10) Lpl
q (4.10)
i () (q1)+
o | k=2 ) 2%hy.
<cY Y k=i)(e=nay) { ZJ|] ,
k=—0 | j=—oo 77
: 1 LPOa00)
where
0:{%: Scientific Research Publishing 435
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et k2 a2(")
( ) 2 zi:-wT(hj)’Yk <1
qZ _ ]
Tho ne)
a()
(qzz )k - q ]
_ 2(")
2 [T ()2,
(qz )+ ' >1.
Tho n()
Lo2(:

Therefore, if (¢,), <1 and (p,), <(p,)_< (q§ )k , we can get

o K2 %()
i 2" ZJ:—wT(hj)Zk
k=—o0 Tho

Lo2()
O
" i« ‘h(') w
cl 3| S pltcie-my
j=0 7710 k=j+2
LP)a()

IN

C,
= mln ( )
where 0. = ( )

f (), 21 and (% )k >(q,) >(q,), =1. By Remark 2.2 and applying the

generalized Holder’s inequality, we obtain

o k2 a2(*)
i 2! Zj:,wT(hj)Zk
k=—o0 7710 P

qu( )

(¢8),

o | k=2 2ih | ) (w*
<C z (k _ ])2(k Ne—nng)(@), /2 Xj
- o )
|_

=~

O

<C { i i ok-i)(a-nui)a), /2
j=—n 7710 k=j+2

where 0. = Tean ((Zj)) .

Hence, we see that

m, <Cny <C ”h

keatar) (4.11)

Finally, we estimate 77,. Noting that for each xe A; and j>k+2, we

have

436
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|Thj (x)|sjAj|K(x, y)h (y)|dy SCjAj|hj (y)|/|x— y['dy<c27"h, t (4.12)
21 h;(j|
By Lemma 3.7 and |—— <1, we get
Tho L)
- a2(-)
ki 2k Zj:k+2T(hj)lk
2
k=—o0 Tho n()
La2()
w() (),
ka ® - ke ® -
c i 22" hi"B(R");{k C i 222" hi”B(R")lk
< <
K= Tho k=0 H Tho
L;’;—‘{ LPi0)
) (),
<cy |2y | L 1.
k;w j:kzﬂ o Lm(~)(Rn)||ZBk |_P1(~)(R") IBJ Lm(-)(Rn)J
(a3),
Sci 2ka i 2*l'n hi (|B| V4 B jl
= et Tho Lpl(')(R") il][#Bj Lm(')(Rn) Bj LM(')(Rn)
A (e2),
o0 o0 z —1
<sCy |2« Yy |- Zs, Xa; || o
k:z—oo j:kz+z Tho L0 (k1) B O () 1 LM(')(R")]
ngl] el |
<cy|2e Yy 2 2"y | Pele(er)
k=—o0 j=k+2 o Lpl(')(R") ljk ||Lp1(')(]R")
. (@), (4.13)
o ) ()
<C i i o(k=i)(a+nsz) [ZJ h%q
k=—o0 | j=k+2 Tho
L) )
where
a2()
2 13 LT
(). X T () <1
Tho no
3\ _ L92()
(q2 )k - a . 42()
( ) , 2 Zj:sz(hi)Xk‘ -
a4 ),
Tho )
L92()
Then we have 7, <Crq, < C"h Real)(ar) > by using the same argument in 7, .
Thus, we prove Theorem 4.1. L10) O
Theorem 4.2. Let be BMO(R“) . Suppose that
p()eB(R"), 0 () q()eP(R") with (q,) >(q), . If —ny, <a<ny
with g,,7, as defined in lemma 3.5, then the commutator [b,T] is bounded
from K:’lf;(')(R”) to K';'('%(‘)(R”).
0:{%: Scientific Research Publishing 437
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Proof Let h(x)e K74 (R"),be BMO(R").We write

By virtue of the definition of K;’(‘g(') (R" ) , we have

()
| o |2 [bTI() 4"
||[b,T](h) ke[ n) =infin>0: 3 {% n() sl (14
P k=—o0 La()
Since
. B az(")
{2” |[b,T](h)zk|quo < [Zka X [bT](h) 7 J
n ] 2 il -
o [eer () ke [xk+2 %0
. 2 ij_w[blT](hJ)Zk‘ N 2 ZJ:k—Z[b’T](hJ)Zk‘ (4'15)
7721 M 7722 M
L20) L92()
w a2(")
+ [2"!1 Zj:mz[b'T](hi)zk 1
T2 L210]
La2()
Let
k-2 ”
Ty = {Zka | [b;T](hj)Zk } , (4.16)
= e (100
v k+2 ”
M =12 z [b’T](hi)Zk ' (417)
j=k-2 k=—o0 [qz(-)(LmO)
e = {2ka z [b,T](hj)lk} , (4.18)
j=k+2 k=-o0 [qz(-)(Lm(-))
and

3
n= Zﬂzr
i=L

Therefore, we can obtain

. K (")
Z (2 |[va](h)lk|J <C.
k=—0 77 M
La2()
Thus it follows that,
3
[[o.T](h) o) S C1 = s (4.20)
P() i=1

Hence 17y,7,,7,; <C "b”BMO(lR")

h"l(.gl,([g(.)(Rn) . Denoting 7, = C"h KL;LE)(')(RQ >
firstly we estimate 77,, as in Theorem 4.1. Applying Lemma 3.3, we imme- di-

ately arrive at

K2
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N a2(*)
N e P
k=—c0 "ho ”b"BMO Al
Lo2()
So we can get that
M1 < Cipyg "b"BMO <C "b”BMO ||h|||<“;1'(”fl)(‘)(R") : (4.21)

Next we estimate 7,, Let xe A, j<k-2.
0,770, < [, K () (b (x)=b(y))h; (v)]dy

st |b (x)=b(y))h; ( |/|x—y|"dy

. (4.22)
<c2™ e, =By ()
<C2™|b(x ||L Hb(~)—(b8j)hj -

Thus, from Lemmas 3.4-3.7, We obtain that
_ a2 ()
i 232 [b,T](hy)
k= Tho "b"BMO(R") nl)
L92()
(q§)k
B 2ka Z 2—nk b ||L1
<C)’
k—*”H Tho ”b"BMO R )
Lpl(')(]Rn)
s o (),
{2z 2 (o) -0, ) e
+
k=—o0 Tho ”b"BMO(R”)
Lpl(')(Rn)
(c2),
o k-2 h.|
<c Y| 2k ¥ o (L bl i l(b(x)=bg ) xs.
kz”{ = HW)" P00 ) e L““(R")J

(qZ)k
o Lm(.>(R")(k_j)|lBk LM(.)(RH) ) Lpi()(Rn)J

X (c),
77_10 1P (") B o )J

<c Y |2 kzz gt
— j=—oo

(k J)|Zak 1710 g1 X,

X,

(cf),
i )
(RO (w0) J

Zjah;(j|
Tho

k=2 )
2 Y (k—j)2

j=—0

=~
I
8

IA
(@]
\MS

1910 (1) |Z By

%%
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Therefore, we get

.10}
LqZ(')

i Sk ZT:_w[b,T](hj)zk‘ "
K=o Tho "b"BMO(Rn)

@),  (423)

©

SCZ z( ) (k=i)(e—nas) {

Tho

k=—c0 | j=—c0

1
2hy, |T(” @

L) 1)
where
()
2“3 [b, T
[ J(h) 7| o
%
2\ L%
(qz )k - K B (")
[2 “ h ) ;(k‘
>1.
()
qu(')

This, for (ql)+ <1, (p), <(py)_ (Qz) , along with Remark 2.2, tells us

that
Ko K2 ()
i 2 Zj:_w[b’T](hi)l‘(‘
k=-o0 Tho "b"BMO(Rn) %
LQZ'
. a() v
0 2Jah H > 1
= 10 a0

(¢2),
N (@),

f (ql) <1, it is follows from Remark 2.2 and Holder’s inequality that
+

5 [z“ > [0 T(h) 2

2(")
k=—o Tho "b”BMO(]R") J %
LqZ .

where Q.= m|n

o () (@)+
(k _ j)z(kfj)(a*”lm)(%h/z [ 2 hli |\J
Jaa(’)

Tho
(cf),
k-2 ' ,
( Y (k-j)2" J><anm><<ql>+>/z)«m+>
i

. %(‘) "
ﬂ} i (k- j)2<k—i><a—mu><‘h>+/2
&l

L)

<C f}{

Tho

440 ‘0’ Scientific Research Publishing
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@),

where @. =min—=

keN (ql)
This implies that
11 < Cpg "b"BMO R") =C "b”BMO R") pl(ql)()(R") : (4.24)

Finally we estimate 77,;, for any xe A;, j >k +2, by the same way to argu-

ment in 7,,, we obtain that
|[bT Ih; |<J' |K (x,y)(b(x)=b(y))h; (y |
<CI | (x)=b(y J(y)|/|x y| dy

0.:.. Scientific Research Publishing

)-

. 4.25
<c2b(x)-b, |], I, (v)ey+], |b (), (fay >
<C27b(x) ~bg [y o) [o)=(es )1 ()’

and
0 o
" a2 (- ka ® -nj
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K=o j=—o 10 Lpl(-)(Rn) s, Lpl(-)(Rn)
0 1 (qg)k
© k-2 . 2Jah : " (ql)+
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e R 10 (PO 1)
where
2()
2% 132 b, T](h. ’
(®). [ e
Tho L:10)
N La2()
(q2 )k B B a2()
2 ZJ:_w[b'T](hi)Zk
(Qz )w >1.
Tho L0}
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Hence, we arrive at that 7,, <Cny, ||b||BMO ) <C ||b||BMO(]Rn) h e ) by the
similar argument in the proof Theorem 4.1.
This completes the proof of Theorem 4.2. O
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