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Abstract

In this paper, we use the generalized hypergeometric series method the high-
order inverse moments and high-order inverse factorial moments of the ge-
neralized geometric distribution, the Katz distribution, the Lagrangian Katz
distribution, generalized Polya-Eggenberger distribution of the first kind and
so on.
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1. Introduction

The moment is one of the most widely used features of probability of random
variables. The moments of random variables have been widely used in many
important fields such as finance, probability theory, statistics and so on. So the
calculation of the moment is very important. The inverse moment is a hot re-
search direction in recent years. Inverse moment plays an important role in risk
assessment, insurance and finance, and it is an important concept in probability.
The study of the inverse moments originates from random sampling, X is the
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number of observations z,,7,,---z, withmean Z = X if

X

X
z(i=12-- X) is independent and identically distributed random variable, the

2
o
. . 2 . . .
variance is o“,when X isa constant, the variance of Z is —, but when the
X

1
X is a random variable, the variance of Z was o’E (—j , at this point in the
X
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sampling problem of inverse moment are introduced. Generally, the distribution
of X is mainly the Poisson distribution, binomial distribution and so on.

The research on inverse moments of the binomial distribution and the Pois-
son distribution has been a long history. In 1945, Frederick F. Stephan studied
the inverse moments of first and second order of the binomial distribution (see
[1]). Grab and Stephan calculated tables of reciprocals for binomial and Poisson
distribution as well as derive a recurrence relation. They also derived an exact
expression for the first inverse moment (see [2]). Govindarajulu in 1963 a recur-
sive formula moments of binomial distribution has been obtained (see [3]). In

1972, Chao and Strawderman (see [4]) considered slightly different inverse mo-

ments defined as E| ———
(x+a)

J which are frequently easier to calculate.

At present, more and more scholars are interested in the study of inverse
moment, and have a wealth of research results mainly binomial distribution,
Poisson distribution, negative binomial distribution, logarithmic distribution
(see [5]). In this paper describes the use of generalized hypergeometric series in-
verse moments and factorial inverse moment distribution of some. It mainly in-
cludes Janardan discussed the distribution of the generalized Polya-Eggenberger
distribution of the first kind, and the special value of the parameters (see [6]).

In the next, we will give some definitions necessarily.

Definition 1: Suppose X is a generalized geometric random variable with pa-

rameters A, having probability mass function
P.(A) = xA" (1= 1), x=1,2,--, (1)
where 0<A<1
Definition 2: Suppose X is a generalized Polya-Eggenberger of the first kind

random variable with parameters a,b,c, having probability mass function

PaB)=rrip—| © B (1-B) ¢ ,x=012,, (2)
+ X X

c

where a>0,c>0,b+c>0,0< <1
Definition 3: Suppose X is a Katz random variable with parameters a, 3,
having probability mass function

a

P(a,B)=| p ﬁx(l—ﬁ)%,X=O,1,2,---, (3)

where a>0,0< <1
Definition 4: Suppose X is a Lagrangian Katz random variable with parame-

ters a,b,#, having probability mass function

E 3 +X_b+ X a xb
Px(a,ﬂ)=ﬁ g p ﬂx(l—ﬂ)T?,X=O,l,2,..., (4)
—+—+X X
BB
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where a>0,b+£>0,0< <1

The definition of generalized hypergeometric series:
oFal (21,K) (3, K) (k) (b, k) (B, K)o+, (b k) 2]
a (@) (@) (a,), 2 afala
2 (q)E(bz):---((bq))in! R
+[a1(a1+1)]k[a2(a2+1)}k--~[ap(ap+l) zz+
[y (b, +1)]" [b, (b, +1)]" [ b, (b, +1) ] 2!
where (), =(4)" (4 +1) (4 +2) (4 +n-1) ,(4); =Li=12,-,p.

© a ..-(a n
If k=1 then qu:Z(ai)n( )y (), 2

20 (bl)n (bZ)n ---(bq )n nt’

=

is hypergeometric series.

2. The Inverse Moments of Some Discrete Distributions

In this section, we use a generalized hypergeometric series to obtain the inverse
moments of some discrete distributions.
Theorem 2.1: Suppose X is a generalized geometric random variable with

parameters A, for 0< A <1, then the inverse moment of k™ order is given by

E(X+A) "= EA /11;

=R [(A+1k), 2 (A+2,k); 2]

where A>0.
Proof. By definition 1, then

E(X+A)™" :gxlx‘l(l—l)zﬁ
1-2) 21(1—,1)2+3/12(1—/1)2
A+1) (A+2)  (A+3)
1-2) {qum) £, 23(A) (Ar2) z}

_(
(
_(
(AT (A2 1 (A+2) (A+3) 2!
_(
(
_(

2

A+D),(2), 2
h 2

1-2)" &
A+1)kn§ (A+2) n!

2

1- ﬂ)k R (A+1K),2(A+2,k); 4].

(A+1)

Note: when k =1, the inverse moment of first order is given by

2
E(X+A)" = (1A_j1) JF[A+12,A+2;2]

Theorem 2.2: Suppose X is a generalized Polya-Eggenberger of the first kind
random variable with parameters a,b,c,, for a>0,c>0,b+c>0,0< <1

then we have the inverse moment of k" order is given by
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-1

E(X +A)

a+h

where A>0,n=0,1,2---
Proof. By definition 2, then

E(X+A)" i%#[—
&x

x=1
c

a+xb+x_1J!

=c X!(a+xbj!
c

(A+1)k(a+3b+lj(a+3b+2j .
Vi (1_5)7 +eee

a+2b

k ) b
w1 1+(A+1) ( +1j 1.ﬂ(1—ﬂ)5

(A+1)" (A+2)" -2 1

k k(a+3b a+3b o
(A+1) (A+2)( . +1j( . +2j'2'1.,82(1—ﬂ)c

+ (A+3)k(A+2)k'3'2 2! 4o

(A+1)

Note: when Kk =1, the inverse moment of first order is given by

E(X+A)"

a asb

—p(A-p) a+(n+l)b+c :
A a+(n+l)b+c) - B(1- B)e
= A+l 3F2|:A+1,( c J111A+2'2'ﬂ(1 ﬂ) :|

Let b=0,k =1 in theorem 2.2, then inverse moment of first order of the

Polya-Eggenberger distribution is

a 2
—B(=p)e
E(X+A)" :%35{A+1,(%],1;A+2,2;ﬁ}.

%
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Let b=-1,c=1k=1 in theorem 2.2, then inverse moment of first order of

the binomial distribution is

E(X +A)™ :%SF{AH, (@a=n).L A+ 2,2;%}

Let c=1k=Lb=y-1 intheorem 2.2, then can get the theorem 1 in the [5]
ap(-p)+
= sF
A+l
ap
C

E(X +A)™ [A+La+(n+Dy-nLA+2,280-py"].

b
Let ¢ >0,—=a,——=6,k=1 in theorem 2.2, then inverse moment of first
a

order of the generalized Possion distribution is

-0(1+a)
E(X + A=

o1+ (n+1
2F{A+1,1;A+2,2;%}.

Corollary 2.1: Suppose X is a Katz random variable with parameters «, £,

for & >0,0< B <1. then the inverse moment of k"order is given by

E(X +A) :%f{@ﬂ,k),(%}g(m 2,k),2;ﬂ}.

where A>0,n=0,1,2---
Proof. Let b=0,c=/ in theorem 2.2, By definition 3, then

E(X +A) :%f{mﬂ, k),(a;ﬂj,l;(m 2,k),2;,8}.

Note: when Kk =1, the inverse moment of first order is given by

E(X + A =%3F{A+1{a;ﬂj,k A+ 2,2;/;}

Corollary 2.2: Suppose X is a Lagrangian Katz random variable with para-
meters a,b, 3, for a>0,b+£>0,0< <1, then the inverse moment of i
order is given by

E(X+A)"

a+b

"y 1)b ;
:_a<(A fl))k 35{(AH,k),(Wj,x(m2,k),2:ﬂ(1—ﬂ)ﬂ]

where A>0,n=0,12---
Proof. Let ¢ = intheorem 2.2, by definition 4, then

E(X+A)"

-’ at(n+Bb+f) | .
=T (AT 3F{(A+Lk),( 7 j,l,(A+2,k),2,ﬂ(1 p)ﬂ]

Note: when k =1, the inverse moment of first order is given by

%%
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b
E(x+p)yt =208 " ﬁ) F{AH{MJ,L A+ 2,2;,8(1—ﬂ)'51
A+l Yii
3. The Factorial Inverse Moments of Some Discrete
Distributions

In this section, we use generalized hypergeometric series to obtain the inverse
factorial moments of some discrete distributions.

Theorem 3.1: Suppose X is a generalized geometric random variable with
parameters A, for 0< A <1, then the factorial inverse moment of k™ order is
given by

E[ll_[(xvti)} [(1 f))'] F 2 k+1);(1+2,k);4].

N
where 1€Z".

Proof. By definition 1, then

E[ﬁ(xﬂ)}k=gxlx'l(l—g)2ﬁ($y

i=1 i=1

T [(rf;)Jk

x=1

1-2)° L 2~/1(2!)k+ 3- 273" o
[|+1).] (1+2)¢  (1+2) 1+3)"

(

(

sy (224, 2352 2 ]
[(|+1).] (1+2¢11 (1+2)(1+3)* 2!
(-4
(
(-4

1-2)
2,k),2;(1+2,k); 2
(] F[(2.k).2:(1+2k); 4]

T
1-2)°
|: 1 I:lkl

Note: when k =1, the factorial inverse moment of first order is given by

F[(2.k+1);(1+2,k); A].

I -1 1- /1)2
X+1) | =——F[(2,2);1+2;4].
e[| =S R a2

Theorem 3.2: Suppose X is a generalized Polya-Eggenberger of the first kind
random variable with parameters a,b,c,, for a>0,c>0,b+c>0,0< <1,

then we have the factorial inverse moment of k" order is given by

E[ﬁ(xﬂ)]
2 pa-p)

e a+(n+b+c) .. b
=T f{(z,k),(—c j,l,(l+2,k),2,ﬂ(1 B)

where leZ",neN.
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Proof. By definition 2, then

[ * 1a 1 a‘*‘_Xb_H( asxb | 1 ¥
E{H(X”)} zzz(aub ] R (e
i=1 x=1 +X X i=1

c

a+xb

| a( c +X—1j! ) a+xb Xl k

Sc X!(a+xbj! FA-F) {(I+x)}'
c

a+xb (2 I)k (a+2b +1j b
“2pa-p) 0 — 14 ¢ pa-py
c [+ (1+2)*.21

x=1

3¢ (a+3b +1j[a4;3b+2j

C
(1+2) (1 +3)°-3!

BAU-B)° +

2pa-p
T I+

35{@«»[3iﬂ%§mif)ra+2x»2ﬂa—ﬁﬁ}

Note: when k =1, the factorial inverse moment of first order is
a+b

a —
| + CpU-p) - :
. c a+(n+Yb+c) . C2(1_ AYe
E[u (x+|)} SRR ZFIH . J,l,l+2,,8(1 5) }

Let b=0,k =1 in theorem 3.2, then factorial inverse moment of first order

of the Polya-Eggenberger distribution is

a E
I NE ~ Eﬂ(l—ﬂ)c a+c) ., .
E|:H(X+I):| =0 ZFl( - ),l,l+2,ﬂ

Let b=-1,c=1k =1 in theorem 3.2, then factorial inverse moment of first

order of the binomial distribution is

-1

E[H(XH)} =%2F1{(a—n),l;l+2;£}

Let c=1k=Lb=y-1 in theorem 3,2, then can get the theorem 6 in the
(5]

E{H(XH)} :%f{a+(n+l)y—n,l;| +2;ﬂ(1_ﬂ)y71:|

af

b
Let ¢ —>0,—=a,—/—=6,k=1 in theorem 3.2, then factorial inverse moment
a C

of first order of the generalized Possion distribution is

E|:lllj! (X+|):| = 08__’0_(;0;) 1F1 |:1,| +2;‘6[1+22a+1)a]:|
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Corollary 3.1: Suppose X is a Katz random variable with parameters «, £,

for «>0,0< B <1. then the factorial inverse moment of k" order is given by

Ehj(xﬂ)}k El((|1+1’;|)}k3 {( k)[ 5 j1(|+2 k)Zﬂ}

where leZ™.

Proof. Let b=0,c=/ intheorem 3.2, by definition 3, then

E{ﬁ(xn)} [(1 ﬂ) {( k)(a;ﬂj,l;(l+2,k),2;ﬂ}.

i-1 (|+1)']k o

Note: when Kk =1, the factorial inverse moment of first order is given by

|:1L[(X+I)i| :a(l—,f))'ﬂ 2F1Ka+,3j’l;|+2;ﬁ}l

i1 (+ B

Corollary 3.2: Suppose X is a Lagrangian Katz random variable with para-
meters a,b, S, for a>0,b+£>0,0< <1, then the factorial inverse moment
of k™ order is given by

| —«
E [H (x+ i)}
i-1

at+h

_al-p k[M]rl 200,280 )" |
|:(|+l)|:|k 3 2{( ) ﬂ l!( + 1 )! iﬁ( ﬂ)

where leZ",neN.
Proof. Let ¢ = intheorem 3.2, by definition 4, then

E[]_l[(xﬂ)]k

_al- ﬂ) al-p" clo k)[a+(n+l)b+ﬂ
[0+ /

Note: when Kk =1, the inverse factorial moment of first order is given by

b
j,l; ( +2,k),2;ﬁ(1—ﬂ)ﬂ}.

a+b

_al-p) a+(+DD+8) 1 o o o
ST zFlK 5 j,l,l+2,,3(1 B) }

-1

E{H(XH)}
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