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Abstract 
This paper solves the two dimensional linear Fredholm integral equations of 
the second kind by combining the meshless barycentric Lagrange interpola-
tion functions and the Gauss-Legendre quadrature formula. Inspired by this 
thought, we convert the equations into the associated algebraic equations. The 
results of the numerical examples are given to illustrate that the approximated 
method is feasible and efficient. 
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1. Introduction 

Many of the mathematical physics problems and the engineering problems can 
be transformed into solving Fredholm integral equations [1] [2] [3]. In this pa-
per, we pay attention to the two dimensional linear Fredholm integral equations 
(FIEs) of the second kind  

( ) ( ) ( ) ( ) ( ) ( ) ( ), , , , , ; , , d d , , ,
b d

a c
a x y u x y f x y b x y k x y s t u s t s t x y= + ∈Ω∫ ∫    (1) 

where ( ) ( ), , ,a x y b x y  and ( ),f x y  are non-zero continuous functions on the 
bounded region [ ] [ ], ,a b c dΩ = × , and the kernel function  
( ) ( ), ; ,k x y s t C∈ Ω×Ω , ( ),u x y  is the undetermined function. Usually, it’s dif-

ficult to obtain the analytic solutions of integral equations, so the numerical so-
lutions of the integral equations are necessarily needed. 

There are some researches for obtaining the numerical solutions of two di-
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mensional FIEs, such as the radial basis functions method [4], Haar wavelets [5] 
and integral mean value method [6] [7]. Berrut specializes the barycentric La-
grangian interpolation formula [8], and some other authors present the corres-
ponding numerical stability analyses in the literatures [9] [10] [11]. The authors 
take advantage of the equally spaced barycentric Lagrange polynomial to solve 
one dimensional linear Volterra-Fredholm integro-differential equations in [12]. 
There exists an intrinsic problem that polynomial interpolation is ill-posed at the 
equispaced nodes. This paper presents a modified Lagrange interpolation me-
thod with Chebyshev nodes to solve two dimensional linear Fredholm integral 
equations of the second kind. 

This paper is constructed as follows: Section 2, we display the barycentric in-
terpolation function. Section 3, we transform the two dimensional FIEs into the 
algebraic equations by utilizing the barycentric function and the composite Gauss- 
Legendre quadrature formula. Section 4, the numerical examples illustrate the 
efficiency and applicability of our method via comparing with the Lagrange me-
thod.  

2. Barycentric Interpolation Function 

Barycentric Lagrange interpolation function (BLIF) is a variant of Lagrange in-
terpolation function (LIF).  

2.1. One Dimensional Barycentric Interpolation Function 

The one dimensional barycentric Lagrange formula about continuous function 
( ) [ ], ,u x x a b∈  at the nodes 0 1 na x x x b= ≤ ≤…≤ =  is introduced as  

0
( ) ( ) ,

n

n j j
j

u x L x u
=

= ∑                         (2) 

where ( ) , 0,1, ,j ju u x j n= = …  are the function values of ( )u x , and ( )jL x  are 
the barycetric Lagrange interpolation basis functions  

( )
0

, 0,1, , ,
n

j k
j

kj k

w wL x j n
x x x x=

   
= =    − −  

∑               (3) 

which satisfy the property ( )j i ijL x δ= , where ijδ  is the Kronecker-delta func-
tions. And jw  are the barycentric interpolation weight functions  

( )
0,

1 ,
n

j j k
j j k

w x x
= ≠

 
= − 

 
∏                      (4) 

and jw  only depend on the distribution of nodes. 
The barycentric Lagrange interpolation formula is stable forward when we 

choose the Chebyshev points as interpolating points [9]. At the same time, the  

weight functions are simplified as ( )1 j
j jw ξ= − , where 1

2jξ =  for 0,j m=  

and 1jξ =  for 0,j m≠ .  

2.2. Two Dimensional Barycentric Interpolation Function 

Basing on the one dimensional barycentric Lagrange function, we define the two 
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dimensional barycentric Lagrange interpolation function about a continuous 
function ( ) ( ) [ ] [ ], , , , ,u x y x y a b c d∈ ×  as follows  

( ) ( )
0 0

, , ,
m n

mn ij ij
i j

u x y L x y u
= =

= ∑∑                     (5) 

where ( ),ij i ju u x y= , and the tensor product points ( ),i jx y  are obtained by 
subdividing [ ],a b  and [ ],c d  into the calculation nodes  

0 1 ma x x x b= < < < =  and 0 1 nc x x x d= < < < = , respectively. The two 
dimensional barycentric interpolation basis functions ( ),ijL x y  satisfy  

( ) ( ) ( ), ,ij i jL x y L x L y=                        (6) 

where ( )iL x  and ( )jL y  are equal to (4). The above equation has the follow-
ing property  

( ) 1, and ,
,

0, others.ij k l

i k j l
L x y

= =
= 


                  (7) 

In the practical calculation, we take the second Chebyshev nodes ( ),i jx y , 

cos πi
ix
m

 = −  
 

, 0,1, ,i m=  , cos πj
jy
n

 = −  
 

, 0,1, ,j n=   as the interpo-

lation nodes.  

3. The Barycentric Method of Two Dimensional Fredholm 
Integral Equation 

We enter (5) into (1) to approximate two dimensional Fredholm integral equa-
tion  

( ) ( )

( ) ( ) ( ) ( )

0 0

0 0

, ,

, , , ; , , d d ,

m n

ij ij
i j

m nb d
ij ija c

i j

a x y L x y u

f x y b x y k x y s t L s t u s t

= =

= =

= +

∑∑

∑∑∫ ∫
        (8) 

then taking the collocation points ( ),k lx y  into (8), and exchanging the integral 
and summation sign  

( ) ( )

( ) ( ) ( ) ( )

0 0

0 0

, ,

, , , ; , , d d .

m n

k l ij k l ij
i j

m n b d
k l k l k l ij ija c

i j

a x y L x y u

f x y b x y k x y s t L s t s t u

= =

= =

 = +   

∑∑

∑∑ ∫ ∫
     (9) 

Now, we deal with the integral part and let 
2 2

b a b as σ+ −
= +  and  

2 2
c d d ct τ+ −

= + , then we can easily have  

( ) ( ) ( ) ( )1 1
1 1,1 1

, ; , , d d d , ; , , d ,
b d

k l ij k l ija c
k x y s t L s t s t k x y Lσ σ τ σ τ τ

− −
=∫ ∫ ∫ ∫    (10) 

where ( )1 , ; , , ; ,
2 2 2 2 2 2k l k l

b a d c a b b a c d d ck x y k x yσ τ σ τ− − + − + − = + + 
 

,  

( )1, , ,
2 2 2 2ij ij

a b b a c d d cL L σ τ σ τ+ − + − = + + 
 

. Then, we apply the composite  
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Gauss-Legendre quadrature formula to approximate integral (10). Then the Eq-
uation (9) becomes  

( ) ( ) ( ) ( ) ( )

( )

1 1,
0 0 1 1

, , , , ; , ,

, ,

m n M N

k l ij k l k l p q k l p q ij p q ij
i j p q

k l

a x y L x y b x y l l k x y L u

f x y

σ τ σ τ
= = = =

 
− 

 
=

∑∑ ∑∑  (11) 

where ,p ql l ; ,p qσ τ  are the quadrature coefficients and points of the compo-
site Gauss-Legendre quadrature formula, respectively. Finally, we transform the 
Equation (1) into algebraic equations. The solution of the Equation (11) is close 
to (1). The whole process is called discrete collocation method whose nature is 
the Nyström iterative approach. We can analyze the existence, uniqueness and 
convergence of the approximate solution under the theoretical framework of the 
Nyström from [13]. Once we obtain iju , we can get the values of the discrete 
collocation solution ( ),u x y  at any interior points. 

The specific Algorithm is as follows 
Step 1: Construct two dimensional Chebyshev nodes ( ),i jx y ,  

cosi
ix
m
π = −  

 
, cosj

jy
n
π = −  

 
, 

Step 2: Approximate integral operator K  in (10) by using composite Gauss- 
Legendre quadrature formula, 

Step 3: Solve the algebraic Equations (11) using the above steps and Gaussian 
elimination method.  

4. Numerical Example 

In this section, we present two numerical examples to verify the effectiveness 
and accuracy of the barycentric method. Defining the absolute error (AE) and 
the relative error (RE) as  

( ) ( ) ( ), , , ,mne x y u x y u x y= −                  (12) 

( ) ( ) ( )
( )

, ,
, ,

,
mnu x y u x y

re x y
u x y
−

=                 (13) 

and ( ),u x y , ( ),mnu x y  represent the exact and approximate solution of Equa- 
tion (1), respectively. 

Example 1. For the following two dimensional linear Fredholm integral equa-
tion of the second kind  

( ) ( ) ( ) ( ) ( ) [ ] [ ]1 1

0 0
, sin , d d , , , 0,1 0,1 ,u x y x y u s t t s f x y x y= + + ∈ ×∫ ∫     (14) 

where ( ) ( ) ( ) ( ), 1 sin 2 2sin 1 sinf x y x y= + − +   , the accurate solution is  
( ) ( ), sinu x y x y= + .   
Table 1 and Table 2 are the absolute and relative errors of the barycentric 

Lagrange interpolation function method and the Lagrangian interpolation func-
tion method at the equidistant nodes and Chebyshev nodes, respectively, where 
m, n represent the interpolation node numbers and M, N are the quadrature 
node numbers. Usually, the accuracy of the BLIF method is higher than the LIF 
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method, and the numerical results at the Chebyshev nodes are superior to equi-
distant nodes. From Table 1, we can see that the errors increase with m varying 
from 8 to 16. In Table 2, the numerical results of the BLIF are stable with Che-
byshev nodes and those of the LIF method are oscillatory. From Table 3, we find 
that the errors first reduce and remain stable finally at the Chebyshev nodes. In 
reverse, the errors of the BLIF method increase at the equal nodes with the in-
creasing of m, especially the method is invalid when m = 32. In Table 4, we list  
 
Table 1. The absolute and relative errors of equal nodes, M = 8, N = 7, example 1. 

Node numbers 
The BLIF method The LIF method 

AE RE AE RE 

m = n = 8 2.9984e−11 4.1823e−12 1.1735e−10 1.6369e−11 

m = n = 16 3.9568e−08 2.9075e−09 2.4235e−03 1.7808e−04 

 
Table 2. The absolute and relative errors of Chebyshev nodes, M = 8, N = 7, example 1. 

Node numbers 
The BLIF method The LIF method 

AE RE AE RE 

m = n = 8 4.6649e−13 6.6148e−14 7.0170e−11 9.9500e−12 

m = n = 16 3.7665e−14 2.8191e−15 6.2815e−05 4.7015e−06 

 
Table 3. The absolute errors of the barycentric Lagrange method, M = 8, N = 7, example 1. 

Nodes (x, y) 
The Chebyshev nodes The equidistant nodes 

m = 8 m = 16 m = 32 m = 8 m = 16 

(0.1, 0.1) 3.8528e−11 7.4940e−16 2.4980e−16 3.6538e−11 9.3405e−07 

(0.3, 0.3) 8.1330e−12 1.6653e−15 1.6653e−15 1.3789e−11 2.6547e−06 

(0.5, 0.5) 5.5622e−14 2.5535e−15 2.4425e−15 8.3724e−12 3.9562e−06 

(0.7, 0.7) 4.0140e−12 2.4425e−15 1.2212e−15 5.8561e−12 4.6331e−06 

(0.9, 0.9) 5.8634e−12 2.9976e−15 2.9976e−15 1.5618e−11 4.5786e−06 

 
Table 4. The numerical results with Chebyshev nodes, M = 8, N = 7, example 1. 

Nodes (x, y) 
The BLIF method The LIF method 

m = 8 m = 16 m = 8 m = 16 

(2−1, 2−1) 1.1935e−13 1.8203e−10 8.3724e−12 3.9562e−06 

(2−2, 2−2) 4.6897e−11 2.0025e−11 5.1702e−11 2.2540e−06 

(2−3, 2−3) 2.2128e−11 9.7228e−14 1.9650e−11 1.1632e−06 

(2−4, 2−4) 2.7555e−11 7.9936e−15 2.6306e−11 5.8616e−07 

(2−5, 2−5) 7.5557e−12 1.1727e−15 8.1812e−12 2.9365e−07 

(2−6, 2−6) 1.6780e−11 1.0755e−16 1.7093e−11 1.4690e−07 
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the numerical results of the BLIF method and the LIF method. We can conclude 
that the barycentric Lagrange method is more efficient and stable than the La-
grange method. 

Example 2. Consider two dimensional Fredholm integral equation of the fol-
lowing form  

( ) ( ) ( ) ( ) [ ]
π 12 2

0 0

( ( , )
π, d d , , , 0, 0,1 ,
2

x ye u x y

x y x y s t u s t t s f x y x y

+

 = + + + ⋅ + ∈ ×  ∫ ∫
   (15) 

where  

( ) ( ) ( )

( )

π
3 2 22

π π
2 2 22 2

, 1 1

11 1 π 1 1 ,
2

x y

f x y e e x y x y

e e e x y e +

 
= − − +  

 
     + − − − + − +              

 

the accurate solution is ( , ) x yu x y e += . 
Table 5 and Table 6 reveal that the absolute and relative errors of the bary-

centric and Lagrangian methods with 8,16m n= =  at the interior points. Gen-
erally, the approximate solutions of barycentric method are more accurate than 
Lagrange method, especially for large node numbers. In the tables, the absolute 
errors are decreasing by barycentric method and increasing by the Lagrange 
method with the increasing of Chebyshev node numbers. In a word, the BLIF  
 
Table 5. The absolute errors with Chebyshev nodes, M = N = 11, example 2. 

Nodes (x, y) 
The BLIF method The LIF method 

m = 8 m = 16 m = 8 m = 16 

(0.1, 0.1) 2.2598e−09 6.6613e−16 2.2597e−09 2.4946e−08 

(0.3, 0.3) 4.5070e−09 6.6613e−16 4.5078e−09 5.3816e−07 

(0.5, 0.5) 1.3426e−09 1.3323e−15 1.3395e−09 1.9373e−06 

(0.7, 0.7) 8.2825e−09 0.0000e−00 8.2724e−09 4.4205e−06 

(0.9, 0.9) 1.2460e−08 1.7764e−15 1.2495e−08 1.7531e−05 

 
Table 6. The absolute errors with Chebyshev nodes, M = N = 11, example 2. 

Nodes (x, y) 
The BLIF method The LIF method 

m = 8 m = 16 m = 8 m = 16 

(2−1, 2−1) 1.3426e−09 1.3323e−15 1.3395e−09 1.9373e−06 

(2−2, 2−2) 1.4203e−09 1.1102e−15 1.4208e−09 3.3037e−07 

(2−3, 2−3) 3.1271e−09 1.5543e−15 3.1270e−09 4.6671e−08 

(2−4, 2−4) 1.7789e−10 1.5543e−15 1.7788e−10 6.3278e−09 

(2−5, 2−5) 1.1286e−09 4.4409e−15 1.1287e−09 8.1572e−10 

(2−6, 2−6) 1.0338e−09 1.1102e−15 1.0338e−09 1.0351e−10 
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method is more efficient than the LIF method which is agreement with the 
theoretical analysis. 

5. Conclusion 

In this paper, we solve two dimensional linear Fredholm integral equations of 
the second kind by means of the barycentric Lagrange interpolation method. 
The modified Lagrange method with Chebyshev nodes transforms the equations 
into linear algebraic equations, and the corresponding numerical solutions are 
stable forward. The numerical results also demonstrate that the barycentric me-
thod is a simple and powerful technique. Furthermore, the barycentric method 
can extend to solve high dimensional FIEs.  
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