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Abstract

Employing Biot’s theory of wave propagation in liquid saturated porous media, waves propagating in a hol-
low poroelastic closed spherical shell filled with fluid are studied. The frequency equation of axially sym-
metric vibrations for a pervious and an impervious surface is obtained. Free vibrations of a closed spherical
shell are studied as a particular case when the fluid is vanished. Frequency as a function of ratio of thickness
to inner radius is computed in absence of dissipation for two types of poroelastic materials each for a pervi-
ous and an impervious surface. Results of previous works are obtained as a particular case of the present

study.
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1. Introduction

Using exact three dimensional equations of linear elas-
ticity, Ram Kumar [1] studied the axially symmetric vi-
brations of fluid-filled spherical shells. Rand and Di-
Maggio [2] studied the vibrations of fluid filled elastic
spherical and spheroidal shells. Employing Biot’s [3]
theory, Paul [4] discussed the radial vibrations of poroe-
lastic spherical shells. Chao et al. [5] presented the theo-
retical and experimental results regarding wave propaga-
tion in porous formations. Ahmed Shah [6] investigated
the axially symmetric vibrations of fluid-filled poroelas-
tic circular cylindrical shells of various wall-thicknesses
in the absence of dissipation. Sharma and Sharma [7]
studied the three dimensional free vibrations of transra-
dially thermoelastic spheres. Ahmed Shah and Tajuddin
[8] studied torsional vibrations of poroelastic spheroidal
shells.

In the present analysis, wave propagation in fluid
filled poroelastic spherical shells is studied in absence of
dissipation. Frequency equation each for a pervious and
an impervious surface is obtained employing Biot’s [3]
theory of wave propagation in liquid saturated poroelas-
tic solid. Biot’s [3] model consists of an elastic matrix
permeated by a network of interconnected spaces satu-
rated with liquid. Frequency equation of axially symmet-

Copyright © 2011 SciRes.

ric vibrations each for a pervious and impervious surface
is obtained for fluid filled and empty poroelastic spheri-
cal shells. The frequency equations of radial and rotatory
vibrations are obtained as a particular case. Non-
dimensional frequency as a function of ratio of thickness
to inner radius is computed for pervious and impervious
surfaces in each case, i.e., fluid filled and empty poroe-
lastic spherical shell in absence of dissipation. The re-
sults are displayed graphically for two types of poroelas-
tic materials and then discussed. Results of some previ-
ous works are shown as a particular case of the present
investigation. By ignoring the liquid effects, and after
some rearrangement of terms, results of purely elastic
solid are shown as a particular case considered by Ram
Kumar [1].

2. Governing Equations

The equations of motion of a homogeneous, isotropic
poroelastic solid [3] in presence of dissipation b are
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where @, ®,, ¥, ¥, are potential functions of », § and
time t; P (=4 + 2N), N, Q, R are all poroelastic constants
and py (i, k = 1,2) are the mass coefficients following
Biot [3]. The poroelastic constants A4, N correspond to
familiar Lame’ constants in purely elastic solid. The co-
efficient N represents the shear modulus of the solid. The
coefficient R is a measure of the pressure required on the
liquid to force a certain amount of the liquid into the ag-
gregate while total volume remains constant. The coeffi-
cient O represents the coupling between the volume
change of the solid to that of liquid and
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where pris the density of the fluid.
3. Solution of the Problem

Let (r, 6, ¢) be the spherical polar coordinates. Consider
a homogeneous, isotropic, poroelastic spherical shell
filled with inviscid elastic fluid. Let the inner and outer
radii be r; and r, respectively so that the thickness of
poroelastic spherical shell is & [=(r,—r) > 0]. Axially
sym- metric vibrations of the spherical shell is character-
ized by the displacement field of solid i = (u,v,0) and
liquid U= (U,V,0)where u, v, U and V are functions of
r, 6 and time ¢. For axially symmetric vibrations of
poroelastic spherical shell, the displacement components
and solid and liquid, respectively are given potential

2 _ i+iﬁ 20 cotd 0 @) functions @, ®,, P, ¥, as
o’ e ror 00 _o0 1 o*Y,  cotd) O,
The equation of motion for a homogeneous, isotropic, or r 00’ ro 00’
inviscid elastic fluid is _loo, Y, 1 6‘1‘1
2 r 06 8}’89 rog’
VO = %a—?, (€) 2
Ve ot U:acl>2 +18‘I—;2+cot98‘1’2’
where @ is displacement potential function and ¥ is the or r a0 r 00
velocity of sound in the fluid. 1od, 0°¥¢, 10Y,
The stresses oy, and the liquid pressure s of the poroe- - 00 ordb r o0 (©)
lastic solid
astic sofid are Similarly, the displacement vector of fluid is
Oy =2Neik+(Ae+Qe)5ik9 (i,k=r,0,(ﬂ) ﬁf :(uf’vf,())’where
s=Qe+Re, 4 oo 1 6@
) Q ) ( ) Mf :a_, Vf :—g. (7)
where ;. is the well-known Kronecker delta function. r r
The fluid pressure o¢ is given by Solution of Equation (1) is
0, = [Aljn &r)+ By, () +4,),&r)+B,y, (éZF)]IDn (cosd )e' ",
©, =—[ A48, (&) + Boly, (&) + 403 J,(E1)+ Byd3 v, (1) | P (cost) )e'™,
. il K . iw
¥ :[A3jn(f3r)+B3yn(f3r)]Pn(cos9 e, ¥, =—i[A3jn(f3r)+B3yn(f3r)]P"(COSQ )e'. (®)

In Equation (8), j,, y, are Spherical Bessel functions of
first and second kind respectively, P, is Legendre poly-
nomial of degree n (n is the order of spherical harmonic),

5 =[ (RK, - 0K ) -V, (PR~

K =p, - —ibo™, K, =

also j,(2)= \/7 I(Z) Ya(2)= \/7 Y (Z)
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Ay, By, As, B,, A3, Bs are constants, w is circular fre-
quency. Here i is complex unity or i* =—1 and

& = a)Vk_l, k=123 9
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In Equation (9), Vi, V, are the dilatational wave ve-
locities of first and second kind, respectively and Vj is
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Substituting Equation (13) into Equation (5), the fluid
pressure is

shear wave velocity. _ 2. i ot
A bounded solution of Equation (3) is O = AP Ju (&I (cosO)e (15)
) ror Dilatations of solid and liquid respectively, are
®=4,j,( )b, (cosh )e'™, (13) s s
e=V'0, e=VO,. (16)
where A is constant and . . Lo
Now the required displacements, stresses and liquid
& =l (14)  pressure are
u—u, =[AIMH(F)+B1M12(F)+A2M13(r)+BZM14(}’)+A3M15(r)+B3M16(r)+ATM”(}’)]PH(COSG ', (17)
o,ts—0,= [AMZl(r)+BM22(r)+A M, (r)+B,M,,(r)+ A,M,(r)+ B, Mzé(r)+AtM27(r)]P (cosé )e’“" (18)
dP, (cosf :
—[AM31(r)+BM32(r)+A M (r)+B,M,, (r)+ AM,(r)+ B,M, (r )]% 0¢e”, (19)
-0, = [A1M41(r)+BlM42 )+ AM () +B,M,, (r)+ AM (r)]Pn(cosﬁ e, (20)
6S ao—f I(Ul
Pa— —[AN () + BN (F)+ ANy () + By Ny, (7) + 4Ny ()] P, (cos e @1
where the elements M;(r) and Ny(r) are
M, (r) :éljr: (flr)’ M, (r) :glyr,z (flr)’ M, (r) :fzj;; (ézr)s M, (”) :fzy/: (62”)’
+1 +1
1) =" e, ()= (), b ()= (6 ),
2 +1
My 0)= (P08~ R (&) + (44005~ 07 ) 20 1 (6) (4005 ~r2) ") ()
_ 2 2\ 2 2 2\ 26 2 2 "(”+
My, (r) =(P+0-007 — RO )& y7 () +(A+ 0= 007 — BT )=y, (ér) =(4+ 0= 007 — RS )=, (&r),
_ 2 2\ £2 .n 2 2\ 26, 2 2 n(n+1) .
M, (”)—(P+Q_Q52 — R, )ézfn (ézz’”)+(A+Q_Q52 —R9; )_Jn (4:2”)_(14+Q_Q52 _Réz) 2 Jn (52’")»
1
My, (r) = (P+0 =00 ~R3} )&y, (&ar) +(4+ 0= 0] ~ Ro; ) =2 22 7 (&) (44003 —Réi)"(“ ), (&r)
2Ni 1
M) == e 20D ),
2Nn(n+1)& 2Nn(n+1)
M, (r)=————""=y (&r)+ Y, (&r), My, (r) = p;W]n(é:f”)
2N. ON | INE, 2N
Moy () = =20 )+ 2 1 (6). M () == () 2, (),
2N 2N 2N 2N
M) =252 1 (er)+ 2L (), M= -2 () + 2, (),
Nn(n+1)-2N Nn(n+1)-2N
Mo () =N )+ Y5 ) e ()= w2 e,
, 2 +1
Ma0=(0-R7)| & (& 1)+ 2 r(en) -2 (élr)}
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M44 (l”) = (Q—Réz )|:é:2yn (52}’)—%%))” (é"zr)——z

n(n+1 i

r—z)yn (4:1”)

M(r) =0, M (r)=0, M,,(r)=—p,0”j, (1),

N, <r>=<Q—R53)['sj:(am%j:@r)-

(n2 +n-|—2)<E_yl

2n(n+1
5 22 (e

MW)}

2 n’+n+2)E,
No)=(0-Ra?)| &rer) + 2y; (éw)—%yé (&r)+ =
2 3 .m 222 N /’l2+l’l+2 4:2 . 2 1 .
Na(r)= (05 ){m e+ 2 ()2 oy 20l (szr)]
2 " 2 22 " n2+n+2 52 ’ 2 1
N,@r)= (Q_Réz) é";yn (52”)"'%)’;7 (ézr)_(r—z)y,, (azr)"'@yn (62”)}
Nys(r)=0, Ny(r)=0, N, (r)= _waszj,: (ffl"). (22)

In Equation (22), a prime over j, or y, represents dif-
ferentiation with respect to r.

4. Boundary Conditions-Frequency
Equation

The outer surface of the poroelastic spherical shell is
assumed to be free from traction. Continuity of radial
displacement and fluid pressure is assumed at the inter-
face of solid and fluid. Thus the boundary conditions for
a fluid-filled poroelastic spherical shell, in case of a per-
vious surface are

u-u,=0,0,+s-0,=0,0,=0,5-0,=0 atr=r,
0,+s=0,0,=0,5s=0, atr=r,. (23)

Similarly, the boundary conditions for a fluid-filled
poroelastic spherical shell, in case of an impervious sur-
face are
os 0Jo,

u-u,=0,0,+s-0,=0,0,=0, = o

s

atr:rl’o'rr{-szo’ O-VHZO’ ?:0, at}’:l’z. .(24)
r

Substitution of Equations (17)-(20) into the boundary
conditions (23) result in a system of seven homogeneous
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algebraic equations in seven constants 4;, By, 4>, B,, A4,
B; and Ay For a non-trivial solution, the determinant of
the coefficients must vanish. By eliminating these con-
stants, the frequency equation of axially symmetric vi-
brations of a fluid-filled poroelastic spherical shell in
case of a pervious surface is

|4,]=0, i,k=1.23,--7. (25)
In Equation (25), the elements A, are
A, =M,(r); i=1234 and k=12,---7,
Ay =My (r,), A = My (ry), Ay = My, (ry), k =1,2,---6,
A,=0, 4,=0, A4,=0, 4, =0. (26)
In Equation (26), the elements M;(r) are defined in
Equation (22).
Arguing on similar lines, Equations (17)-(19), (21)
together with the Equation (24) yield the frequency equa-
tion of axially symmetric vibrations of a fluid-filled po-

roelastic spherical shell in case of an impervious surface
to be

|B,|=0, ik=12,-7, @7n

where the elements Bj; are
B, =4,,i=12356 and k=12,---7,
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By =N,@), k=12,---7,

By =N, (), k=12,---6, and B,, =0, (28)

where My(r) and Ny (7) are defined in Equation (22).

By eliminating liquid effects from frequency equation
of a pervious surface (25), that is, setting 5—0, p;,—0,
P20, (A4—0*R) =\, N—>u, 0—0, R—0 and after re-
arrangement of terms, the results of purely elastic solid
are obtained as a particular case considered by Ram
Kumar [1]. The frequency equation of an impervious
surface (27) has no counterpart in purely elastic solid.
The order of spherical harmonic n takes different integer
values. When n = 0, radial vibrations are obtained
whereas n = 1 results in rotatory vibrations. For n = 2
spheroidal vibrations are obtained in which the sphere is
distorted into an ellipsoid of revolution becoming prolate
or oblate according to the phase of motion.

4.1. Frequency Equation for an Empty
Poroelastic Spherical Shell

When the fluid density is zero, that is, p= 0 the fluid-
filled poroelastic spherical shell will become an empty
poroelastic spherical shell. Thus, the frequency equation
of pervious surface (25) under suitable boundary condi-
tions reduce to

|4,]=0, i=234,5,6,7 and k=123456, (29)

where the elements 4; are defined in Equation (26) are
now evaluated for p,= 0.

Equation (29) is the frequency equation of axially
symmetric vibrations of an empty poroelastic spherical
shell in case of a pervious surface.

Similarly, the frequency equation of axially symmetric
vibrations of an empty poroelastic spherical shell for an
impervious surface under suitable boundary conditions is

|B,|=0, i=234,56,7 and k=123456, (30)

where the elements Bj; are defined in Equation (28) are
now evaluated for p= 0.

4.2. Frequency Equation of Radial Vibrations

When the order of spherical harmonic n = 0, the fre-
quency equation of axially symmetric vibrations of fluid
filled spherical shell Equation (25) reduce to the fre-
quency equation of radial vibrations of fluid filled
spherical shell in case of a pervious surface under suit-
able boundary conditions. Radial vibrations involve u
and u, as the only non-zero displacement components.
Thus the frequency equation of radial vibrations of fluid
filled poroelastic spherical shell for a pervious surface is

Copyright © 2011 SciRes.

NN

1

N

1

'

51

A7]

N

52

A72

NN

53

A73

N ﬁh; ﬁhx :D;

54

A74

19
A17
A27
4,|=0, 31
0
0

where the elements 4, are defined in Equation (26) are
now evaluated for n = 0.

Similarly, the frequency equation of radial vibrations
of fluid-filled poroelastic spherical shell in case of an
impervious surface is

By,
B,,
B,
By,
B;,

B,
By,
B,
By,
B,

SYESVRN SRS

53

B73

SYESYRN SRS

54

B74

B,,|=0, (32)

where the elements Bj; are defined in Equation (28) are
now evaluated for n = 0.

When the fluid density is zero in Equation (31), it be-
comes the frequency equation of radial vibration of an
empty poroelastic spherical shell under suitable bound-
ary conditions as

4y Ay A Ay

Ay Ay A43 Ay 0, (33)
A5 A, Ay 4

A A A A

71 72 73 74

where the elements A4, are defined in Equation (26) are
now evaluated for p,=0 and n = 0.

In a similar way, the frequency equation of radial vi-
brations of an empty poroelastic spherical shell for an
impervious surface is

By By By By

B, B, B, B, -0, (34)
By, By, By B,

B B B B

71 72 73 74

where the elements Bj are defined in Equation (28) are
now evaluated for p,=0 and n = 0.

The frequency equation of radial vibrations of an
empty poroelastic spherical shell Equation (33) of a per-
vious surface was also studied by Paul [4] with the
boundary conditions o, =0,s=0, atr=r and r,.

4.3. Frequency Equation of Rotatory Vibrations
When the order of spherical harmonic n = 1, the fre-

quency equation of axially symmetric vibrations of fluid
filled spherical shell Equation (25) reduce to the fre-
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quency equation of rotatory vibrations of fluid filled
spherical shell in case of a pervious surface. Thus the
frequency equation of rotatory vibrations of fluid filled
poroelastic spherical shell for a pervious surface is

|4,]=0, ik=123,7. (35)

The elements A; appearing in Equation (35) are de-
fined in Equation (26) are now evaluated for n = 1.

Similarly, the frequency equation of rotatory vibra-
tions of a fluid filled poroelastic spherical shell in case of
an impervious surface is

|B,|=0, ik=123,7, (36)

where elements Bj appearing in Equation (36) are de-

a=PH"', a,=QH"', a,=RH', a,=NH ', m

fined in Equation (28) are now evaluated for n= 1.

Setting n = 1 in Equations (29) and (30), the frequency
equations of rotatory vibrations of empty poroelastic
spherical shells of a pervious and an impervious surface
respectively, are obtained.

5. Non-Dimensionalisation of Frequency
Equation

To analyze the frequency equations of radial and rotatory
vibrations of fluid-filled and empty poroelastic spherical
shells in the cases of pervious and impervious surfaces, it
is convenient to introduce the following non-dimensional
variables:

WEPUP s My = ppp T My = pp t:prfla

=V 7=V, V2=, m=V, ;' Q=ohCy, (37

where Q is non-dimensional frequency, H =P + 2Q + R,
p=pu1t2p1n+ pn, Cy and V, are the reference veloci-
ties (C02 = N/p, Ve = H/p), h is the thickness of the
poroelastic spherical shell. Let

=2 sothat ogo1, o8& (38)
g

L n n

Employing the non-dimensional parameters defined in
Equations (37), (38) and using the relations given in A-
bramowitz and Stegun [9]

. sinz |
Jo(@) = i1 (2) = 2
z z z

sinz cosz

>

. 3 1). 3
J»(2) =| = —— |sinz ——-cosz,
z z

z
cosz cosz sinz
Yo(2)=— @)=,
z zZ z
3 1 3 .
»,(2) =| —— +— |cosz ——sinz,
z z z

the frequency equation of radial vibrations of a fluid
filled spherical shell in case of a pervious surface Equa-

tion (31) reduce to
|C| = 0; ik =1,2,34,5, (39)

where elements C;; appearing in Equation (39) are

1. 1 .
C, = —FSII’I(TI) +cos(T;), Cy, = ?cos(T1 ) +sin(1}),

1

1

1 . 1 . 1 .
C,= —Fsm(T2)+cos(T2), C, ZFCOS(TZ)-FSII’I(TZ), C :Fsm(ﬂ‘)—cos(TZ‘),

2 2

4

4 .
G = |:&_(al +a, ~ a,8; —a;3] )71 sin(7}) —4a,cos(T)),
1

T,

Gy, = |:(a1 +a, ~a,8 —a3812)T1 .

T,

4
94 cos(T,) —4a,sin(T;),

1

4 .
Cy = |:ﬁ_(al +a, ~a,8) _0385)7; sin(7}) - 4a,cos(T),

4
C, = {(a1 +a, —a,0; —a,0; )T2 —%} cos(T;) —4a,sin(T}), C,s =

2

1Q%a,

—msin(ﬂ),

C,, = (a0 —a,))Tsin(T}), Cy, = (a, —a;67)T,cos(T)),

Cyy = (4383 —a,)Tysin(Ty), Cyy = (@ —a30,) Tyc08(T3), Cs ==

Copyright © 2011 SciRes.
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C41, C42, C51, C52: Similar eXpI'eSSiOl’lS as C2l’ C22, C31,
C;, with T replaced by T,

C43, C44, C53, C54: Similar eXpI'eSSiOl’lS as C23, C24, C33,
C;4 with T, replaced by T,

C45 = 0, C55 =0. (40)

Similarly, the frequency equation of radial vibrations
of a fluid filled poroelastic spherical shell for an imper-

vious surface in non-dimensional form is
|Dy|=0; ik=12345, (41)

Where D, =C,; i=124, k=12734}5,

ET AL. 21

D,, =(a, - a3522)Tzsin(T2) + (513522 —-a, )chos(T2 ),

D,, = (513522 —a,)T,cos(7, )+(a352 —a2)7"22sin(T2),
Q%a O’a
D, =— si - cos(7,
s = oz ) ( iz eos(T,):
Ds,y, Ds, = Similar expressions as Ds;, D3, with T re-
placed by T5,

Ds;, Dsy = Similar expressions as Ds;, D34 with T re-
placed by T,
D55 =0. (42)
The frequency equation of rotatory vibrations of a
fluid filled poroelastic spherical shell for a pervious sur-
face Equation (35) in non-dimensional form reduce to

Dy, = (ay —ay0) ) Tisin(T) + (4367 —a,y) T’ cos(Ty), |Efk| =0,ik=1273,"+7, (43)
D, = (a,0] —a,)T,cos(T}) + (a,0] —a,)T;sin(T}), where the elements Ej are
2 ). 2 2 2 .
E, =(1—F}m(m+fcos(n), E, {?—qcosmnfsm(m,
2 ). 2 2 2 .
E, =[1—T—22jsm(T2)+72cos(T2), E, =[T—;—1]cos<rz>+72sm<m,
2 2 2 2
E s =—cos(T}) ——sin(Ty), £, = —sin(T;) + cos(7,
5T (7y) 7 (1), Eyg = T ()T3 (T3),
2 . 2
E, =| ——1|sin(T,) — —cos(T}),
T 4
1204 2 2
Ey=| ~(4a,+a,+a,-a,0} —a,07 ) |sin(T) +| (@, +a, — 0,0 a0} ) 4 |cos(T)),
1
2 2 2 12‘14
E, = (4(14 +a,+a, —a,0; —a,0, ) cos(T)+ a, +a, —a,0) —a,0; )T - sin(7}),
12 12
E,, :[ T‘z"* ~(4a, +a,+a, -3} - a3} )}sin(Tz)J{(al +a, - a,0; - a3} )T, — Ta“ }COS(TZ),
2 2
2 2\ 12a, 2 2 Ay |
E,, =|(4a, +a,+a, - a,8; - a,8; ) -—* |cos(Ty) + | (¢, + a, - a,8} = a,83)T, ——-* |sin(Ty),
2 2
12 12 12
Ey =| —2—4a, |sin(Ty)~——%cos(Ty), Ey, =| 4a, - (T)— % sin(Ty),
I I = T
1Qa, :
E =— ————sin(7,
7D, (“)( S R
6a 6a 6a, .
E,, =[T“—2a4]sm(T)—Tlcos(Tl), E,, :(Za4 —?;jcos(Tl)—Tl“sm(Tl),
6a 6a 6a, .
E., :[ T24 2a4jsm(T)—T—2cos(T) E, = (2 a, ?;]cos(Tz)—T:Sln(Tz),
Copyright © 2011 SciRes. 0OJA
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6 . 6 6 6 .
Ey = (ﬂ—3a4jsm<m+(a4n —%Jcos@), Ey = [3a4 —T—J cos@){am ‘Tj sin(T,), E,, =0,

3

3 3

E, =(a3812 —az)sin(]})—(aﬁf —az)Tlcos(Tl), E,, :(az —a3812)cos(1])—(a3612 —az)Tlsin(Tl),

E,= <a38§ —Vz)sin(Tz)—(%S; —aQ)Tzcos(Tz), E, = (a2 —a38§)cos(T2)—(a38§ —az)Tzsin(Tz),

1Q?
E;=0,E,=0,E; = %

Es, Esy, Eg1, Egy, E71, E7 = Similar expressions as £y,
E22, E31, E32, E41, E42 with T] replaced by T5,

Es3, Esq, Eg3, Egs, Eq3, E74 = Similar expressions as £y,
E24, E33, E34, E43, E44 with T2 replaced by T6,

Ess, Esq, Egs, Egs = Similar expressions as Ejs, Eas, E3s,
Ej¢ with T; replaced by 75,

Ey=0,E;=0E =0 E,=0E,=0. (44)

Similarly, the frequency equation of rotatory vibra-
tions of a fluid filled poroelastic spherical shell for an
impervious surface Equation (36) in non-dimensional
form reduce to

|Fy| =0, ik=123:-7, (45)

where
F,=E,; i=1235,6, k=123,4,5,6,7,

F, = (a;0) —a, (T} = 2)sin(T}) + 2(a;6] —a,)T,cos(T,),
Fpp = (ay6} = a,)2=T7)eos(T)) + 2(a,6 —a,)Tisin(T,),
F,, =(a;0; —a, (T, —2)sin(T,) +2(a,0; —a,)T,cos8(T,),

Fyy = (ay0; = a,)(2 =T} )eos(Ty) + 2(ad; —a,)Tysin(7}),

F45 =0, F:té =0,
Q) 2 . 2102
o = a42 [_2_1]5111(7:1)_—214005(7;)’
e-D\TZ, (g-1)7T,
F;, F7, = Similar expressions as Ey, Egp with T} re-
placed by Ts,

F73, F74 = Similar expressions as Eg3, Egq with T, re-
placed by Tg,
Fi;5=0,F;=0, F;;=0. (46)
In Equations (40), (42), (44) and (46) the quantities 7,
T2, T3, T4, T5, T6, T7 arc
1

1 1 1

(g-1)'T,

cos(7,)— sin(7, ),
4 (g_l)Z EZ ( 4)
1 1 1
)2 )2 )2
I - Aa,0)’e T - Qaj)g - Qafre 4
g-1) g-1 (g-1)
and 67,J; innon-dimensional form are
~ -1
512 = |:(a3m|] —a,m,)—(a,a, —azz)x:l[a3m]2 _azmzz] >
~ -1
522 = |:(a3m11 —a,m;,)—(a,a, —a;)y}[%mlz _azmzz] .
(48)

6. Numerical Results and Discussion

Two types of poroelastic materials are considered to find
the frequency as a function of ratio of thickness of
spherical shell to inner radius. One poroelastic material is
sandstone saturated with kerosene designated as Mate-
rial-I [10]. The other poroelastic material is sandstone
saturated with water, Material-II [11]. The non-dimen-
sional physical parameters of Material-I and II are given
in Table 1.

Frequency Equations (39), (41), (43), (45) and the cor-
responding frequency equations of empty poroelastic
spherical shells each for a pervious and impervious sur-
face constitute a relation between non-dimensional fre-
quency Q and ratio of thickness of the poroelastic
spherical shell to inner radius h/r;. When the values of
h/ry are small it represents thin poroelastic spherical shell.
Thickness of the poroelastic spherical shell increases
with the increase of A/r;. As h/ry—w or r—0, empty
poroelastic spherical shell becomes a poroelastic solid
sphere. To compute the frequency of fluid filled and
empty poroelastic spherical shells values of h/r; are taken
in the interval [0.5,7]. These values of h/r; represents
transition of spherical shell from a thin spherical shell to
moderately thick shell and then to thick spherical shell.

T = Q(a, %) T, = Qa,)? T, = Qa,2)? T, = Q(a,2)? , For fluid-filled poroelastic spherical shells, the values of
(g-1 (g-1 (g-1) m(g—1) m and t are taken as m = 1.5 and ¢t = 0.4.
Table 1. Material Parameters.
Material/Parameter a a a3 as m mis M X y z
I 0.843 0.065 0.028 0.234 0.901 -0.001 0.101 0.999 4.763 3.851
11 0.960 0.006 0.028 0.412 0.877 0 0.123 0913 4.347 2.129

Copyright © 2011 SciRes.

OJA



S. A. SHAH

Non-dimensional frequency of radial vibrations (r = 0)
as a function of ratio of thickness to inner radius of a
fluid-filled and an empty poroelastic spherical shell is
presented in Figure 1 for Material-I1 each for a pervious
and an impervious surface.

From Figure 1 it is clear that frequency of a fluid
filled shell for pervious surface decreases in case of a
thin spherical shell. As the thickness of the spherical
shell increases the frequency increases gradually for
moderately thick spherical shell. Still with the increase of
thickness of the shell, the frequency remains constant.
The frequency of fluid filled spherical shell decreases for
thin shell in case of an impervious surface also and it is
slightly higher than the frequency of a pervious surface.
Then, as the thickness of the spherical shell increases the
frequency increases rapidly and for moderately thick
shell it remains constant. With the increase of thickness
of the shell, the frequency decreases and then remains
constant. The frequency of an impervious surface is al-
ways higher than that of a pervious surface in case of a
fluid filled spherical shell. The frequency of an empty
spherical shell slowly increases with the increase of the
thickness and for thick spherical shell it is constant. The
frequency of an empty spherical thick shell is higher than
that of a fluid filled thick shell. This is not true in case of
a thin spherical shell. Thus it is seen that the presence of
fluid is decreasing the frequency of thick spherical shell.
The frequency of an empty spherical shell for an imper-
vious surface is almost same as that of fluid filled mod-
erately thick shell. The frequency of fluid filled and
empty thick shells is same. The frequency of an imper-
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vious surface is higher than that of a pervious surface in
case of empty spherical shell also. Thus the frequency of
an impervious surface is higher than that of a pervious
surface for an empty and a fluid filled spherical shell.

The variation of frequency of radial vibrations of a
fluid filled and an empty poroelastic spherical shell each
for a pervious an impervious surface is presented in Fig-
ure 2 for Material-II. The variation of frequency of fluid
filled shell is similar as discussed in Figure 1. But the
frequency of empty spherical shell for a pervious an im-
pervious surface is nearly same for thin and moderately
thick spherical shells. The frequency of an impervious
surface is higher than that of a pervious surface in case of
thick empty spherical shells. Presence of mass-coupling
parameter has no significant effect on the frequency of
fluid filled spherical shell in case of a pervious surface.

The absence of mass-coupling parameter in Mate-
rial-II is increasing the frequency of an impervious sur-
face for fluid filled spherical shells. This phenomenon is
reversed in case of empty poroelastic spherical shells
where the presence of mass-coupling parameter is in-
creasing the frequency of an impervious surface. Also it
is seen that the presence of fluid is decreasing the fre-
quency in case of a pervious surface while it is increas-
ing the frequency in case of an impervious surface for
both the materials.

Frequency of rotatory vibrations (n=1) of fluid filled
and empty spherical shells each for a pervious and an
impervious surface is presented in Figures 3 and 4 for
Material-I and Material-1I, respectively. From Figure 3 it
is clear that the frequency of a fluid filled spherical shell

7 =

Frequency

Empty shell

Empty shell N ezeizremeszzeseooes

Fluid-filled shell

Pervious Surface

----------- Impervious Surface

0.5 15 2.5 35

4.5 5.5 6.5

Ratio of thickness to inner radius

Figure 1. Frequency as a function of ratio of thickness to inner radius Radial vibrations of Fluid-filled and empty spherical

shells (Material- I, n=0).
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Frequency
N

Fluid-filled shell

Fluid-filled shell

Empty shell

Empty shell

Pervious Surface

——————————— Impervious

0.5 15 25

4.5 55 6.5

Ratio of thickness to inner radius

Figure 2. Frequency as a function of ratio of thickness to inner radius Radial vibrations of Fluid-filled and empty spherical

shells (Material-1I, n = 0).

Fluid-filled shell

Frequency
w

Empty shell

Empty shell

1r Pervious Surface
----------- Impervious
0
05 15 25 45 55 6.5

Ratio of thickness to inner radius

Figure 3. Frequency as a function of ratio of thickness to inner radius Rotatory vibrations of Fluid-filled and empty spherical

shells (Material- I, n=1).

varies in a staggered way when the thickness of the
spherical shell is small. With the increase of thickness it
remains almost constant. Frequency of thin shell is
higher than that of the frequency of moderately thick
shell and thick shell in case of a fluid filled shell. The

Copyright © 2011 SciRes.

frequency of an impervious surface varies in staggered
form for small thickness of the fluid filled shell. But here
with the increase of thickness the frequency increases.
Thus the frequency of thick shell is higher than the fre-
quency of thin shell in case of fluid filled spherical shell.
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12
10 L Pervious Surface
,,,,,,,,,,, Impervious
8 |-

Frequency
[}

Empty shell

Fluid-filled shell

T ‘Empty shell

0.5 15 25

35

4.5 6.5

Ratio of thickness to inner radius

Figure 4. Frequency as a function of ratio of thickness to inner radius Rotatory vibrations of Fluid-filled and empty spherical

shells (Material-1I, n = 1).

Obviously, the frequency of an impervious surface is
higher than the frequency of pervious surface for thick
fluid filled spherical shells. Therefore, the presence of
fluid is increasing the frequency of an impervious sur-
face for thick shell. The frequency of an empty spherical
shell increases with the increase of thickness for a per-
vious surface. Frequency of an empty shell is higher than
the frequency of fluid filled shell. Thus the presence of
fluid is decreasing the frequency of a fluid filled shell for
a pervious surface. Frequency of an impervious surface
of empty spherical shell is lower than the frequency of a
fluid filled shell. Thus the absence of fluid in the spheri-
cal shell is decreasing the frequency of an empty shell in
case of an impervious surface for thick shell.

Figure 4 show the frequency of fluid filled and empty
spherical shell each for a pervious an impervious surface
in case of Material-II. Frequency of pervious and imper-
vious surface is almost same for thin fluid filled shell.

With the increase of thickness, the frequency of an
impervious surface is higher than the frequency of a per-
vious surface. In case of empty thin spherical shells,
again the frequency of pervious and impervious surface
is same. With the increase of thickness, the frequency of
a pervious surface is higher than the frequency of an im-
pervious surface. It is seen that the presence of mass-
coupling parameter has no significant effect in case of
thick fluid filled shell for a pervious surface. In case of
an impervious surface, the presence of mass- coupling
parameter is increasing the frequency of fluid filled thick

Copyright © 2011 SciRes.

spherical shells. This phenomenon is reversed for empty
spherical shells where the absence of mass-coupling pa-
rameter is increasing the frequency of a pervious surface
while it has no effect on an impervious surface for thick
empty shells.

7. Concluding Remarks

The study of radial and rotatory vibrations of fluid-filled
and empty poroelastic spherical shells has lead to fol-
lowing conclusions:

1) The frequency of an impervious surface in case of
radial vibrations is higher than that of a pervious surface
in case of a fluid filled and empty spherical shells.

2) Mass-coupling parameter has no significant effect
on the frequency of fluid filled spherical shell for a per-
vious surface in case of radial vibrations.

3) The absence of mass-coupling parameter in Mate-
rial-II is increasing the frequency of an impervious sur-
face of fluid filled spherical shells in case of radial vibra-
tions.

4) Presence of fluid is increasing the frequency of an
impervious surface of thick spherical shell in case of
rotatory vibrations.

5) Presence of fluid is decreasing the frequency of a
pervious surface for rotatory vibrations.

6) Absence of fluid in the thick spherical shell is de-
creasing the frequency of an impervious surface for ro-
tatory vibrations.
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7) Mass-coupling parameter is increasing the fre-

quency of fluid filled thick spherical shells of an imper-
vious surface in case of rotatory vibrations.
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