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Abstract

We study a series-parallel repairable system consisting of three units with
multiple vacations of a repairman. We first show that all points on the imagi-
nary axis except zero belong to the resolvent set of the operator and zero is an
eigenvalue of the operator, and then we prove that the semigroup generated
by the operator is irreducible. By combining these results with our previous
result we deduce that the dynamic solution of the system converges strongly
to its steady-state solution. Thus we obtain asymptotic stability of the dynamic
solution of the system.
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1. Introduction

The series-parallel repairable system consisting of three units, as one of the im-
portant systems in reliability applications, has been studied in previous litera-
tures. Li et al [1] studied a repairable system with three units and two different
repair facilities, and obtained the explicit expressions of the state probabilities of
the system and the steady-state reliability of the system. Kovalenko [2] investi-
gated a three-component system consisting of one master control element and
two slave elements with priority serving by a single repair facility, and obtained
the failure frequency and the average up-time. In those literatures, the authors
assumed that the failed unit would be immediately repaired and as good as new
after repair. But in practice, due to various reasons, the failed unit cannot be
immediately repaired. In addition, in the case of good units, the repairman

leaves for a vacation or does other work, which can increase the profit of the
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system. From this point, to study reliability of repairable systems with a repair-
man who can take a vacation or can do other work is important in terms of
theory and practice. Hu ef al [3] considered a series-parallel repairable system
with three units and multiple vacations of a repairman; they obtained the relia-
bility indices of the system by using the method of supplement variables, the
vector Markov progress method and the tool of the Laplace transform. They
used the dynamic solution in calculating the availability and the reliability. But
they did not discuss the existence of the dynamic solution and the asymptotic
stability of the dynamic solution. Haji et al [4] proved that the above system has
a unique nonnegative dynamic solution under the assumption 1.1 by using re-
sults from the theory of positive operators and semigroups that can be found in
[5] and [6]. In this paper, we further study this system and prove that the dy-
namic solution converges strongly to the steady state solution under the as-
sumption 1.1.

2. Fundamental Principles

Our main focus in this paper is on the asymptotic stability of the dynamic solu-
tion of the system. We prove that the dynamic solution converges strongly to the
steady state solution which is the eigenfunction corresponding to eigenvalue 0 of
the system operator. To this purpose we first prove that 0 is an eigenvalue of the
system operator we obtain that all points on the imaginary axis except zero be-
long to the resolvent set of the system operator, and then we prove that the se-
migroup generated by the operator is irreducible. By combining these results
with our previous result we deduce that the dynamic solution of the system
converges strongly to its steady-state solution.

According to [3], the series-parallel repairable system consisting of three-unit
with multiple vacations of a repair-man can be described by the following sys-

tem of partial differential equations with integral boundary conditions:

(2o 2t =—[2s 2 a(]pu(00), 0

(Lr 2t =-[2 s a (] () 2up, (10) @)

(242t =-a (0P, 0+ 2 (1), 9

(Lo 2 pn) =al0 p (2, (1), @

(%a_@x] P (6.5) = (X) Py (£5) + 2, (£%), ©)

[%%j P (6, ) =—[ A+ 2+, (¥)]ps (1), ©)

(L ten =m0 0y). @)
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o 0
(5+5] P (ty)=-b(y)p; (L), (8)
2t 2 by (ty) = by (¥) Pa(ty) + 1ps (t,Y) 9)
ot oy AL ) AR s(LY)
0 Oyt y) = b, (¥) pe(ty) + 2ps (L) (10)
ot oy 9 o (L 5(LY )
with the boundary conditions
P (t,0) = J‘*w X) Po tx)dx+I b, (y) ps (t,y)dy (11)
+[ bl( psty)dy+5()
P (t,0)=p, (1,0) = p,(t,0) = p,(t.0) =0, (12)
ps (£,0) =[x (%) py (£, X)dx+ [ by (y) p, (8, y )y .
+J. b ps(t Y)dy'
j a(x)p,(t, x)dx+j b, (y) P, (., y)dy, (14)
P, (,0) = [ e (%) py (t, X)dx, (15)
P, (1,0) j a (x) p, (1, x)dx, (16)
P (t,0)=0, (17)
and the initial conditions
P, (0, %) =35(x), (18)
P (0,x)=0,i=12,34, (19)
P (0,y)=0,i=586,7,8,9, (20)
1 x=0,
5(X)={O, x =0, (0

where (t, X) € [O, +oo)>< [0, +oo), (t, y) € [0, +oo)>< [0, +oo); and the symbols in the
equations have the following meaning.

P (t,X)dx: the probability that at time t all the three units are operating, the
repairman is in vacation, the system is good and the elapsed vacation time lies in
[, x+dx);

p,(t,x)dx: the probability that at time t unit 1 and one of unit 2 and unit 3
are operating, another one is waiting for repair, the repairman is in vacation, the
system is good and the elapsed vacation time lies in [x, X+ dx);

P, (t,x)dx: the probability that at time t unit 2 and unit 3 are temporarily
halted, unit 1 is waiting for repair, the repairman is in vacation, the system is
down and the elapsed repair time lies in [X, X+ dX) ;

Py (t,x)dx: the probability that at time t one of unit 2 and unit 3 is tem-
porarily halted, another one is waiting for repair, unit 1 is also waiting for repair,
the repairman is in vacation, the system is down and the elapsed vacation time
lies in [X, X+ dX) s

p,(t,x)dx: the probability that at time t unit 1 is temporarily halted, unit

2 and unit 3 are waiting for repair, is also waiting for repair, the repairman is in
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vacation, the system is down and the elapsed vacation time lies in [, X+ dx) ;

Ps (t, y)dy . the probability that at time t unit 1 and one of unit 2 and unit
3 are operating, another one being repaired by the repairman, the system is good
and the elapsed repair time of unit 2 or unit 3 lies in [y, y+ dy);

Pe (t, y) dy: the probability that at time t unit 2 and unit 3 are temporarily
halted, unit 1 being repaired, the system is down and the elapsed repair time of
unit 1 lies in[y, y+dy);

P, (t, y)dy . the probability that at time t one of unit 2 and unit 3 are tem-
porarily halted, another one is waiting for repair, unit 1 being repaired, the sys-
tem is down and the elapsed repair time of unit 1 lies in [y, y+ dy);

P (t,y)dy: the probability that at time t unit 1 is temporarily halted, one
of unit 2 and unit 3 is waiting for repair, another one being repaired by the re-
pairman, the system is down and the elapsed repair time of unit 2 or unit 3 lies
in [y,y+dy);

Py (t,y)dy: the probability that at time t unit 1 is waiting for repair, one of
unit 2 and unit 3 is temporarily halted, another one being repaired by the re-
pairman, the system is down and the elapsed repair time of unit 2 or unit 3 lies
in [y,y+dy);

A, 1 positive constants; « (X) . the vacation rate function;

by(y).b,(y): the repair rate function of unit 1 and unit 2 (or unit 3).

Assumption 1.1: The functions a(X) and b;(y):[0,+%0)—[0,+x)(i=12)

are measurable and bounded such that

a=lim_ . a(x),b=lim__b(y)b, =min(a,b,b,). (22)

X—>+00 y—>+oo Tl

In [4], the authors transformed the system into an abstract Cauchy problem

[5], Def. 11.6.1] on the Banach space (X ,||||)
dp(t)
o =Ap(t), te[0,x), 23)

p(0)=(5(x),0,0,0,0,0,0,0,0,0)" e X,
where X = (le ([0, +oo)))5 X ( Lly ([0, +oo)))5 with norm

R

(o) Z;” P ||L1y([0,+w))’ (24)

(Po (), Py (X), 2 (X), s (¥), P (X), s (¥), P (¥), Py (¥), Pe(¥), Pa(¥)) € X, (25)

Ap=A,p, D(A)={peD(A,)Ep=Fp| (26)
0
0
0
0

\t‘»—\
N
w

£
i

, (27)

o
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D(A,) = (W2 [0.2])"x (W [0.0]) (29)
Au=—g (A 2ura(x)]
P =—j—x—[ﬂ+ﬂ+a(><)]l (29)
Ao = A= A =~ (),

Ass :—i—[/1+y+b2(y)],

dy
d
A =P =—@—b1(y), (30)
d
Ao = Aoio :_@_bz(y)’
po(X) pO(O)
pl(x) pl(O)
P, (x) P, (0)
ps(X) p;(0)
E Pa(X) | _| P« (0)
ps(Y) pS(O)’
Ps(¥)| | Pe(0)
P (y) P, (0)
pa(y) ps(o)
pg(y) pg(O)
Po (X) @ 0. 0 0 0 ¢ ¢ 0 0 0} p(x)
p(x)| [0 0 0 0 0 0 0 0 0 0 p(x
p(x)] [0 0 0 0 0 0 0 0 0 0 |py(x)
ps(x)| |10 0 0 0 0 0 0 0 0 O |[p(x)
p(x)| [0 0 0 0 0 0 0 0 0 0| p(x)
F = ]
ps(y) 0 ¢ 0 0 0 0 0 ¢, 9 O ps(y)
P(Y)| [0 0O ¢ 0 0 @ 0 0 0 af ps(Y)
p,(y)] |10 0 0 ¢ 0 0 0 0O 0 0 [ p(y)
P(y)[ [0 0 0 0 ¢ 0 0 0 0 0 |p(y)| B
Py (Y) 0 0 0 0 O 0 0 0 0 ){p(y)
9,15 [0,0) > C, f >g(f) Ioa(x)f(x)dx, )

9L [0,0) >C f > (F)=["b(y) f(y)y(i=12).

3. The Main Result

To prove our main result on the asymptotic stability of the dynamic solution of
system, we first prove the some lemmas.

In [7], A. Haji and A. Radl gave the following result.

Lemma 2.1: Let y € p(A,), then

(i) reo, (A)<:>1€ o, (FDy).
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(i) If y € p(A)) and there exists 7, €C suchthat 1e o-(FDm ) , then

760(A)<:>1e O'(FDy).
In our situation the operator FDV is 10 x 10-matrix, see [4].
Lemma 2.2: For the operator (A, D(A)) wehave 0eo,(A).

Proof: All the entries of FD, are positive and one can compute each column

sum of the 10 x 10-matrix FD, as follows:
a11(0)+a61(0)+a71( )+ (0 )+8«31( )
_ J‘ —(A+2p)x JO )deX " 2'[ (l+/,1)x—j'gc(r)dr (1_ e,ﬂx ij

ﬂ, +00 - Tz —(A+ X
+/1+2# jo c(x)e Jos(p (1—e (+24) )dx

+ Zﬂj;wc(x)e’fgq’)d’ b i p
Io ( )dr
A+

:[Z—L— 2u Jﬂwc(x)ewﬂugc(r)drdx

A+2u A+u

N A 22 N 2u J~+ocC(X)ef(/uz”)—jgc(r)drdx
ﬂ,+2,u A+2u A+2u

{ y) 24 24 2u 2u ):1,

+2,u'[o+wc(x)e !

+
A+2u A+pu A+2u A+2u A+2u

a,5(0) L)*““a( Joele¥rgy —1
3. (0)=
35 (0) =
(

(

0

r a(x)e loa(rMr gy =1
0
(e 51
3, (0) + 8y, (0) +ay, (0)

J‘ (X)e A+2p)x JD )drdx

A +oo —[Xc(e)dr —(A+pu)x
+A+y-[° c(x)e Joe(=H (l—e (+n) )dx

+ ﬂl_t:lu J’;wC(X)efjgc(r)dr (1_e—(ﬂ+y)x>jx

= J'Om c(x)e’(’“’*)xfj‘)xc(’)drdx + rw c x)efj‘)xc(’)d’dx

a (0)+ag (0)+ az (0)

+0 +u yz r +o0 —[Yby(7)de —(A+
_.[ b A;yjb (yM dy+/1':lﬂj‘0 bz(y)e Jg ba(7)d (1_e(l #)Y}jy

A “IbaleNe (1 o)y \gy =
+/1+u-[0 b, (y)e (1—e “y)dy_l,

_ J'OM b, ( y)e*foybl(f)dfdy =1

o ~[Yby(e )z
as,a(o):_[o bl(y)e Jobu(z)d dy=l,

~(A+2p)x ) o +12,u (1 — g (#20) )}dx

(1 —g 2
- (l— (412 ) _ - +12/J (l— - (Ar2u)x ):|dx

(33)

(34)
(35)

(36)

(37)

(38)

(39)

(40)
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3,(0)= ;w b, (Y)e_jobe(T)drdy =1 (41)
a,40(0)= Om b, (y)e’f"ybz(’)drdy =1.. (42)

From (33)-(42) we know that the matrix FD, is column stochastic and thus
leo, (FD,) . Applying Lemma 2.1(i), we immediately obtain 0 e o, (A).

Using Lemma 2.1(ii) we can show that 0 is the only spectral value of A on the
imaginary axis.

Lemma 2.3: The spectrum o(A) of a satisfies o (A)[ R ={0}.

Proof: If beR,b#0, then it is not difficult to derive that ||FDai|| <1, thus
the spectral radius fulfills r(FD,)<|FD,|<1. This implies 1€ p(FD,). By
Lemma 2.1 (ii) we obtain that ai ¢ G(A) forall aeR, a=#0,ie,

o (A)NiR ={0}.
Lemma 2.4: If the operator (AD, D(A )) is defined by

Ap=A,p, D(A0)={peD(An)|Ep:0}, then for the set
S={ye(C|Re}/>—,uw} we have

Scp(A) (43)
Moreover, if ¥ € S, then
t, 0 ® 0 0 0 0 0 0 0
t, ,, 0 0 O O O 0 0 O
t, 0 t, 0 0 O 0O 0O 0 O
t, t,, 0 t, 0 O O O O O
t, t, 0 0 t, 0O 0 0 0 0
R(7.A)=| > = ' 4
&)=l o o o o t, 0 0o o o *
0 0 0 0 0 0 t, O 0 O
o 0 0 0 0 0 O t, O O
0 0 0 0 0 t,, O O t, O
0 0 0 0 0 tege O 0 0O ty,
where

t, = R(71 D11)’ G, = Z,UR(% Dzz) R(?” D11)v t,= R(?’: Dzz)v (45)

t3,1=/1R(7: Dss)R(% D11)1 t3,3=R(7v D33), (46)
= Z/I,UR(% D44) R(?” Dzz)R(% Dll)'
li2 :lR(% D44)R(71 Dzz)x (47)

4, = R(;/, D44),
ts, =24°R(7,Dgs)R(7, Dy )R (7, Dy ).
ts, = uR(7, Dg )R (7. Dy), (48)
s = R(;/, D55),
tes = R()/, DGG), t,, = R(;/, D77),
ts = R(}/, DSS), tye = 1R (7/, Dgg) R(}/, DGG),

too = R(?’! D99)1 tos = iR(?”’ D10,1o) R(% DGG)’ lozo = R(J/, DlO,lO)' (50)

(49)
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The resolvent operator of the differential operators D, ;, where D,;, =D,
with domain D(DI jO) {g eW“(O +oo) g(O)zo} , 1=1,2,3,4,56,7,8,9,10,
1=12,3,4,5,6,7,8,9,10, are given by

(R(7, Dy ) ) (x) = 05200t [tz ftenm g e s
(R(7.Dya0)g) ()= trirsietcnn [ reiemtitoneg (i (s
(R(7.Dyy0)8)(x) = e [ Mg j"a(r)drg(s)ds,i =345 (53
(R(7. Dygo) ) (x) = 4o et [*glrismiftenng e (s
(R(% Dj,j,O) g)(y) _ e’”’f‘]ybl(’)d’joy ers—JSkn(r)drg (s)ds, j =7.8, (55)

(R(7.Dess) ) (y) =€ 80 [ e g (s)as k =0.10. (56

Applying the same method as in [7] we can express the resolvent of A in
terms of the resolvent of A, the Dirichlet operator D, and the boundary op-
erator as follows.

Lemma 2.5: If y € p(A))N p(A), then
R(7.A)=R(7.A)+D,(Id~FD,) FR(7,A,).

The following property of C, -semigroup (T (t))tzo generated by the system
operator (A, D(A)) is useful to prove the asymptotic stability of the dynamic
solution of the system.

Theorem 2.6: The semigroup (T (t))tzo generated by (A, D (A)) is irre-
ducible.

Proof: By Lemma 2.4 and Lemma 2.5we can see that R(}/,A) transforms
any positive vector p € X into a strictly positive vector. Using ([6], Def. C-III
3.1) this is equivalent to the irreducibility of the semigroup (T (t))tzo generated
by (AD(A)).

Using Lemma 2.2, Lemma 2.3, Theorem 2.6and the same method as in ([7],
Th. 3.11) we obtain the following result.

Theorem 2.7: The space X can be decomposed into the direct sum

X=X,®X, (57)

where X, = fix(T (t))tZO =ker A is one-dimensional and spanned by a strictly
positive eigenvector Peker A of A. In addition, the restriction (T (t)|>< )

2/t
is strongly stable. =

Corollary 2.8: Forall pe X, there exists a >0, such that
lim,. T (t)p=ab, (58)
where kerA=p, p>0.
We now obtain our main result as follows.

Corollary 2.9: The dynamic solution of the system (1)-(20) converges strong-
ly to the steady-state solution as time tends to infinity, that is,

lim.,, p(t.)=ap, (59)

where o >0 and P asin Corollary 2.6.
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4. Conclusion

In this paper, we investigated a series-parallel repairable system consisting of
three units with multiple vacations of a repairman. The study of the dynamic
solution as well as its stability is in demand in terms of theory and practice. We
discussed the asymptotic stability of the dynamic solution and showed that the
dynamic solution converges strongly to the steady state solution by analyzing the
spectral distribution of the system operator and taking into account the irredu-

cibility of the semigroup generated by the system operator.
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